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A new look on Baire spaces

Zbigniew Duszyriski

Abstract The classical version of Baire category theorem was proved independently in
1897 by W. Osgood [Non-uniform convergence and the integration of series term by term,
Amer. J. Math., 19 (1897), 155-190] and in 1899 by R. Baire [Sur les fonctions de vari-
able reeles, Annali di Mat. Pura et Appl., 3 (1899), 65]. Our paper offers several char-
acterizations and properties of Baire spaces with respect to the class of semi-open sets.
Generalizations of Baire Category Theorem in this context are established.
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1 Preliminaries

Topological spaces are denoted by (X, 7) while subspaces by (S, 7s), S C X.
The interior and the closure of S in the space (X,7) will be denoted
by int-(S) (or int (S)) and cl-(S) (or cl(S)) respectively. A subset S of
(X, 7) is said to be semi-open [8] (resp. semi-closed 3|, a-open |10]) if
S C cl(int (S)) (resp. S D int (cl(S)), S C int (cl (int (S)))). Levine [8] de-
fined semi-open subsets as follows: S is semi-open in (X, 7) if there exists
an O € 7 such that O C S C cl(O). The collection of all semi-open (resp.
semi-closed, closed, a-open) subsets of (S, 7) is denoted by SO (X, 7) (resp.
SC(X,7),c(X,T), 7). For every space (X, 7) the family 7% forms a topology
on X [10]. The following inclusions hold for each (X,7): 7 C 7* C SO (X, 1)
and dually ¢ (X, 7) C ¢(X,7*) C SC(X, 7). The union of all U € SO (X, 7)
with U C S is called the semi-interior [3] of S in (X,7) and denoted
as sint (S). The intersection of all F € SC(X,7) with S C F is called
the semi-closure [3] of S in (X, 7) and is denoted as scl (S) (or scl.(5)).
The union of any subfamily {U;},cs C SO (X, 7) belongs to SO (X, 7) as
well [8, Theorem 2]. The following characterizations of semi-open and semi-
closed sets will be useful: (a) S € SO(X,7) iff S = sint(S) [3, Theo-
rem 1.4(1)], (b) S € SC(X,7) iff S = scl(S) [3, Theorem 1.4(2)], (c)
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S € SO (X,7) iff c1(S) = cl(int(S)) [12, Lemma 2], () S € SC(X,7)
iff int (S) = int (c1 (S)) (dual to (c)), (¢) for any AC BC X, A€ SO (X,7)
iff A € SO(B,7p) [11, Theorem 5]|. Also, the following equalities and lem-
mas for arbitrary (X,7) and its subset S are needed in the sequel: ()
scl (S) = SUint (cl (S)) [1, Theorem 1.5(a)], (g) sint (S) = SNecl(int (5)) [1,
Theorem 1.5(b)], (h) intr«(S) = SNint (cl (int (5))) [1, Theorem 1.5(d)], (i)
sint (S) = X \scl (X \ S) |3, Theorem 1.6(1)], (j) if S € SO (X,7) and O € T,
then SNO € SO (X, 7) 3, Theorem 1.9], () z € scl(S) iff SNU, # O for ev-
ery U, € SO (X, 7) with z € U, [13, Lemma 3]. We recall that a topological
space (X, 1) is said to be semi-connected [15] (S-connected, in brief) if X
cannot be split into two nonempty semi-open sets in (X, 7). In the opposite
case a space is called S-disconnected.

2 Results

Our startpoint is the following definition: A space (X, 7) is said to be a
Bazre space if the intersection of any countable family of dense open sets
(so-called: demse family), is still dense in (X, 7).

Lemma 2.1 Let (X, 7) be an arbitrary topological space. For any subset S C
X the following are equivalent:

(a) S is dense in (X, 1),
(6) Lo (S) = X,
(¢c) [5, Theorem 2.4] scl.(S) = X.

Proof. (a)<(c) follows by [5, Theorem 2.4]. We offer a shorter proof of
(¢)=(a) than that given in [5]: by [1, Theorem 1.5(a)] we have X = S U
int (c1(S)). Then X = cl(S) Ucl(int (cl1(S))) C cl(S). (a)=(b). In view of
(¢) scl-(S) = X. Since scl (S) C cly«(S), cl«(S) = X. (b)=-(a) is obvious
since cly«(S) Ccl(S). O

Theorem 2.2 The following statements are equivalent for any space (X, 1):

1. (X, 7) is a Baire space,

2. clr (Npen An) = X for every dense family {Ap}nen C 7%,

3. CL,- (ﬂ en An ) X for every dense family {Ap}nen C SO (X, 7),
4. clra (mnEN An) X for every dense family {Ap}nen C 7,

5. clro (Npen An) = X for every dense family {Ay}nen C 7%,

6. clra (ﬂneN An) X for every dense family { Ay }nen C SO (X, 7),
7. scly (Npen An) = X for every dense family {Ap}nen C 7,

8. scl; (ﬂnEN An) X for every dense family {Ayp}nen C 7%, and
9. sclr (Nen An) = X for every dense family {Ay}nen C SO (X, 7).

Proof. 1 = 3. Let {Ap}nen € SO(X,7) be an arbitrary dense family,
and let for each n € N a set O,, € 7 be such that O,, C A, C cl;(Oy,).
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Clearly, cl;(4,) = cl(O,) = X. Thus, by hypothesis, X = cl, (ﬂneN On) C
clr (Npen An)- 3= 2 and 2 = 1 are obvious, while equivalences 1< 4 & 7,
24 54 8 and 34 6 & 9 follow directly from Lemma 2.1. O

Corollary 2.3 (X, 7) is Baire if and only if (X, %) is Baire.
Proof. Apply 1< 5 of Theorem 2.2. O

Lemma 2.4 In any space (X, T) we have for each nonempty S C X :

(a) sint,(S) # 0 if and only if int,(S) # 0,
(6) intr«(S) # O if and only if int,(S) # 0.

)
Proof. (a) If sint-(S) = 0 then int,(S) = 0 (as int,(S) C sint-(S)). For the
case int;(S) = 0 use [1, Theorem 1.5(b)]. (b) For int,.(S) = 0, int,(S) =

0 (as int;(S) C intr«(S)). If int,(S) = @ then by [1, Theorem 1.5(d)],

The next two theorems slightly improve the well-known Baire’s result.

Theorem 2.5 For a Baire space (X, T) and for every 1st category subset
FC X; SintT(F) Z(/) (and thTa(F) = @)

Proof. By Lemma 2.4. 0O

Theorem 2.6 (Baire Category Theorem) Let (X, T) be a nonempty Baire space.
If {Ap}nen C SC (X, 1) is a family covering X, then at least one A, must
contain a nonempty member of T; i.e., int(Ay) # 0 for at least one n.

Proof. Since X = J,,cn An, where each A, € SC(X,7), then [, (X \
Ap,) = 0 where each X'\ A, € SO (X, 7). Not every set X \ 4, is dense (X, 1),
since in the opposite case, by Theorem 2.2(3), X = cl ((),,en(X \ 4n)) = 0.
Consequently, scl (X \ A,,) & X for some ny € N. Thus sint (A,,) =
X\ scl- (X \ Ay,) # 0 and by Lemma 2.4(a), int,(Ap,) #0. O

Corollary 2.7 Let (X, 1) be a nonempty Baire space. If { Ay bnen Cc (X, 7%)
covers X, then int;(A,,) # 0 for a certain ny € N.

Observe that the result of Corollary 2.7 can be obtained directly by the
classical version of Baire category theorem applied to the space (X, 7%) (see
Corollary 2.3 and Lemma 2.4(b)).

By [6, Theorem 1.13(ii)] it is known that (X, 7) is a Baire space if and only
if its every nonempty open subset is of the 2nd category. We offer another
characterizations of Baire spaces.

Theorem 2.8 The following statements are equivalent for any space (X, 7):

(a) (X,7) is a Baire space;
(6) for every subfamily {Ay}nen C SC (X, 7T), where int (A,) =0, n € N, the
union | J, ey An has no interior point in (X, 7);
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(c) every nonempty set S € SO (X, 1) is of the 2nd category in (X, ).

Proof. (a) = (b). Let {4, }nen C SC (X, 7), where int (A4,,) = 0, n € N. By
the dual to [12, Lemma 2] we get that int,(cl;(A4y)) = 0. So, U,,cy An is of
the 1st category. Thus int, (e An) = 0. (b) = (c). Let 0 # S € SO (X, 7).
Then for a certain nonempty Os € 7, Oy C S (see [8] and [3, Remark 1.2]).
By [6, Theorem 1.13,(iv)=-(i)], Os is of the 2nd category. Thus S is of the
2nd category. (¢) = (a). Obvious. O

It is known that each open subset of a Baire space is also Baire (as a
subspace): see [4, p.256, Problem 2| and [6, Proposition 1.14].

Theorem 2.9 If (X,7) is a Baire space, then for each G € SO(X,7),
(G, 1) is also Baire.

Proof. Let G € SO (X, 7) and let {Ay}nen C SO (G, 1) be any dense fam-
ily. By [11, Theorem 5|, { Ay }neny € SO (X, 7). Put S, = A, U (X \cl(G)) €
SO (X, 7) for each n € N. First, we shall show that cl;(S,) = X for each
n € N. We have cl (Sp) D clr (4p)Ucl (X\cl(G)) = GUcl, (X\cl(G)). So,
clr [GUcl; (X \ el (G))] C el (Sp) C X. Then cl; [cl-(G)U(X \cl(G))] =
X C o (Sn) C X. Now, since (X, 7) is Baire, cl-(,,enSn) = X (Theo-
rem 2.2(3)); i.e.,

X =(X\c (G) U () An.
neN
Hence G = GN(,,cy An and consequently cl.(int, (cl(G))) =cl, (N neN

n
Using [12, Lemma 2] one gets G C cl-((,,cy An). Therefore clr, (,en 4n)
G. O

)

Recall that a collection of subsets of a space (X, 7) is called pseudo-cover
[6, p.13] if the union of its elements is dense in (X, 7). A pseudo-cover is said
to be semi-open (resp. open) if all its members are semi-open (resp. open).

Theorem 2.10 If there exists a semi-open pseudo-cover of (X, T) whose all
members are Baire subspaces of (X, 7), then (X, 7T) is a Baire space.

Proof. Let {Sy}neny C 7 be any dense family in (X, 7), and let {G;}iercx C
SO (X, 7) be a pseudo-cover of X such that each space (G;,7¢g,) is Baire,
i € I. By [12, Lemma 1|, {S,, N Gj, }nen C SO (X, 7) for each fixed ig € Y.
Applying [11, Theorem 5| we obtain {5, NG, tnen C SO (G, 76, ). We shall
show that sclTGi0 (S, N Gy,) = Gy, for each n € N. Take into consideration
any z € Gy, and U, € SO (G, 7,,) with z € U;. By [11, Theorem 5| each
U, € SO (X, 7) and since scl-(S,) = X, n € N, we infer from [13, Lemma 3]
that U, NS, # 0 for each x € G;, and n € N. So, U, N (S, NG;,) # 0. Hence,
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we get x € SCITGZO (S, NGyy); e, sclTGiO (S, NGi,) = G4, By hypothesis and
Theorem 2.2, CITG,LO (Nyen(Sn N Giy)) = G4, Now, we calculate as follows:

X =dl, (U Gi> =cl, [U clr,. (ﬂ (Sp N Gi)ﬂ c

icl iel neN

U (Gm N Snﬂ —Cdl, lﬂ S.n G

el neN neN el

C cl;

Ccl, (ﬂ Sn> )
neN

Corollary 2.11 The following statements are equivalent for any space (X,7):

Therefore, (X, 7) is a Baire space. 0O

(a) (X,7) is a Baire space;
(6) for each G € SO (X, 1), (G,7¢) is Baire;
(¢) (X,7) has a semi-open pseudo-cover, whose members are Baire subspaces

of (X,7).

The reader is advised to compare this corollary with [6, Theorem 1.21]
(and [6, Corollary 1.22]). Using also [6, Proposition 1.14] one gets a result
similar to our Corollary 2.11:

Corollary 2.12 The following statements are equivalent for a space (X, 7):
(a) (X,7) is a Baire space;
(6) for each G € 7, the subspace (G, 7¢q) is Baire;

(¢) (X,7) has an open pseudo-cover, whose members are Baire subspaces of
(X,7).

Proof. Directly by Theorems 2.9 and 2.10. O

Theorem 2.13 (‘Baire category theorem for open subsets) Let (X, T) be a Baire
space. If G € T admits a cover {Ap}tnen C ¢(X,7), then at least one A,
must have a nonvoid interior.

First we shall prove a lemma.
Lemma 2.14 If S € SO (X, 1), then inty_(sy(cl-(S)\ S) = 0.

Proof. Applying [12, Lemma 2| we have cl-(S) \ S C cl;(5) \ int,(S) =
cl-(int,(S)) \ int(S). Thus cl-(S) \ S is nowhere dense in (X, 7). Suppose
now intg_(sy(cl;(S)\S) # 0. Hence () # ONcl,(S) C cl(S)\ S for a certain
O € 7. But, by ONcl(S) C cl,(ONS), ON S must be nonempty. Since
oNnS=(0ncl(S))NS =0, we get a contradiction. 0O

Proof of Theorem 2.13. Since cl(G) € SO (X, ), by Theorem 2.9 (cl-(G),
Tel.(¢)) is a Baire subspace of (X,7). We have cl(G) = (cI(G) \ G) U
Unen An. Obviously, the sets cl(G) \ G and A, for each n € N are closed
in (cl (@), Ta (G))- Moreover, cl(G) \ G is nowhere dense in (cl (Q), Ta (G))
(Lemma 2.14). Thus, for a certain ng € N, inty(q)(An,) # 0, that is,
0 #Uncl(G) C Ay, and consequently int.(A4,,) # 0. O
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Corollary 2.15 Let G be an open subset of a complete metric space (X, 0).
Then: (a) G contains a closed subset F with int,(F) # 0, (b) (X, ) is S-
disconnected if G # X.

Proof. (a) By Theorem 2.13 (each G € 7 is F, in (X, 0)). (b) It is enough
to observe that () # cl,(int,(F)) C F. O

It is known that in a Baire space (X, 7) every 1st category set S € ¢ (X, 7)
is nowhere dense. This property holds on for S € SC (X, 7).

Lemma 2.16 For any subset S of a space (X, 7), cl(sint (S)) = cl (int (.5)).
Proof. By [1, Theorem 1.5(b)] we have sint (S) = S Ncl (int (5)). So,
cl(int (9)) C el (SNel(int (S))) C cl(int (S)).0

Corollary 2.17 A subset S of (X, T) is nowhere dense if and only if cl(X\
scl(S) = X.

Proof. By the use of Lemma 2.16 it is enough to observe that
cl (X \'scl(S)) =cl(sint (X \ §)) =cl(int (X \ 5)) =cl(X \ cl(5)).0

Theorem 2.18 In a Baire space (X, T) every 1st category set S € SC (X, 1)
15 nowhere dense.

Proof. Let S = J,,en Sn € SC (X, 7), where the sets Sy, n € N, are nowhere
dense. Obviously, all the sets X \ cl(S,) € 7 are dense in (X, 7). Hence, by
our assumption,

X:(:l(ﬂ(X\Cl(Sn))> =cl (X\ U cl(Sn)> Cc(X\S).

neN neN

But S € SC (X, 1), whence by [3, Theorem 1.4(2)] and Corollary 2.17, S is
nowhere dense. 0O

Remark 2.1 Tt is worth being noticed that in any topological space (X, )
the notions of boundarity and nowhere density are equivalent among semi-
closed subsets. Indeed, by [12, Lemma 2] one has cl (X\S)=cl (int (X\5))=

cl (X \cl(9)).
A subset S of a space (X,7) will be called s-Gs5 if S = [ U, for some
neN
{Un}nEN C SO (Xv T)'

Theorem 2.19 (compare with [6, Proposition 1.17]) Let Y be a subset of a
Baire space (X, 7). Then'Y is of 1st category if and only if X \'Y contains
a dense s-Gs subset of (X, 7).
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Proof. Mecessity. Suppose Y = J;cn Vi, where for each i € N the sets
N; are nowhere dense. Since the sets X \ scl-(V;) are semi-open in (X, 1),
A = (;en(X \ scl-(NN;)) is a dense s-Gs subset of (X, 7), because (X, 7) is a
Baire space (Theorem 2.2(3)). Moreover, A C X \ Y.

Gujfficiency. Let A = [,y Us C X\ Y be a dense s-Gs subset of (X, 7). Then,
for each i € N we have cl.(U;) = X and applying Corollary 2.17, it follows

that the sets X \ U; are nowhere dense in (X, 7). Thus, Y C X \ A is of 1st
category in (X, 7). O

A space (X, 7) is called locally indiscrete [9] if each point x € X has
an indiscrete neighbourhood A, that is, such a set A, C X, A, > x, that
either A, C U or A NU = () for each U € 7. The following characterizations
of these spaces were found by Jankovié¢ [7, Theorem 3.3]: (X, 7) is locally
indiscrete < (b) every open (closed) subset is closed (open) in (X,7) < (c)
cl({z}) € 7 for each z € X.

Remark 2.2 The following easily follows by [7, Theorem 3.3(b)]: every lo-
cally indiscrete space is Baire.

Theorem 2.20 Assume that (X, 7) is not locally indiscrete, Ty-space. If
(X,7) is Baire, then there is a dense (in (X, 7)) set Xo € 7 such that
(Xo,7x,) is also Baire.

Proof. By [7, Theorem 3.3(c)] there exists a point xg € X with cl.({zo}) € 7.
Since (X,7) is Th, {zo} ¢ 7. Put Xo = X \ {zo}. Xo is dense in (X,7),
because z¢ € cl;(Xo). By [6, Proposition 1.14] (or Theorem 2.9) (Xo, 7x,)
is a Baire space. 0O

Making use of [6, Theorem 1.15] one gets

Corollary 2.21 Assume (X,7) is not locally indiscrete, Ty-space. Then,
(X, 1) is Baire if and only if there exists a dense Xy € T such that (Xo, Tx,)
1s Baire.

The concluding theorem generalizes the implication (a) = (¢) of Theo-
rem 2.8 ((X,7) is of the 2nd category if it is of the 2nd category in itself).

Theorem 2.22 (compare with [6, Proposition 1.15]) Assume (X, T) is of the
2nd category. Every dense s-Gs subset of (X,7) is of the 2nd category as
well.

Proof. If S = (),,en Un is a dense s-Gs subset of (X,7), then in view of
Corollary 2.17 we have that each X \ Uy, n € N, is nowhere dense in (X, 7).
Thus, if S were of the 1st category, as X \ S = |J,,cny(X \ Un), (X, 7) would
have been so. O
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