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A note on primary spectrum over commutative rings
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Abstract In this work we define a primary spectrum of a commutative ring R with
its Zariski topology . We introduce several properties and examine some topological
features of this concept. We also investigate differences between the prime spectrum and
our primary spectrum.
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1 Introduction

Let R be a commutative ring with a nonzero identity. Max(R), Spec(R)
and Prim(R) denote the set of maximal, prime and primary ideals of R,
respectively. The Zariski topology on Spec(R) is defined to be the topology
whose closed sets are the subsets of the form V' (I), denoting the set of prime
idelas of R containing I. The family {V'(I) : I is an ideal of R} satisfies the
axioms of closed sets of a topology T on Spec(R). The topological space
(Spec(R),¥) is called the prime spectrum of R.

The notion of primary spectrum on principal ideal domains was examined
as a generalization of prime spectrum in [1]. The variety, i.e. the operation
V' = Vi on the subsets of R, considered in [1] is V(E) = {I : I is a primary
ideal of R such that E C I'}. They showed that the set of primary ideals of
a principal ideal domain R can be endowed with a topology called primary
spectrum of R.

In this study, we define a different variety in a ring R which is not neces-
sarily a principal ideal domain. We denote our variety by V,..q(I) := {Q €
Prim(R) : I C /@ for any ideal I of R}. The family {V,qq(I) : I is an
ideal of R} satisfies the axioms of closed sets for a topology ¥ on Prim(R)
called the Zariski topology on Prim(R), and the space (Prim(R),¥) is the
primary spectrum of R denoted by Prim(R).
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In section 2, we construct the primary spectrum of a ring R and compare
it with its prime spectrum. Additionally, we give some examples to clar-
ify the difference between the prime and primary spectrum. In section 3,
we investigate some topological properties of Prim(R) and provide various
applications of those properties.

2 The primary spectrum

Definition 2.1 @ is said to be a primary ideal of R if rs € Q but r € Q
implies that there exists n € N such that s™ € Q for r,s € R where Q is a
proper ideal of R.

Definition 2.2 Let Prim(R) be the set of all primary ideal of R. We define
primary variety for any subset S of R as

Viad(S) = {Q € Prim(R) : S C Q}.
Remark 2.1 Let I, J be the ideals of R and a € R.

1. Tt is clear that if I = (.9), then V,44(S) = Veqq(D). If S = {a}, we write
Viad(a) = Viga({a}) and we have V,4q(a) = Vyga(Ra).
2. If I C J, then V,.qq(J) C Vyaa(I).

3. ‘/rad([) = ‘/rad(\ﬁ)-

Proposition 2.3 Let {S; : i € A} be a family of subsets of R and I, J, I; s
be ideals of R where i € A for any index set A. Then the followings hold:

1. Viga(Or) = Prim(R) and Vyqq(1g) = O
2. V;"ad(I N J) = ‘/T‘Gd(IJ) = V;‘ad('[) U Vtr‘ad(‘])'
3. Vead(Uiea Si) =icaVrad(Si). In particular, Viaa(3 ;e 4 i) =Nic g Viad (L)

Corollary 2.4 The collection {V,qq(I) : I is an ideal of R} satisfies the
azioms of closed sets of a topology T on Prim(R). This topology is said to
be Zariski topology on Prim(R). We call the topological space (Prim(R),¥)
as primary spectrum of R.

Various examples have been provided to emphasize some differences be-
tween the prime and primary spectrum of R. In Example 2.1, we observe
that the set of V(I) can be finite as opposed to V,44(I) that is infinite for
any proper ideal I of a ring R.

Example 2.1 Let R = Z. It is known that Z is a principal ideal domain
and all primary ideals of Z is of the form of (0) and (p*), where k € N
and p is a prime number. Consider the prime factorization of n € Z and
let n = p? p?...pf;; for any integer m and prime integers p;, t; € N, i €
{1,2,...,m}. Thus V,4q(n) = {(pf) : k; € N,i € {1,2,...,m}}; however,

V(n) ={(p):i€{1,2,...,m}}.
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The primary spectrum 3

Now we provide some examples of chain rings for further analyzes of our
variety.

Ezample 2.2 Let R = Z,n. Every ideal in Z,m is of the form of (p'), where
i < m. It can be readily noted that Spec(Z,~) = {(p)} and every ideal
in Z,m is primary, that is, Prim(Z,») = {(0)} U {(p") : i < m,i € N}.
Therefore, V;qq(p?) = Prim(Zym) for any proper ideal (p') of Z,~. However,
V(I) = Spec(Zyn) for any proper ideal I in Zpm.

Example 2.3 Let consider the Galois ring R = Zp:[X]/(h(X)), where h(X)
be a monic basic irreducible polynomial of degree m in Z,.[X]. It is known
that chain ring R can be denoted by GR(p®, p*™). (For more details, see [2].)
The set of ideals of R consists of principal ideals (0), (p), (p?), ..., (p*~1), (1r).
This tells us that every proper ideal of R is primary, because radical of all
ideals is maximal. Hence V,4q(I) = Prim(GR(p?,p*™)) for any proper ideal
I of GR(p®,p°™) and it is obvious that V(I) = {(p)} = Spec(GR(p*, p°™)).

Since all finite chain rings are isomorphic to the finite chain rings in the
Example 2.2 or 2.3, we completed to examine the primary variety of all
finite chain rings by means of those examples.

Ezample 2.4 Let k be a field and define R = k[X]/(X™). It is known that
R is an Artinian local ring with dimension 0. Every ideal in R is of the
form (X%)/(X™), where i < n and (X)/(X") is the unique prime ideal of R.
Since R is not trivial and has the property that every zero divisor in R is
nilpotent, Prim(R) = {(0)}U{(X")/(X™) : i < n} that is, every ideal of R is
primary. So we obtain V,.qq(I) = Prim(R). As the set Spec(k[X]) consists of
irreducible polynomials in k[X], Spec(k[X]/(X™)) = {(X)/(X™) :n € N}.
Hence V(I) = Spec(R) for any proper ideal I of R.

3 The primary spectrum and some topological properties

Recall that any open subset of Prim(R) is of the form Prim(R) \ V;qq(S)
for any subset S of R. In the following theorem we give a basis for Prim(R).

Theorem 3.1 Let R be a ring and X, = Prim(R) \ Viqa(r). The family
{X, : v € R} forms a base of the Zariski topology on Prim(R).

Proof. Assume that U is any open set in Prim(R). Then for a subset S of R,
we have U = Prim(R) \ Vrqa(S) = Prim(R) \ Viea(U,esir}) = Prim(R) \

ﬂres Viad(r) = UTGS(Pm'm(R) \ Viaa(r)) = UreS X,. Thus, {X,},cr is a
basis for the Zariski topology. O

Note that, it follows from the definition that, X, = @, X; = Prim(R)
and more generally X, = Prim(R) for every unit r € R.

Theorem 3.2 Let R be a ring. Then the followings hold for any r,s € R
and the open sets X, and X :
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(VrR) = (V/sR) if and only if X, = X,
Xrs = X N X,

X, = O & r is nilpotent,

X, is quast compact.

Proof. (1),(2) and (3) are obvious. (4) Let r,s € R and A be an index set.
Assume that {X,, : ¢ € A} is an open cover of X,. Therefore,

X, C U X, = U(Prim(R) \ Viaa(si))
i€EX 1€EA
= Prim(R) \ ﬂ Vraa(si)
1EA
= Prim(R) \ de(U 5i),
1EA

that is, Viaa(Uien 5i) € Viad(r) = Veaa(VrR). Hence, VIR C \/(U;erisi})-
Then r™ € (U;cr{si}) for some n € N. There exists a finite subset A C X
such that r" = 3 . At;s;, for any ¢t; € R and j € A. Thus, (rR)" C
({sj : j € A}), that is, Viea({s; : 7 € A}) C Viea(r") = Viga(r). Hence
Viad(2ojen(85)) = Njea Vraa(s;) € Viaa(r). So,

Prim(R) \ Vyaa(r) € Prim(R)\ () Viaa (5;)

jeA
= |J (Prim (R)\ Vyaa (s;))
jEA
=J X
jeEA

As a consequence, X, C UjeA Xs,. O
Theorem 3.3 Let R be a ring. Then Prim(R) is quasi-compact.
Proof. Tt can be seen directly from Theorem 3.2 (4). O

The following condition is given by Hwang and Chang for the prime spec-
trum in [3]:

(™ If X, C U X, where r; s, € R (o € A) are nonzero elements of R,

a€cA
then X, C X, for some a € A.
We use this property by taking X, = Prim(R) \ Vyeq(r) for primary
spectrum as below.
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Theorem 3.4 Let every nonzero prime ideal of R is maximal. Then R sat-
isfies (*) if and only if R has at most two nonzero prime ideals.

Proof. Let R be a ring satisfying the (*) condition. Assume that M;, My
and M3 are three distinct maximal ideals of R. Then a + b = 1 for some
a € My and b € My. Hence r = ra+rb for any r € M3\ (M; U Ms). It follows
that X, C X,q U Xpp. But X, € X, and X, € X,y since My € X, \ X,
and My € X, \ X,4. So we get a contradiction.

For the necessary condition, let R has at most two nonzero prime ideals,
say P; and P, and assume that X, SZ X, for all @ € A where r, s, € R.
Let the ideals @;; represent P;-primary ideals in R for j = 1,2 and 7 € S,
where S is an index set. Then there exists a Pj-primary ideal contained
in X, but not X for all o € A. Say Q1 where k € S. Without loss of
generality, take j = 1. Then r ¢ Pj, that is, every Pj-primary ideal is in
X,. Thus r € Py, if r is nonunit in R. Namely, Q2; ¢ X, for all i € S and
so X = {Q1,i},cg- Since s, € P1, we obtain Z (sa) C P1. It follows that

acA

{Qui}es €V (Z (Sa)> = ﬂ V (sa). Hence, {Q1,i};c4N ( U Xsa> = .

ac/ acd ac
Consequently, we get X, ¢ U X, . If r is unit, then X, = Prim(R) and
ac
so X, ¢ U X, . For the another case, that is, if R has only one nonzero

ac
prime ideal, then r is unit element in R with above assumptions. It follows

that X, ¢ U X, . The last case is that there is no nonzero prime ideal in

ac
R. Thus the only maximal ideal of R is zero ideal and then we get r is unit

element since r # 0. In this case we also obtain s, = 0, that is X, = @ for
all @ € A. Then we get X, ¢ U X,,. O
acA

In the following lemma, Arapovic characterizes the embeddability of a
ring into a zero-dimensional ring with two properties in [4].

Lemma 3.5 A ring R is embeddable in a zero-dimensional ring if and only
if R has a family of primary ideals {Qx}\c 1, such that:

Al Myea @ =0, and
A2. For each a € R, there is n € N such that for all A\ € A, if a € \/Q},
then a™ € Q.

The condition (A2) is very useful by the above lemma. After this work,
Brewer and Richman [5] give an equivalent condition as follows:

Lemma 3.6 A family {15}, of ideals in a ring R satisfies (A2) if and

only if for each (countable) subset I' C A, NL= NVL.
Al AT
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Moreover, Brewer and Richman [5] prove the following theorem as a char-
acterization of zero-dimensional rings.

Theorem 3.7 The following conditions are equivalent:
(i) R is zero-dimensional.

(i) Condition (A2) holds for the family of all ideals of R.
(i13) Condition (A2) holds for the family of all primary ideals of R.

Definition 3.8 £(Y) denotes the intersection of all elements of Y, where Y
is any subset of a topological space X.

Theorem 3.9 Let R be a zero dimensional ring and Y C Prim(R). Then
Viad(E(Y))= CU(Y). Hence, Y is closed if and only if V;qq(£(Y)) =Y.

Proof. Let Q € Y. Then £(Y) C Q C /@ by definition of £(Y). Thus, Q €
Viaa(£(Y)), that is, Y C Vig(€(Y)). Hence we obtain CI(Y) C Vyal(£(Y)).
For the reverse inclusion, let V;.44(I) be a closed subset of Prim(R) including
Y. Then we have I C /Q for all Q € Y. This gives us I C /£ (Y) by
Theorem 3.7. Let Q' € V,qa(£(Y)). Then £(Y) C /Q'. Hence we get I C

€(Y) C v/@Q'. This implies that Q" € V,4q(I), that is, Vieq (€ (Y)) is the
smallest closed subset of Prim(R) which includes Y. O

Proposition 3.10 Let I € Prim(R). Then the followings hold:

1. CI({1}) = Viaa(I).
2. J € Cl({I}) if and only if I C~/J for any J € Prim(R).

Proof.

1. If we take Y = {I}, we obtain CI({I}) = V,q4(I) by Theorem 3.9. Note
that R is not necessarily a zero-dimensional ring because Y is a singleton
set.

2. Tt is an immediate consequence of (1).

O

Corollary 3.11 Prim(R) is a To—space if and only if for any two ideals T
and J in Prim(R), Viea(I) = Viqq(J) implies that I = J.

Remark 3.1 Tt is known that Spec(R) is always a Ty —space for the Zariski
topology, but Prim(R) is not necessarily a Top—space for any ring R.

Example 3.1 Let R = Z. Then Prim(Z) = {0} U {(p™) : p is prime}
and V,qq(p™) = {Q : (p") C V/Q}. Therefore, for any n,m € N we have
Cl({p"}) = Vaa(@") = Vyaa(p™) = CU({p™}). However, p" # p™, for dis-

tinct n, m.

Ezample 3.2 Let R = Z x Z. 1t is easily proved that Prim(R) = {(pl) XZ:p

is prime, i € N}U{Z x(¢?) : q is prime, j € N}. Furthermore, Cl((p') x Z) =

Viad((p') x Z) = {(0") x Z : (1) x Z € \/(p") x Z = (p) x Z}. Clearly,
Cl((p*) x Z) = Cl((p?) x Z). However, (p') x Z # (p?) x Z, for i # j.
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Definition 3.12 [6] If every primary ideal is a mazimal ideal in a ring R,
then R is called a P-ring.

Proposition 3.13 R is a P-ring if and only if Prim(R) is a To—space.

Proof. The necessary condition is clear. For the sufficient condition, let
Prim(R) be a To— space and Q € Prim(R). Then we have CI({Q}) =
Vrad (Q) = Vraa (V@) = CI({v/@}). This gives us Q = /@ by the assump-

tion. Hence we obtain @ is a prime ideal and R is a P-ring. O
Proposition 3.14 R is a P-ring if and only if Prim(R) is a To—space.

Proof. Let Prim(R) be a Ty-space. Then Prim(R) is a Ty-space and so we
have R is a P-ring by Proposition 3.13. Conversely, let R be a P-ring. Then
Spec(R) coincides with Prim(R). Since R is zero dimensional, Spec(R) is
a Th-space and so is Prim(R). O

We get the corollary given below by combining last two propositions:

Corollary 3.15 The following statements are equivalent:
(i) R is a P-ring.
(ii) Prim(R) is a Ta-space.
(i43) Prim(R) is a Ty-space.
(iv) Prim(R) is a Ty-space.

Definition 3.16 A topological space X is irreducible if X is nonempty and
X can not be expressed as a union of two proper closed subsets of X. Equiva-
lently, X is irreducible if X is nonempty and any two nonempty open subsets
of X intersect.

Proposition 3.17 V,.4(I) is an irreducible closed subset of Prim(R) for
IePrim(R).

Proof. Tt is an immediate consequence of Proposition 3.10 (1). O

Theorem 3.18 Prim(R) is irreducible if and only if nilradical of R, N(R),
s a primary ideal of R.

Proof. Suppose that N(R) is a primary ideal of R. Let U and V' be nonempty
open subsets of Prim(R). Then, there exist Qu,Qy € Prim(R) such that
Qu € U and Qv € V. Also we have U = Prim(R) \ V,qq(F) for E C R
since U is open Then we get Qu ¢ Viaa(E), that is, E ¢ /Qu. Hence

E¢ /N because N(R) C v/Qu . This implies that N(R) ¢ V,qq (E),
namely, N ( € U. Similarly, N(R) € V. Hence, we obtain U NV =#

(). Conversely, suppose that N(R) is not primary. Thus N(R) is not prime.
This means that there exist a,b € R such that a,b € R\ N(R) and
ab € N(R). Then we have X, # 0 , X; # 0 and X, = 0. But, X, N X, =
X = 0 for nonempty two open sets X, and X;,. Consequently, Prim(R)
is not irreducible. O
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Definition 3.19 [7] A ring R is said to be a W-ring if each ideal of R may
be uniquely represented as an intersection of finitely many primary ideals.

Definition 3.20 A topological space X is sober if every irreducible closed
subset has a unique generic point.

Theorem 3.21 Let R be a W-ring. Then Prim(R) is a To—space if and
only if it is a sober space.

Proof. Let I,J be elements of Prim(R). It is sufficient to prove that if
Prim(R) is a To—space, then it is sober. By Proposition 3.10 (1), we have
Viaa(I) = CIU({I}). Since R is a W-ring, every irreducible closed subspace
of Prim(R) is in the form of V,.q(I) by Proposition 3.17. Suppose that
Viad(I) = ClU({J}) for any J € Prim(R). Thus I = J, since Prim(R) is a
To—space, that is, V,4q(I) has a unique generic point. 0O

Definition 3.22 A topological space X is spectral if,

1. X is quasi-compact,

2. X is sober,

3. The family of quasi-compact open subsets of X is closed under finite in-
tersection and a base for the topology.

Theorem 3.23 Let R be a W-ring. Then Prim(R) is a spectral space if
and only if Prim(R) is a To—space.

Proof. Let R be a Ty—space. We know that Prim(R) is quasi-compact by
Theorem 3.3 and Prim(R) is a sober space by Theorem 3.21. Additionally,
the family F' = {X, : r € R} is quasi-compact open subsets of Prim(R) by
Theorem 3.2 (4) and forming a base of a topology on Prim(R). Also, this
family is closed under finite intersection by Theorem 3.2 (2). O

Definition 3.24 A topological space X is supercompact if every open cov-
ering of X contains X.

We inspire from [8], Theorem 3.2 to prove the following theorem.

Theorem 3.25 A ring R is local if and only if Prim(R) is a supercompact
space.

Proof. Let M be the unique maximal ideal of R and {U;};,. , be an open
covering of Prim(R) such that U; # Prim(R) for all i € A. As U; is open
for all 7 € A, there exists a proper ideal I; of R such that U; = Prim(R) \
Viaa (I;) . Since M is the only maximal ideal of R, I; € M C /M. Thus,
M ¢ U, for alli € Abut M € Prim(R), that is a contradiction. Conversely,
let Prim(R) be a supercompact space. Assume that {M;},. 4 is a family of
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maximal ideals of R with |A] > 1. Then, we have (Vy/ c prar(r) Viad (Mi) = 0.
Hence,

Prim(R) = Prim(B)\ (] Vo (M)
M;eMaz(R)

= U (Prim(R)\ Vi (M)
M;eMazx(R)

Therefore, there exists an M; € Max (R) such that Prim(R) = Prim(R) \
Viad (M;) . Hence we obtain that V;.q (M;) = (), which is a contradiction.
O
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