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On the error term for some arithmetic functions in different
number fields
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Abstract Lii and Ma [5] established asymptotic formulae for some arithmetic functions
in different number fields whose discriminants relatively prime. In this paper we obtain
the sharper bound for the mean square of the error term for the asymptotic formula they
proved.
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1 Introduction

In number theory there are many arithmetic functions which play important
role in arithmetics, number theory and discrete mathematics. We often try to
study the asymptotic behavior, since their behavior is very irregular. One of
the most famous examples is the k-dimensional divisor problem, which stud-
ies the behavior of the mean value of di(n). Here dj(n) denotes the number of
representations of n as a product of k natural numbers. The Dirichlet series
associated to dy(n) is ((s)* where ((s) is Riemann zeta function. Dirichlet
first obtained that for £ > 2, >~ _ di(n) = 2Qr(logz) + Ax(z),z — oo,
where Q(t) is the polynomial of degree k — 1 defined by zQy(logz) =
Res,—1¢(s)"% and where Ay () is the error term. Subsequently the prob-
lem of I-th power moments of Ag(x) has been extensively studied by many
well-known mathematicians, for example Huxley [1], Ivi¢ [2] and Kolesnik
[4]. Later, this problem has been generalised to various number fields.

Let F be an algebraic number field of finite degree d over the rational field
Q. Let a denote an integral ideal of the field F, and Na the absolute norm
of a. Suppose ag(n) denotes the number of integral ideals in E with norm n.
The k-dimensional divisor problem in the field F is to study the mean value
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of the arithmetic function

dP(n) = Yooo1= Y ap(m)ap(ng---ap(ng).

N(aiaz--ag)=n N=ninz- Nk

In 2014, Lii and Ma [5] studied the asymptotic behavior of the product
function of several multi-dimensional divisor functions involving different
number fields. Let E;/Q be number fields of degrees d;, and whose discrimi-
nants D; are relatively prime. The Dirichlet series associated to the problem

AP (n)df? (n) - df (n) is
Ei,Es, E, k1 ko K
R OEDY . (1.1)

ns
n=1

In [5] it is proved that the function Lkl’,f;z’ ) ,’f’ (s) has a meromorphic con-

tinuation to Pes > 5 with a unique pole at s = 1 of order m and

Ly o (8) = By (8)U (), (1.2)

where m = kiko - - - ky and U (s) denotes a Dirichlet series, which is absolutely
and uniformly convergent for Res > 1. From (1.1), Perron’s formula (see
Proposition 5.54 in [3]) and Cauchy’s residue theorem, it is proved that

Az) < o'~ s te, (1.3)

where m = kiko - - - k; and

=Y dyt(n)d?(n) - di (n) — 2Qm(log z), (1.4)

n<x

where Q,,(t) is a polynomial of degree m — 1.
In this paper our aim is to prove the following results.
Theorem 1.1 Under the previous hypothesis we have

X 6
/ AQ(x)dm <, Xg_m-i-e.
1
Remark One can obtain by (1.3) the bound

X
/ A%(z)da <, X* st
1

Then it is easy to see the result in Theorem 1.1 is sharper than the above
bound.

From Theorem 1.1, when k; = --- = k; = 1, we obtain the following
corollary.
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Corollary 1.2 Define A*(x):= 3, ., ag, (n)ag, (n) - ag,(n)—cp, g, B
Then we have

X 6
/ (A*(x))Q dz <. X37d1d2"'dl+3+87
1

where cg, E,,... E, 15 a certain constant concerned with number fields E, - - -,
E;.

As usual, we assume that X is a large positive number, and the letter
denotes an arbitrary small positive number, not the same at each occurrence.

2 Proof of Theorem 1.1
In this paper we follow the notation of Lii and Ma [5] as closely as possible.

Recall that F;/Q are number fields of degrees d; and whose discriminants
Dj are relatively prime. As in [5], we have

Ey E, E17E2a B :I:s :L‘lJFE
> dfin)--dfi(n) = Res LI P ()= 40 (T

n<x
sHeHiT  lgeqir  gteil
1 E1, By By \T°
1,492, 1
L + + Lkl,k2, kl ( )?ds
Lte—iT  L4etiT  14e—iT

:L-l-‘ra
= ) 41 (2) + B(z) + Iz), (2.1)

= 2Qm(logz) + O <

so that the main term is Res LkEll}f;Q’ ",f’ (s)Z and this term is indeed of the

s=1

form zQ,, (logz). We put
T — X i T (2.2)

From (2.2), it is easy to get

X
/ (0 (z'+°771))? do = O (X¥°772) < X* wmm a5t (23)
1

By (1.4), (2.1) and (2.3), to prove Theorem 1.1 it suffices to prove the fol-
lowing results.

X 6
/ Li(2) |} do <o X mmm-as e =123 (2.4)
1
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For I (x), we get

/X 1y (o) do

/ /T L it (5He+it) LT3 (5 +e+it)
= 4n? (5 +e+it1)(5 +e—ily)
" </ plt2eti(ti—t2) dl‘) dt,dts
oo By, B (1 )
<X2+25/ dtq / |Lk11, Ky +6+2t1)||L 1 ll(§+€+Zt2)| t2
T+ 10D+ 2D+ 1t~ Ea]

Eq,-, .
2r2e [T |Lk11,~~,kzl (3 +etits) T dts
<X . [ —
=T (1+|t1|) _T1+|t1*t2‘

To go further, we have

T t41 T t—1
R VT M=
"< dts+ + <log(2T)(2.5)
/—T L+ [ty — o] t1—1 ti+1 J-T |t — 1o

and by Lemma 2.4 in [5] and the Phragmén-Lindel6f principle for a strip (see
e.g. Theorem 5.53 in Iwaniec and Kowalski [3]),

dqd d 1
(o o (0 +t) < (L ) 54004 for <o <142 (26)

Hence by (1.2), (2.5) and (2.6),

X T LEl’m’El l—‘r&—i—ztl 9
/ I%(m)dx<<X2+25log(2T)/ | ki, (2 )| )

1 -7 (1 +[ta])?

T 1
(/27117.“7k1 (2 +ée+ it)

2+4-3¢ 243e T mdydydy N2 g
< XFH¥E L X (t 3 ) 24t
1

2

1

« X2t3e | x2HbepmaEs mdided g

< X3 mag s te 2.7)
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Now let us consider Iz(x) and I3(z). For j = 2,3, by (2.6), we have

1+e€
Ii(z) < / |G g (o +4T)| T do
ate

< max ( ; )UTMlidszmdl —l4e
1ie<o<iqe \Tddzdi/3

14

xT 1 mdydg---dy
@ e,

which yields

* X e 2 X m 2
[ irare [T (50 drs [ (o
1 1 1

mdydg---d

<< X3+ET72 + X2+28Tfl72+26

6
< X?’_ mdydg---d;+3 +5.

(2.8)

From (2.3), (2.7) and (2.8), the inequalities (2.4) are proved. That is, the

proof of Theorem 1.1 is completed.
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