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Some remarks on metallic Riemannian structures

Adelina Manea

Abstract In this paper we make three remarks about metallic Riemannian manifolds.
Firstly we give an integrability condition using a Codazzi type equation, then we consider
another metallic structure on a metallic Riemannian manifold and we study the mixed
twin metric associated to them. Finally, we show that a Riemannian foliated manifold has
a natural (p, q)-metallic structure and every leaf of the foliation carries a metallic structure
which is always integrable.
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1 Introduction

In the 60’s-70’s some authors introduced and studied polynomial structures
on manifolds, closely related to known structures as almost product, almost
complex and contact structures. They give properties and integrability con-
ditions for such structures, [3], [11]. A polynomial structure f of degree k on
a C∞ manifold M is a (1, 1)-tensor field satisfying a polynomial equation

fk + a1f
k−1 + ...+ ak−1f + ak · Id = 0,

where a1, ...ak are real numbers and k is the smallest integer for which
Id, f, ..., fk are dependent.

The particular cases of golden, then metallic structures were considered
in the last decade. Some properties of the submanifolds of manifolds en-
dowed with golden/metallic structure are investigated in [4], [5], [6], [7],
since the integrability conditions for such structures and another properties
are given in [1], [2]. The metallic structures are related to almost product
structures; the class of Riemannian almost product manifolds with noninte-
grable structure is considered in [8]. In this paper we continue these studies
about metallic structures on Riemannian manifolds.
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After a briefly introduction in particularities of metallic Riemannian man-
ifolds, in section 2 we give an integrability condition for the metallic struc-
ture in terms of Codazzi type equation, inspired by similar conditions for
almost complex or almost para-Norden structures, [9].

In section 3, from the duality between metallic and almost product struc-
tures, we investigate a (p, q)-metallic manifold (M,ϕ) with the almost prod-
uct J induced by ϕ, endowed with a new distinct (p′, q′)-metallic structure
determined by J . We define a mixed twin metric and we prove that it is
decomposable when the initial metric is decomposable.

Finally, in section 4, we make some remarks about metallic structures
on foliated manifolds. We prove that every leaf of a foliated Riemannian
manifold is a (p, q)-metallic manifold with the metallic structure integrable.

2 Metallic Riemannian manifolds

Let (M, g) be a Riemannian n-dimensional C∞-manifold. We present metal-
lic Riemannian manifolds following [7].

A (p, q)-metallic structure on M is a polynomial structure of second degree
given by a (1, 1)-tensor field ϕ which satisfies the equation,

ϕ2 − p · ϕ− q · Id = 0, (2.1)

where Id is the identity on the vector fields space Γ (TM) and p, q are fixed
integers such that the equation x2−px−q = 0 has a positive irrational root
σp,q.

The number σp,q is usually named a member of the metallic family. For
example, we can talk about golden structure if p = 1, q = 1 when the root

σ1,1 is exactly the golden ratio Φ = 1+
√
5

2 , or about the silver structure (p =

2, q = 1, σ2,1 = 1 +
√

2), the bronze structure (p = 3, q = 1, σ3,1 = 3+
√
13

2 ),

the nickel structure (p = 1, q = 3, σ1,3 = 1+
√
13

2 ). The above numbers are
closely related with different mathematical domains as dynamical systems,
quasicrystals, theory of Cantorial fractal-like micro-space-time.

The main properties of a (p, q)-metallic structure are given in [7]:

Proposition 2.1 Let ϕ a (p, q)-metallic structure on the manifold M . Then
ϕ is an isomorphism on the tangent space TxM , for every x ∈M . Its inverse
is ϕ−1 = 1

qϕ−
p
q Id, which is not a metallic structure but still a polynomial

one. The eigenvalues of ϕ are σp,q and p− σp,q.
For the Riemannian manifold (M, g) endowed with the (p, q)-metallic

structure ϕ, we say that the metric g is ϕ-compatible and that M is a
Riemannian metallic manifold, if

g(ϕX, Y ) = g(X,ϕY ), (2.2)

for every X,Y ∈ Γ (TM). An equivalent condition is

g(ϕX,ϕY ) = p · g(X,ϕY ) + q · g(X,Y ).
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Some remarks on metallic Riemannian structures 3

An important tool in study of metallic manifolds is the almost product
structure (an (1, 1)-tensor field J with J2 = Id) induced by ϕ, [7]:

Proposition 2.2 Every metallic structure ϕ given by (2.1) on M induces
two almost product structures on this manifold:

J± = ±
(

2

2σp,q − p
· ϕ− p

2σp,q − p
· Id
)
. (2.3)

Conversely, every almost product structure J on M induces two metallic
structures on M given as follows:

ϕ1 =
p

2
· Id+

2σp,q − p
2

· J ; ϕ2 =
p

2
· Id− 2σp,q − p

2
· J. (2.4)

In the following we will denote by J one of the associated almost product
structures in (2.3), usually J+. For a metallic manifold (M, g, ϕ) and the
associated almost product J , it is easy to see that

g(JX, Y ) = g(X, JY ), ∀X,Y ∈ Γ (TM). (2.5)

The integrability of structures ϕ, J are usually expressed by the vanishing
of the Nijenhuis tensors Nϕ, NJ , respectively,

Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + ϕ2[X,Y ].

In [2] are given integrability conditions using the Tachibana operators Φϕ,
ΦJ associated to ϕ and J , respectively. Generally, this operator is defined
on (0, r)-tensors ω which are pure with respect to a (1, 1)-tensor field ψ,

ω(ψY1, Y2, ..., Yr) = ω(Y1, ψY2, ..., Yr) = ... = ω(Y1, Y2, ..., ψYr),

by

(Φψω)(X,Y1, . . . , Yr) = ψX(ω(Y1, . . . , Yr))−X(ω(ψY1, Y2, . . . , Yr))

+ω((LY1ψ)X,Y2, . . . , Yr) + . . .+ ω(Y1, Y2, . . . , (LYr
ψ)X), (2.6)

for every vector fields X,Y1, . . . , Yr, where LX denotes the Lie derivative
with respect to X.

When the tensor ψ is an almost product, and Φψω = 0, the tensor ω is
said to be decomposable.

By relations (2.2) and (2.5), the metric g is a (0, 2)-tensor pure with
respect to ϕ and J , respectively. In [2], it is proved that:

Proposition 2.3 Let (M, g, ϕ) be a metallic Riemannian manifold. Then:
a) If g is decomposable, that is Φϕg = 0, then the metallic structure is

integrable.
b) The condition Φϕg = 0 is equivalent to ∇ϕ = 0, where ∇ is the Levi-

Civita connection of g.
c) The dependence between ΦJ and Φϕ is as follows:

ΦJg = ± 2

2σp,q − p
· Φϕg. (2.7)
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4 Adelina Manea

In the following we shall consider the metallic manifold (M, g, ϕ) with
(2.1) and the associated almost product structure

J =
2

2σp,q − p
· ϕ− p

2σp,q − p
· Id. (2.8)

Our fist remark is about the integrability of ϕ, which is equivalent to
Nϕ = 0.

Let ∇ be the Levi-Civita connection of g. By a direct computation, we
have the relations:

∇ϕ =
2σp,q − p

2
∇J. (2.9)

Nϕ(X,Y ) = (∇ϕXϕ)Y − (∇ϕY ϕ)X+ϕ ((∇Xϕ)Y )−ϕ ((∇Y ϕ)X) . (2.10)

Moreover, the Nihenjuis tensor NJ could be expressed, using the symmetry
of ∇ and J2 = Id, by

NJ(X,Y ) = (∇JXJ)Y − (∇JY J)X + J ((∇XJ)Y )− J ((∇Y J)X) .

The link between the Nihenjuis tensors NJ and Nϕ is

NJ =
4

p2 + 4q
·Nϕ, (2.11)

which show that the metallic structure ϕ (2.1) is integrable if and only if
the associated almost product (2.8) is integrable.

The following condition for integrability of the metallic structure is in-
spired by the Codazzi type equation, [9].

Proposition 2.4 Let (M, g, ϕ) be a (p, q)-metallic manifold. The metallic
structure ϕ is integrable if it satisfies a Codazzi type equation,

(d∇ϕ)(X,Y ) := (∇Xϕ)Y − (∇Y ϕ)X = 0, ∀X,Y ∈ Γ (TM), (2.12)

where d∇ is the exterior covariant derivative.

Proof. If (2.12) is true, then the Nihenjuis tensor (2.10) becomes

Nϕ(X,Y ) = (∇ϕXϕ)Y − (∇ϕY ϕ)X.

Replacing X, Y in (2.12) by ϕX, Y , then by ϕY , X, respectively and using
(2.1), we obtain

(∇ϕXϕ)Y = (∇Y ϕ)ϕX = ∇Y (ϕ2X)− ϕ(∇Y (ϕX)) =

= p∇Y (ϕX) + q∇YX − ϕ(∇Y (ϕX)),

(∇ϕY ϕ)X = (∇Xϕ)ϕY = ∇X(ϕ2Y )− ϕ(∇X(ϕY )) =

= p∇X(ϕY ) + q∇XY − ϕ(∇X(ϕY )).
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Relation (2.12) gives us

ϕ[X,Y ] = ϕ(∇XY −∇YX) = ∇X(ϕY )−∇Y (ϕX),

ϕ2[X,Y ] = ϕ(∇X(ϕY ))− ϕ(∇Y (ϕX)).

We compute

Nϕ(X,Y ) = −pϕ[X,Y ]− q[X,Y ] + ϕ2[X,Y ] = 0,

from (2.1), hence ϕ is integrable.
ut

3 Multiple metallic structures

Our second remark is referring to the duality between metallic structures
and almost product structures, Proposition 2.2.

Let (M, g, ϕ) be a Riemannian (p, q)-metallic manifold and J given by
(2.8), the almost product structure induced by ϕ on M .

We fix two integers p′ 6= p, q′ 6= q such that the positive root σp′,q′ of the
equation x2 − p′x− q′ = 0 is irrational.

From Proposition 2.2, we can introduce on the (p, q)-metallic manifold M
a (p′, q′)-metallic structure ϕ′ by relation

ϕ′ =
p′

2
· Id+

2σp′,q′ − p′
2

· J. (3.1)

The above relation and (2.5) show that the Riemannian metric g is ϕ′-
compatible,

g(ϕ′X,Y ) = g(X,ϕ′Y ), ∀X,Y ∈ Γ (TM). (3.2)

By direct computation, from relations (2.8) and (3.1) we obtain that

Proposition 3.1 The link between the initial metallic structure and the new
one is

ϕ′ =
σp,q · p′ − σp′,q′ · p

2σp,q − p
· Id+

2σp′,q′ − p′
2σp,q − p

· ϕ. (3.3)

Obviously, using now the relation (2.8) for the metallic structure ϕ′, we
obtain that this new metallic structure induces the same almost product J
on M .

We can also see that

Proposition 3.2 For a Riemannian metallic manifold (M, g, ϕ) with the
almost product J , any metallic structure induced by J on M is integrable if
and only if the initial metallic structure is integrable.
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Proof. Using relation (2.11) for the Nihenjuis tensors NJ , Nϕ and Nϕ′ , re-
spectively, we have

Nϕ =
p2 + 4q

p′2 + 4q′
Nϕ′ ,

which proves the statement. ut
In order to see the link between the Tachibana operators associated to ϕ

and ϕ′, respectively, we can use relations (2.7), (2.9), or the expression of
Φϕ with respect to the Levi-Civita connection of g. Let ∇ be the Levi-Civita
connection of g. Then, from the definition of the Tachibana operator and
∇g=0, we have

Φϕg(X,Y, Z) = g((∇Y ϕ)X,Z)− g((∇Xϕ)Y,Z) + g((∇Zϕ)X,Y ). (3.4)

From (3.3), by direct computation, we obtain

∇ϕ′ = 2σp′,q′ − p′
2σp,q − p

∇ϕ, (3.5)

and replacing this in (3.4), it results

Φϕ′g =
2σp′,q′ − p′
2σp,q − p

Φϕg (3.6)

The metric g is satisfying Φϕg = 0 if and only if Φϕ′g = 0.
Inspired by the twin Riemannian metallic metric associated to g by ϕ, [2],

we can define a twin metric associated to g by the pair of above metallic
structures (ϕ,ϕ′):

g̃(X,Y ) = g(ϕX,ϕ′Y ), ∀X,Y ∈ Γ (TM), (3.7)

and we call it a mixed twin metric.

Proposition 3.3 The mixed twin metric is pure with respect to ϕ and ϕ′,
respectively.

Proof. According to (2.2), (3.2), and using the following relation obtained
from (3.3),

ϕϕ′ = ϕ′ϕ =
σp,q · p′ + σp′,q′ · p− pp′

2σp,q − p
· ϕ+ q

2σp′,q′ − p′
2σp,q − p

· Id,

it results that

g̃(ϕX, Y ) = g(ϕ2X,ϕ′Y ) = g(ϕX,ϕϕ′Y ) = g(ϕX,ϕ′ϕY ) = g̃(X,ϕY ),

g̃(ϕ′X,Y ) = g(ϕϕ′X,ϕ′Y ) = g(ϕ′ϕX,ϕ′Y ) = g(ϕX,ϕ′ϕ′Y ) = g̃(X,ϕ′Y ),

hence the mixed twin metric is pure with respect to ϕ and ϕ′, respectively.
ut
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Proposition 3.4 If the Riemannian metric g is decomposable (i.e. ΦJg =
0), then the Levi-Civita connection of g is a metric connection with respect to
the mixed twin metric. Moreover, the mixed twin metric is also decomposable.

Proof. Taking into account ∇g = 0, we compute

(∇X g̃)(Y, Z) = g((∇Xϕ)Y, ϕZ) + g(ϕY, (∇Xϕ′)Z).

Using now the equivalence between ΦJg = 0, Φϕg = 0 and ∇ϕ = 0, (see
Proposition 2.3), and relation (3.5), the decomposability of g gives us ∇g̃ =
0. Hence, a similar expression with (3.4) could be given for Φϕg̃:

(Φϕg̃)(X,Y, Z) = g̃((∇Y ϕ)X,Z)− g̃((∇Xϕ)Y,Z) + g̃((∇Zϕ)X,Y ),

which shows that the decomposability of g implies the vanishing of Φϕg̃.
Then we also have ΦJ g̃ = 0 which means that g̃ is also a decomposable
metric. ut

4 Metallic structures on foliated manifolds

In this section we study a particular case of metallic manifolds. Let (M, g)
be a Riemannian n-dimensional manifold endowed with a r-codimensional
foliation F . More about foliated manifolds could be find in [10], [12].

The structural bundle is denoted by TF and the transversal bundle, T⊥F ,
is orthogonal on TF by g. Obviously, there is the decomposition TM =
TF ⊕ T⊥F . If v, h are projections of TM on TF and T⊥F , respectively,
then the (1, 1) tensor fields

I = v − h,
satisfies I2 = Id, so it is an almost product structure on M .

Let us consider ϕ a (p, q)-metallic structure associated to I (see relation
(2.4)), by

ϕ =
p

2
· Id+

2σp,q − p
2

· I. (4.1)

By direct calculus, we have

g(IX, Y ) = g(vX − hX, vY + hY ) = g(vX, vY ) + g(hX,−hY ) = g(X, IY ),

∀X,Y ∈ Γ (TM), which, using (4.1), gives us

g(ϕX, Y ) = g(X,ϕY ),∀X,Y ∈ Γ (TM).

We obtained that

Proposition 4.1 Let p, q be two fixed integers such that the equation x2 −
px − q = 0 has a positive irrational root σp,q. Every Riemannian foliated
manifold has a natural (p, q)-metallic Riemannian manifold structure given
by (4.1).
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It is known, [7], that on a Riemannian metallic manifold (M, g, ϕ), there
are two orthogonal distributions (we shall call them metallic distributions),
defined by projections

l =
σp,q

2σp,q − p
· Id− 1

2σp,q − p
· ϕ, m =

σp,q − p
2σp,q − p

· Id+
1

2σp,q − p
· ϕ,

Dl = Ker(m), Dm = Ker(l).

Proposition 4.2 Let (M, g,F) be a Riemannian foliated manifold and ϕ
the natural (p, q)-metallic structure on it. The metallic distributions Dm and
Dl are exactly the structural and the transversal distributions of foliation F ,
respectively.

Proof. For the metallic structure ϕ given in (4.1), the projectors l and m
become l = h, m = v, so the metallic distributions are

Dl = Ker(v), Dm = Ker(h),

which proves the statement. ut
Proposition 4.3 The metallic structure on a foliated manifold is integrable
if the transversal distribution of foliation F is integrable.

Proof. Taking into account the link (2.11) between the Nijenhuis tensors
Nϕ and NI , we shall prove that the almost product structure I is integrable
if the transversal distribution of foliation F is also integrable. From the
integrability of structural distribution, the Nijenhuis tensor NI associated
to almost product structure I is

NI(X,Y ) = 2h[vX, vY ] + 2v[hX, hY ] = 2v[hX, hY ], (4.2)

The tensor NI vanishes if and only if [X,Y ] ∈ Γ (T⊥F) for all X,Y ∈
Γ (T⊥F), which means that transversal distribution is integrable, too. ut
Remark 4.1 a) The restriction of the Nijenhuis tensor Nϕ to the struc-
tural bundle vanishes. Indeed, if X,Y ∈ Γ (TM), then hX = 0, hY = 0 and
in (4.2) we obtain NI(X,Y ) = 0, which implies Nϕ(X,Y ) = 0.

b) Generally speaking, in a metallic Riemannian manifold, the metallic
structure is integrable if and only if both metallic distributions Dm and Dl
are integrable. Indeed,

Dm = {X ∈ Γ (TM)| ϕX = σp,qX} = {X ∈ Γ (TM)| JX = X},
Dl = {X ∈ Γ (TM)| ϕX = (p− σp,q)X} = {X ∈ Γ (TM)| JX = −X},

where J is the associated almost product of ϕ.
For every X ∈ Dm, Y ∈ Dl we have NJ(X,Y ) = 0, while for every

X,Y ∈ Dm, NJ(X,Y ) = 0 if J [X,Y ] = [X,Y ] and for every X,Y ∈ Dl,
NJ(X,Y ) = 0 if J [X,Y ] = −[X,Y ]. The result comes taking into account
relation (2.11).

44



Some remarks on metallic Riemannian structures 9

Now, we consider an atlas with the adapted local charts (U, (xa, xu)),
a = 1, . . . , r, u = r + 1, . . . , n on M such that the leaves are locally defined
by xa = constant. In the following the indices a, b, c, . . . will take values
from 1, 2, . . . , r and u, v, w, . . . will take values from r + 1, r + 2, . . . , n.

The structural bundle TF is locally spanned by
{

∂
∂xu

}
. The transversal

bundle, T⊥F , orthogonal on TF by g, is locally spanned by

δ

δxa
=

∂

∂xa
− tua

∂

∂xu
, (4.3)

where the smooth functions tua are defined by orthogonality condition
g
(
δ
δxa ,

∂
∂xu

)
= 0, ∀a, u.

The almost product I and the metallic structure ϕ have the local expres-
sions:

I

(
δ

δxa

)
= − δ

δxa
, I

(
∂

∂xu

)
=

∂

∂xu
,

ϕ

(
δ

δxa

)
= (p− σp,q)

δ

δxa
, ϕ

(
∂

∂xu

)
= σp,q

∂

∂xu
. (4.4)

In [7] are studied submanifolds of a Riemannian metallic manifolds (M, g, ϕ).
It is proved ([7], Proposition 4.3), that a submanifold N of M is an invariant
submanifold with respect to ϕ (i.e. ϕ(TxN) ⊆ TxN for every x ∈ N) if
and only if the induced structure (ϕN ; gN ) on N is a metallic Riemannian
structure whenever ϕN is non-trivial.

A leaf L of the foliation F on M is a submanifold (n − r)-dimensional,
locally defined in a plaque U ∩ L by xa = constant. It is well-known that
the Riemannian metric g induces a Riemannian metric gL on the leaf L.
The metallic structure ϕ on M induces an (1, 1)-tensor field ϕL on L by

ϕL(X) = v(ϕ(i∗X)), ∀X ∈ Γ (TL),

where i : L→M is the canonical inclusion. Locally, ϕL verifies

ϕL(
∂

∂xu
) = σp,q

∂

∂xu
,

Moreover, for every X ∈ Γ (TL),

ϕ2
L(X) = σ2

p,qX = p · σp,qX + qX = (p · ϕL + q · Id)X,

which shows that ϕL is a (p, q)-metallic structure on L.
By (4.4), every leaf of foliation F is an invariant submanifold with respect

to metallic structure ϕ. From Remark 4.1, the restriction of the Nijenhuis
tensor Nϕ at structural bundle TF vanishes, hence we obtained:

Proposition 4.4 Let (M, g,F , ϕ) a Riemannian foliated manifold endowed
with a (p, q)-metallic structure. Every leaf L of M is a (p, q)-metallic man-
ifold and the metallic structure ϕL on it is integrable.

45



10 Adelina Manea

References

1. Gezer, A.; Cengiz, N.; Salimov, A. – On integrability of golden Riemannian struc-
tures, Turkish J. Math., 37 (2013), no. 4, 693-703.
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7. Hreţcanu, C.-E.; Crâşmăreanu, M. – Metallic structures on Riemannian mani-
folds, Rev. Un. Mat. Argentina., 54 (2013), no. 2, 15-27.

8. Mekerov, D. – On Riemannian almost product manifolds with nonintegrable struc-
ture, J. Geom., 89 (2008), no. 1-2, 119-129.

9. Salimov, A.; Akbulut, K.; Turanli, S. – On an isotropic property of anti-Kähler-
Codazzi manifolds, C. R. Math. Acad. Sci. Paris, 351 (2013), no. 21-22, 837-839.

10. Tondeur, Ph. – Foliations on Riemannian manifolds, Universitext, Springer-Verlag,
New-York, 1988.
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