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1 Introduction

Let H be a real Hilbert space with inner product (.,.) and norm ||.||. Let
C' be any nonempty subset of H. We shall denote by CB(C) the family of
nonempty closed bounded subsets of C' and by K (C') the family of nonempty
compact subsets of C. Let H(.,.) be the Hausdorff distance on CB(H), that

is,

H(A,B) = max{sggdist(a,B),Z‘ggdist(b, A)}, A,B e CB(C),

where dist(a, B) = inf{d(a,b) : b € B} is the distance from the point a to
the set B.
Recall that a self-mapping T on C is said to be a single valued nonexpansive
mapping if

[Tz — Tyl < [|lz —yl|,V 2,y € C.

A multivalued mapping T : C' — CB(H) is said to be nonexpansive if
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Various kinds of nonexpansiveness are clearly explained in [5]. A point x
is called a fixed point of T if © € Tx. We denote by F(T') the set of all
fixed points of T and T : C — CB(C) is said to be quasi-nonexpansive if
F(T) # 0 and

H(Tz,Tp) < |lx —pl|, VzeCpeF(T).
Recall that a single-valued mapping T : C — C' is said to be nonspreading
mappings [38] if
2||Tz — Tyl|* < |l = Tyl* + [ly — Tal]?, ¥a,yeC.
It is easy to see that T is nonspreading if and only if
T2 = Tyl* < lle = ylI* + 2(z — Ta,y = Ty) Va,yeC.

A mapping T : C — CB(C) is said to be nonspreading-type multi-valued
mapping [19] if

2H?(Tx, Ty) < d*(z,Ty) + d*(y, Tx), Y,y € C. (1.1)

It is well known that, if 7" is a nonspreading-type multi-valued mapping,
and F(T) # (), then T is a quasi-nonexpansive multi-valued mapping, that
is:

H(Tz,Tp) <|lz—p||, YxeC, pe F(T). (1.2)
Then, for all z € C and p € F(T), we have

2H?*(Tx,Tp) < d*(p, Tx) + d*(z,Tp)
< H*(Tz,Tp) + ||z — p||.

This implies that
H(Tz,Tp) < ||z — pl|-

In modelling inverse problems which arise from phase retrievals and med-

ical image reconstruction [9], Censor and Elfving [14] firstly introduced
the following Split Feasibility Problem (SFP) in finite-dimensional Hilbert
spaces:
Let C' and @ be nonempty closed convex subsets of the Hilbert spaces H;
and Hs, respectively, and let A : H; — Hs be a bounded linear operator.
The Split Feasibility Problem (SFP) is formulated as finding a point 2* with
the property

el and Az* € Q. (1.3)

It has been known that the SFP can be used in many areas such as image
restoration, computer tomography, and therapy treatment planing [16,23,
35]. Some methods have been developed to solve SFP [1,3,11,12,29,41].
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It is easy to see that 2* € C solves equation (1.3) if and only if it solve the
following fixed point equation

" = Po(I —vyA*(I — PoA))z*

where Po (respectively Pg) is the orthogonal projection from H; (respec-
tively Hy) onto C (respectively @), v > 0 and A* is the adjoint of A.
Recently, Moudafi [33] introduced the following new split feasibility prob-
lem, which is also called General Split Equality Problem (SEP).

Let Hy, H, and Hs be real Hilbert spaces, let C' C H;,QQ C Hy be two
closed convex sets, let A : Hy — Hs, B : Hy — H3 be two bounded linear
operators. The SEP which was first introduced by Moudafi [33] is to find

r€C, yeQ, suchthat Axr = By, (1.4)

which allows asymmetric and partial relations between the variables x and y.
Assume the SEP (1.4) is consistent (i.e., has a solution), we denote through
out this paper its solution by I, i.e.,

I'={zeC, yeQ: Az = By}.

The interest of the SEP is to cover many situations, for instance in decom-
position methods for PDEs, applications in game theory and in intensity-
modulated radiation therapy (IMRT). In decision sciences, this allows to
consider agents who interplay only via some components of their decision
variables (see e.g. [4]). In (IMRT), this amounts to envisage a weak coupling
between the vector of doses absorbed in all voxels and that of the radiation
intensity (see [13,37,39] for further details on SEP).

In order to solve SEP (1.4) Moudafi [33] introduced the following alternating
CQ algorithm (ACQA):

Ty = Po(xp — A" (Axy, — Byy)), (1.5)
Yk+1 = Po(yx + B B*(Azi41 — Byr)), :

where v, B € (s,min{%‘, 7%9 — 5); v4 and yp are the spectral radius of

A*A and B* B, respectively. The algorithm (1.5) is exactly the CQ algorithm
proposed by Byrne [9] when B = I,5; = 1. When the SEP (1.4) has a
solution, it can be seen as the following convex minimization problem

1
in ~||Az — Byl|?. 1.6
IerglyneQQII x — By|| (1.6)

The classical projection gradient algorithm (PGA) (or the projection algo-
rithm) for (1.6) is

Ty = Po(xy — yA*(Azy, — Byy)), (1.7)
Yr+1 = Po(yx + v B*(Axy, — Byy)), ’
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where g, is the stepsize at the iteration k, is chosen in the interval
(5, ﬁ —8). For more details about the PGA, see [24]. Byrne and Moudafi

[10] obtain the algorithm (1.7) by discussing the projected Landweber al-
gorithm for the problem (1.6) in a product space. It is easy to see that the
alternating CQ algorithm (1.5) is sequential but the algorithm (1.7) is si-
multaneous. When B = I, the algorithm (1.7) resembles closely, but is not
equivalent to the original CQ algorithm proposed by Byrne [9], but it does
solve the same problem (see [10] for more details).

In order to avoid using the projection, recently, Moudafi [34] introduced
and studied the following problem: Let T': Hy — H; and S : Hy, — H»s
be nonlinear operators such that F(T) # () and F(S) # 0. If C = F(T)
and Q = F(S), then the split equality feasibility problem (1.4) reduces to
finding

x€ F(T) and ye€ F(S) suchthat Ax = By, (1.8)

which is called split equality fized point problem (SEFPP). Denote by I’
the solution set of SEFPP (1.8).

If Hy = H3 and B = I, then (SEFPP) (1.8) reduces to the split fixed-point
problem (SFPP) introduced by Censor and Segal [17]:

x € F(T), suchthat Az e F(S). (1.9)

To solve (1.9), Censor and Segal [17] proposed and proved, in finite-dimen-
sional spaces, the convergence of the sequence {z,} generated by the fol-
lowing algorithm:

Tpr1 = T(zy +yAY(S —1)AX,), n>1

where v € (2/)\) with \ being the largest eigenvalue of the matrix At A (A!
stands for matrix transposition).

We remark here that the SEFPP generalizes the SFPP which is at the core
of the modelling of many inverse problems in various areas of physical sci-
ences and has been used to model significant real world inverse problem
in sensor networks, in radiation therapy treatment planning, in resolution
enhancement, in watermarking, in data compression, in magnetic resonance
imaging, in holography, in colour imaging, in optics and neural networks and
in graph matching (for more details, see, for example, [15]). SEFPP also has
some other important applications different areas of applied mathematics,
such as fully discretized models of inverse problems which arise from phase
retrievals and in medical image reconstruction (see, for example, [9,13,20]).

Recently Moudafi [34] proposed the following iterative algorithm for find-
ing a solution of (SEFPP) (1.8):

Tnt1 = T(xy, — W A*(Azx,, — Byy)), (1.10)
Yn+1 = S(yn + 5nB*(Amn+1 - Byn)) .
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He studied the weak convergence of the sequence generated by scheme (1.10)
under the condition that T" and S are firmly quasi-nonexpansive mappings.
In 2015, Che and Li [21] proposed the following iterative algorithm for
finding a solution of (SEFPP) (1.8):

Uy = Ty — A" (Azy, — Byn),
Tpil = QpXp + (1 - an)Tun
Up = Yn + 5nB*(A1'n - Byn)a
Ynt1 = Bayn + (1 — ) Svy.

(1.11)

They also established the weak convergence of the scheme (1.11) under the
condition that the operators T" and S are quasi-nonexpansive mapping.

Let f : H — H be a proper convex and lower semi-continuous function. One
of the major problems in optimization in Hilbert space H is to find x € H

such that
f(z) = minf(y).

We denote by arg mi}{lf(y) the set of minimizers of f in H.

ye
On the other hand, a popular method in convex minimization is the Proxi-
mal Point Algorithm (PPA) which was introduced by Martinet [32] in 1970.
In 1976, Rockafellar [36] studied the convergence of PPA for finding a solu-
tion of the unconstrained convex minimization problem in H as follows:

Let f: H — (—00,00] be a proper convex and lower semi-continuous func-
tion. Define a sequence {z,} by

T € H,
Tpq1 = arg min(f(y)
yeH

y_anZ)’

where A, > 0, and n > 1. It has been shown that if f has a minimizer
and ) 7, A\, = oo, then {z,} weakly converges to the minimizer of f
[36]. Rockafellar [36] also raised a question as to whether the PPA always
converges strongly and it was answered in negative by Giiler [25]. In 2000,
Kamimura-Takahashi [28] combined the PPA with Halperns algorithm [26],
so that the strong convergence is guaranteed.

In the recent years, the problem of finding a common element of the set
of solutions of various convex minimization problems and the set of fixed
points for a single-valued mapping in the framework of Hilbert spaces and
Banach spaces have been intensively studied by many authors, for instance,
(see [5,7,18,22,31]) and the references therein.

In 2016, Chang et al.[19] introduced the following iterative scheme:

o = argmin(f(y) + 7 lly — 2al?),
yeC

Zn = (1= Bp)an + Bown, wn € Ty,
Tpt1 = (1 - Ozn)xn + anpvn, vn € Twy

(1.12)
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where {a,,} and {f,} are sequences in [0,1] and C is a nonempty closed
convex subset of a Hilbert space H, g : C — (—00, 0] is a proper convex
and lower semi-continuous function, and 7' : C' — K(C') is a nonspreading
multivalued mapping. They proved weak convergence and strong conver-
gence theorems for minimizers of proper convex and lower semi-continuous
functions and fixed points of nonspreading multivalued mappings in Hilbert
spaces, using (1.12).

Furthermore, it is well known that fixed point theory for multi-valued
mappings has many useful applications in various fields, in particular game
theory and mathematical economics. As far as we know, all the recent and
important results regarding approximation of solutions to SEFPP in the
literature have not been discussed with respect to PPA.

In this paper, we consider the following pair of proximal point algorithm
and fixed points problems called Split Equality Proximal Point Algorithm
Problems (SEPPAP).

Definition 1.1 Let f : H — (—00,00] and g : Hy — (—00,00] be a proper
convex and lower semi-continuous functions. Let A : Hy — Hsz and B :
Hy; — Hjs be two bounded linear operators. Then the SEPPAP is to find
x* € C and y* € @ such that

f(z") ILneigf(u% g(y*)=gggg(v) and Az* = By"  (1.13)

The set of solutions of (1.13) is denoted by SEPPAP(f,g).
If Hy = Hz and B = I , then SEPPAP (1.13) reduces to the Split Feasibility
Proximal Point Algorithm Problems (SFPPAP) is to find z* € C and y* € Q
such that

f(@") = rurggf(u% 9(y*) = g)rggg(v) and y* € Az (1.14)

The set of solutions of (1.14) is denoted by SFPPAP(f, g).

Question. Can we construct an iterative scheme and prove strong conver-
gence theorem using the iterative scheme for approximation of solution for
split equality proximal point problem and common fixed point of multi-
valued mappings in real Hilbert spaces?

Motivated by the above results, our aim in this paper is to introduce a
new iterative algorithm for solving SEPPAP. We establish a strong con-
vergence theorem in Hilbert space for the new algorithm for minimizer of
proper convex and lower semi-continuous functions and common fixed points
of nonspreading-type multi-valued mapping. Our contribution complements
the results of Chang et al.[19] in the direction of split equality fixed point
problem. Our result also extend the results of Che and Li [21], Moudafi
[34] and Zhao [42] from single-valued mappings and weak convergence to
multi-valued mappings and strong convergence, respectively.
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2 Preliminaries

In this paper, we use — and — to denote the strong and weak convergence
respectively. We shall make use of the following well-known results.

Lemma 2.1 Let H be a real Hilbert space, x,y,z € H and X € [0,1]. Then
Mz —=2)+(1=X)(y—2)|* = Az —=2[|*+ (1 =Ny —2[[* = A1 =) ] —y]*.
Lemma 2.2 Let H be a real Hilbert space. Then the following holds

|z +yl|* < [l2]]” + 2(y, 2 +y) VY a,yeH.

Let g : H — (—o00,00] be a proper convex and lower semi-continuous
function. For any A > 0, define the Moreau-Yosida resolvent of g in a real
Hilbert space H as follows:

. 1
Jnw = axgmin|g(u) + 5 [|u — ||’

for all x € H. It was shown in [25] that the set of fixed points of the
resolvent associated with g coincides with the set of minimizers of g. Also,
the resolvent Jy of ¢ is nonexpansive for all A > 0, (see the proof in [27,
Lemma 4], under metric space with nonpositive curvature in the sense of
Alexandrov which is more general than Hilbert space).

Lemma 2.3 (The resolvent identity, ([27, Lemma 1], see also [6])) Let H
be a real Hilbert space and g : H — (—o0, 00| be a proper conver and lower
semi-continuous function. For each x € H and A > p > 0, we have the
following identity holds:

A—p 7
J)\CU = Jﬂ(TJ)\x + XI)
Since Hilbert space is a special type of metric space with convex structure,
then the following lemma follows from [2] (also, see for example [19, Lemma

2.2]).

Lemma 2.4 (Sub-differential Inquality) Let H be a real Hilbert space and
g: H — (—o0,00] be a proper convex and lower semi-continuous function.
Then, for all x,y € H and A > 0, the following sub-differential inequality
holds:

1 1 1
ol = ylI> - ol = ylI* + ol = Iaz||® < gly) — g(Nhz). (2.1)

Lemma 2.5 Let C' be a nonempty closed convex subset of real Hilbert space
H. Then

1. If T : C — CB(C) is a nonspreading-type multivalued mapping and
F(T) # 0, the following conclusions hols:
(a) F(T) is closed,
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(b) If, in addition T satisfies the condition Tp = {p}, V p € F(T) is convez.
2. Let T : C — K(C) be a nonspreading-type multi-valued mapping. If x,y €
C and u € Tx, then there exists v € Ty such that

H*(Tz,Ty) < ||z — y|[* + 2(z — u,y — v). (2.2)

3. (Demicloseness principle) If {z,} is a bounded sequence in C such that
Ty — p and x, — Yy, — 0 for some y, € Tx,, then p € Tp.

Lemma 2.6 [8] Let C' be a nonempty closed convex subset of a real Hilbert
space H and T : C — C be a nonexpansive single-valued mapping. If {x,}
is a sequence in C' such that x, — x with xz; — Tx, — 0, then x = Tz.

Lemma 2.7 [30] If {a,} is a sequence of real numbers and there exists a
subsequence {n;} of {n} such that a,, < an,4+1 for alli € N, then there exists
a nondecreasing sequence {my} C N such that my — oo and the following
properties are satisfied:

amy, < Gmp+1 and ap < Amy41,

for all sufficiently large numbers k € N. In fact, my = max{j < k : a; <
aji1}-

Lemma 2.8 [40] If {a,} is a sequence of nonnegative real numbers satisfy-
ing the following inequality:

any1 < (1 - an)an + apop + Yn,n 2> 0,

where, (i) {an} C[0,1], > oy = oo; (it) lim sup o, < 0; (i4) v, > 0; (n >
0) and
> n < oo. Then, a, — 0 as n — oo.

3 Main result

Theorem 3.1 Let Hy, Hy and Hs be real Hilbert spaces, C and @ be non-
empty closed conver subsets of Hy and Ho respectively. Let f : C' — (—o0, 0]
and g : Q@ — (—o00,00] be a proper convex and lower semi-continuous func-
tions. Let T : C — K(C) and S : Q@ — K(Q) be nonspreading-type multi-
valued mappings such that F(T) # 0 and F(S) # 0, let A : Hi — Hs and
B : Hy — Hj be two bounded linear operators with its Adjoint A* and B*
respectively. Let (z1,y1) € C x Q and {(zn,yn)} be a sequence generated by

Uy, = argmln[f(u) + o llu = 2|7,
ueC
Uy = a?“gmln[g(v) R wd I | P
Wy a—%x — pnA*(Au, — Bvy,)), (3.1)
Tn1 = (1 - 6n)xn + Bpty, Wy € Twy,
zn = (1 — an)(vy + ppB*(Au, — Buy)),
Yn+1 = (1 - 5n)yn + ann Zn € SZn,

140



Split equality problem 9

where v4 and yp stand for the spectral radii of A*A and B*B respectively,
{pn} is a positive sequence such that py, € (e ﬁ — ) (for e > 0 small

enough) {an}>2 1 and {B,}02 1 are sequences in (0,1) satisfying the following
conditions:

(C1) limy, 00 vy = 0;

(C2) 352 o = 00;
(C8) 0 <a<fB,<b<l1,(for somea,be (0,1))

If ' := (F(T) x F(S)) N SEPPAP(f,g) # 0, then {(zn,yn)} converges
strongly to (p,q) in the solution set of problem (1.13).

Proof Let (z*,y*) € I'. Then we have z* € Tz*, f(z*) < f(u) for allu € C
and y* € Sy* g(y*) g(v) for all v € Q. It follows from (2.1), that

£+ g llet =7 | < f) + g flu= o, VueC
and
. Lo a2 1 *[|2
9" + oyl = yIE < J@) + g-llv =yl Vee.
Hence z* = Jy z* and y* = Jy y* for all n > 1. Since u,, = Jy, z, and

Up = J, Yn, it follows by nonexpansive of Jy  that

lun — @[] = || Ix, 20 — In, "] < [Jzn — 2| (3.2)
and
lon =y 1| = 110,90 — I 97(| < llyn — 7. (3.3)
Letting
wp, = (1 — ap) (un — pnA*(Au, — Boy)) (3.4)
and
zn = (1 = o) (vn + pn B* (Aup — Boy)). (3.5)
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From (3.1), we obtain

*HQ

|[wn, — [[(1 — an)(un — pn A" (Au, — Boy)) _x*Hz

(1 = an)|up — 2" — pp A (Auy, — an)HQ + aon*Hz
(1= an)[un — ¥ + anl|z*||?

+(1 = an)[phl|A*(Auy — Buy)||?

—2pp(A*(Auy, — Boy), up — ™).

*||2

INIA

IN

(1= an)|lup — = +0‘n||x*||2
+(1 = an) [} || A" (Aun — Buy)||?
—2pn(Au,, — By, Au, — Az™)].
(1= ap)Jun — 2*[|* + an||2*|?

(1= an) |31 A" (Au, = Bug) | = pal| Auy, — Ac*|?

IN

—pul [ Atn = Bun||? + pal| Bun — Aa*|[?). (3.6)
But

||A*(Au, — Bu,)||> = (A*(Au, — Bv,), A*(Au, — Bvy,))
= ((Au, — Buvy,), AA*(Au,, — Buy))
< val|Aun, — Bog|%. (3.7)

From (3.6) and (3.7), we obtain
wn =212 < (1 = an)fun — 2|2 + anla”| |
(1= an) [ = pu(l = pu1a)l [ Attn — By ||
~pull At = A*||2 + pul| Bun — Az*|?]
< (1= an)lfun — 2| + anla” |
+(1 = )| = pu(L = pura)l [ Auy — Bug|

—pul|Aun = Az|[2 + pal | Boa = Az|P]. (38)
Similarly by following the same argument, we can show that

20 = 9117 < (1 = an)lfon — 2|12 + anlly”|1
(1= an) | = pu(1 = puys)l[ Aty — Buy P

—pul[Bua = By'|I* + pal | Aun — By*IF]. (3.9)
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Adding (3.8) and (3.9), by using the assumption that Az* = By*, from
(3.2) and (3.3), we obtain

llwn = @1 + [lzn = 4117 < (1= ) [llun = 2" |* + [vn — 5"I?]
+om[[a*|* + |y 11°] = pnl2 = pu(ya + v8)]l|Aun — Bug|* (3.10)
< (1= an)lllen = 2| + Iy — y7I1%]
o l|2[2 + [ly*[1P] = pul2 = pu(va + v8)]l[Aun — Bua[*. (3.11)

Now from (3.1) and (3.11), we obtain

|01 — 2|
Hlynsr = y*I1P < (1= Ba)ll(zn — 2) + B (@ — 2)|[?
H(L = Bn)(Yn — y*) + Bn(Zn — y*)Hz
< (1= Bo)llen — 2| + 8o H? (wn, Tz*)
(1= Ba)llyn — 271> + BuH*(S2n, Sa¥)
< (1= Bu)llen — x*HQ + Bnllwn — I*HQ
+(1 = Bn)llyn — x*H2 + Bullzn — x*||2
< (1= Ba)lllzn — 21 + [lyn — y*I17]
+Bnlllwn — 21 + (|20 — y*|I°]
< (1= anB)lllzn — *|* + llyn — y*I°]
e Bl + [y |°]
—pnBnl2 = pu(va +1B)]l| Aun — Buy||? (3.12)
< (1= anBo)lllen — |17 + [lyn — y*|I°]
e Bl + [y |?]
< max{[[[en — 2*|* + [lyn — y* 1], [12*]1* + [ly*]*]}

< max{[[Jer — @*|* + [lyr =y 12" 112 + [y [°]}-

Therefore, {z,} and {y,} are bounded. Hence {u,} and {v,} are also
bounded. Now from (3.12), we obtain

PnBnl2=pn(ya+78) ||| At — Bun|? < o Ba[ll2*] | +ly*[|?]
(=0 B) llwn =212+ lyn —y* Pl = [l|2n1 =212+ l|yns1 —y*|°]-
(3.13)
We have now the following two cases.
Case 1. Assume that {||z, —2*||>+||yn —y*||*} is monotonically decreasing
sequence. Then from (3.13), we obtain

pnﬁn[2—pn(7A+7B)]||Aun—an||2—>0 as n — 0o
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since 3, > 0,p, > 0 and [2 — pp(va +v8)] > 0, then
lim ||Auy, — Buy|[? =0
n—oo

which implies

le ||Au,, — Buyl| = 0. (3.14)

From (3.4) and (3.5), we respectively get

[un = wnl| < pul[A%|[[[Aun = Bon[| + anllun — pnA*(Aug — Boy )|
and

lon = zall < pul|A™[[[| At — Bon|| + an[vn + pn A" (Aun — Bop)||.
From (3.14) and condition (C1), we obtain

nlgr;oﬂun—wn“ =0 (3.15)
and
nl;n;0||vn — zy|| = 0. (3.16)

Using Lemma 2.1 in (3.1), we obtain
lzns1 = |2 = (1 = Ba)llzn — 2*||* + Bullwn — 2*|”
—Bn(1 = Bn)l|lzn — wn||2
< (1= Ba)llzn — x*||2 + 5nH2(Tmex*)
—Bn(1 = B)l|lzn — wn||2
< (1= Bo)llwn — 2™ + Ballwn — 2|2 (3.17)
—Bn(1 = B)l|lzn — wn||2
Following similar argument, we can show that
141 = 2| < (1= Bo)llyn — &"|I* + Ballzn — y*[”
—Bn(1 = Bu)llyn — Znll*. (3.18)
Adding (3.17) and (3.18), we get
2+ = 2|2+ lynsr = y7I1° < (1= Ba)lllon — 2" |* + [lyn — v*I7]
+Bnlllwn — 2*|* + [lzn = y*II°] = Bu(l = Bu)lllen — @ull* + [lyn — 2all?]
and from (3.11), we obtain
lzns1 = | + [lgnsr = y7II° < (1= anBu)lllzn — 21 + |y — y*|I*]
FanBalllz* |1 + ly*|1P] = Ba(L = Bu)lllzn — @al* + [lyn — Zal|*]
< (llzn = 21 + lyn = y"IP] + cnBallla™|* + [ly*| )
—Bn(1 = Bn)llxn — wn||2 + [|yn — 5n||2]'
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Hence

Bu(1 = Bu)lllen — Wall* + llyn — Zall?] < cnBalllz[1* + lly*|I°)
Hllzn =211 + llyn = v 1] = (lonss — 2117 + lynss — y7(1%)-

Since {||zn —2*||*+||yn—v*||?} is monotone decreasing sequence and 3, (1—
Br) > 0, then

lim (|| — @nll* + [lyn — Znl|*] = 0.

n—00
Hence

nh_}rgonn —wy|| =0 (3.19)
and

Jim [[yn — 2| = 0. (3.20)

From the sub-differential inequality Lemma 2.4, we have
1

—||up —

* |2
o I

1 1
= oo = "I+ i lfon = unll? < £(a") — )

and

1 *112 1 *12 1 2 *
— v — — —lyn — —lyn — < - .
il = 971 = 5l =71 + 3l = vl < 96") — F(n)
Since f(z*) < f(un) and g(y*) < g(vy,) for all n > 1, we obtain respectively
ll2n = nll* < |2 — 2*|* = [Jun — 27| (3.21)
and
1y = vl < Ml = 5" II* = llon = 971 (3.22)
Adding (3.21) and (3.22), we have
llzn = unll* + llyn — vall* < llzn — 2"[* + [lyn — oI
~[llun = 2" |* + llon = 9"[1]. (3.23)
From (3.1) and (3.10), we get
lzn1 = 217 + llynsr = y'11* < (1= Bo)lllzn — 217 + [lyn — 5" I°]
+Bnlllwn — 212 + {120 — y7|I?)
< (1= B)lllen — 217 + llyn = y"11%]
+Ba[(1 = an)[||un — 2" + [[on — y"|I?]
ol + [ly*|]].
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Therefore
* * 1 * *
zn — 2|1 + [lyn — v*|” < F(Hwn—w I + llyn — ¥
n

~Mlenss = 12 + llynsa — 71%)
+(L = an)lllun — 2"|* + [Jon — y*|I")
o[22 + {1y 7). (3.24)
From (3.23) and (3.24), we obtain
2 2 1 * |12 *||2
2 = w12 + llgn = val 2 < = (1l = 212 + g = 4|1
B
~llenss = 12+ llynsa = 7112])
+an ([l I1P + [1y*11*) = [llun — 2™
+lvn — 1))
by monotone decreasing of {||x, — z*||? + ||yn — ¥*||*}, we get

l|2n — n|)® 4 [|yn — va]|*> = 0 as n — occ.

Hence

nh_)rgoH:I:n —uy|| =0 (3.25)
and

r};rgo||yn — |l =0. (3.26)

From (3.15) and (3.25), we obtain

lim ||z, — wy,|| =0 (3.27)

n—oo

and from (3.16) and (3.26), we obtain
lim ||y, — zn|| = 0. (3.28)

n—oo

Also from (3.19) and (3.27)
lim ||w, — wy|| =0 (3.29)

n—oo

and from (3.20) and (3.28), we get

lim ||z, — Zn|| = 0. (3.30)

n—oo
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Now, from (2) of Lemma 2.5, for each w,, z, and @, € Tw, there exists
ry, € Tx, such that

H2(Tw,, Txy,) < ||wn — 24| |* + 2(wy — @p, 2p — 1) 1> 1.
It follows that

d(xp, Txy) < ||Tn — Wp|| + d(wWp, Tzy)
<||xn, — Wn|| + H(Twy, Tzy)
< Vllwy = 242 + 2(wp — @p, 0 — 1)
+HJwp, — w2

Hence, from (3.27) and (3.29), we get

lim d(zp, Txy,) = 0. (3.31)

n—oo

Similarly, by using (3.28) and (3.30), we can show that
lim d(yn, Syn,) = 0. (3.32)
n—oo

Now, from Lemma 2.3 and nonexpansive of Jy, (see [27]) and A\,>x>0, We
obtain

|zn — Ixzall < [[en = un|l + [[un = Irzn|]
= |lzn — unll + [|Jx, 20 — Jain||

Ap— A A
= [|zn = un|| + |[In( T5——Tru 0 + 20 ) = Janl]
A A
An — A A
R e
A
= llzn = wall + (1 = ) 2,20 =
A
= (2- Tn)”“" — a]].
From this together with (3.25), we get
lim ||z, — Jazn|| = 0. (3.33)
n—oo
By similar argument, with (3.26), we can show that
nh_g}o‘lyn — Jaynl| = 0. (3.34)

Since {zn},{yn}, {un} and {v,} are bounded, then exists p € H; such that
Zn — p by demiclosedness of T', (see (3) of Lemma 2.5) and (3.31), we
obtain p € F(T). From (3.33) and the fact that J) is nonexpansive [27] , we
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get p € F(J)) = arg miélf(u). Also there exists ¢ € Hy such that y, — ¢, by
ue

demiclosedness of S and (3.32), we obtain ¢ € F(S), by nonexpansiveness
of Jy and (3.34), we obtain ¢ € F(J)) = arg miélg(v). On the other hand
ve

from (3.25) and (3.26), we get u, — p and v, — ¢ respectively. Since A
and B are bounded linear operators, we have Au, — Ap and Bv, — Bgq
respectively. Also by the weakly semi-continuity of the norm, we get

[|Ap — Bql| < liminf|| Auy, — Bu,|| = 0.

Hence (p, q) € I'. Finally, we show that (x,,yn) — (p,¢). Using Lemma 2.2
in (3.2), we obtain
[[wy, _pHQ = [|(1 — an)(un — ppA* (Au, — Buy)) —p||2
= [|(1 — an)(un — pnA*(Aun — Bvp) — p) — anp||2
< (1= an)?[Jun — puA™(Aun = Bug) = pl|* + 2(=p, wy, — p)
< (1= an)l[un — plI* + 200 (=p, wn — p)

and
|[@n41 —p||2 = [|(1 = Bn)zn + Bniln —p||2
< (1= Bu)llrn _pH2 + Bn| |y, _pH2
< (1= Bu)llen —p||2 + ﬁnHz(Twanp)
< (1= Bn)llwn _p”2 + [|wy, _p||2
< (1= anfn)||zn — p||2 + 200, B {—p, wn — p).  (3.35)

Similarly, by following the same argument, we can show that
Hyn—&-l - QHQ < (1 - anﬂn)Hyn - Q||2 + 2anﬁn<_% Zn — Q>~ (336)
Adding (3.35) and (3.36), we obtain

||$n+1 —p||2 + ||yn+1 _p”2 < (1 - O‘nﬂn)m*l'n _pHQ + ||yn - QHQ]
+200 B0 [(—p, wn—p)H—4; 20— )](3.37)

Since x,, — p and y, — ¢, from (3.27) and (3.28), we get
(=p,wn = p) +{=¢,20 —q) = 0
as n — oo. Using Lemma 2.8 in (3.37), we obtain

|z —pl|? + ||lyn — q||*> = 0 as n — oc.

Thus
lim ||z, —p||=0 and lim ||y, — p[| = 0.
n—00 n—00

Therefore, (zn,yn) — (p,q) € I
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Case 2. Assume that {||z, — p||> + ||lyn — ¢||*} is not a monotonically
decreasing sequence. Letting 1,, := ||z, — p||*> + ||lyn — ¢/ and 7 : N - N
be a mapping defined for all n > ng (for some large enough ng) by

7(n):=max{k e N:k<n, Vx <TVii1}.
Then, {7(n)} is a non decreasing sequence with 7(n) — oo as n — oo and
Trn) < Vrys1, for m>ng.

Now from (3.13), we have

p’r(n)ﬁr(n) [2 — Pr(n) ('YA + 'YB)]HAUT(n) - BUT(n)H2

< () Br(y [l *11% + 1y ]
+(1 - ar(n)ﬁr(n))[HwT(n) - *T*HQ + ||y7'(n) - y*Hﬂ
—[Trm)+1 — |2+ Yr(n)+1 — y* ().

Hence
| Atr(ny — Burny||? = as 7(n) — .

Following arguments similar to those in the proof of Case 1, we get
(=P, Wrn) — D) +{—a, 2r(n) — @) — 0. Also from inequality (3.37), we obtain
that,

27 ()12 P+ 7 ()1 —2I1* < (L= () Br () (112 () =PI+ 17 ) — 2l 7]
+20‘T(n)ﬁ'r(n) K_pa Wr(n) — p> (338)
(= 2r(n) — @)
which implies that
O[T(TL)BT(TL)[”‘TT(TL) - p‘ ‘2 + ||y'r(n) - q||2}
< [y = 2l* + Ny ) — all”]

_[Hm'r(n)-i-l - p||2 + ||y7'(n)+1 - pHQ]
+205‘r(n)67'(n)[<*p7 Wr(n) — p> + <*Q7 Zr(n) — Q>]

since Tr(n) < TT(TL)+1 and O‘T(n)ﬁr(n) > 0, then
||x7'(n) - p||2 + ||y7'(n) - Q||2 < 2[<_p7w7(n) - p> =+ <_Q7 Zr(n) — Q>] =0
as n — oo. This together with (3.37) implies that
|2 mye1 = I+ 19rmyr1 —pl* = 0 as n— oo

Thus
Ty = B Ty
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Furthermore, for n > ng, we have 1, < 1741 if n # 7(n) (ie., 7(n) <n),
because 1j > 141 for 7(n) < j < n. It then follows that for all n > ng, we
have

0<7, < maX{TT(n)a TT(TL)-‘rl} = TT(H)+1'

This implies lim, o2, = 0, and hence (z,,y,) converges strongly to
(p,q) € I'. This completes the proof. O

When T and S are single-valued nonspreading mappings in Theorem 3.1,
we obtain the following corollary.

Corollary 3.2 Let Hi, Hy and Hs be real Hilbert spaces, C' and @ be non-
empty closed convex subsets of Hy and Ho respectively. Let f : C' — (—o0, ]
and g : Q — (—o0, 0| be a proper conver and lower semi-continuous func-
tions. Let T : C — C and S : Q — Q be nonspreading mappings such that
F(T)# 0 and F(S) # 0, let A: Hy — Hs and B : Hy — H3 be two bounded
linear operators with its Adjoint A* and B* respectively. Let (x1,y1) € CxQ
and {(zn, yn)} be a sequence generated by

tn = argmin{f(u) + o llu = 2nl?]

Un, = argmln[g(v) + o llo = zal?]
veEQ
wy, = (1 — ap) (U — pnA*(Au,, — Buy,)) (3.39)
Tp4+1 = (1 - Bn)xn + BnTwn
zn = (1 — an)(vn + pnB*(Au,, — Buy,))
Yn+1 = (1 - 6n)yn + anzn

where y4 and vp stand for the spectral radii of A*A and B*B respectively,

<6, ﬁ — e) (for e > 0 small
enough) {an}52 1 and {8, 15, are sequences in (0,1) satisfying the following
conditions:

(C1) limy,—00 vy = 0;

(C2) Y0 ap = 00;

(C3) O<a<ﬂn<b<1 (for some a,b € (0,1))

If I' .= (F(T) x F(S)) N SEPPAP(f,g) # 0, then {(xn,yn)} converges
strongly to (p,q) in the solution set of problem (1.13).

When B = I and Hs = Hj3 in Theorem 3.1, we have the following corol-
lary.

{pn} is a positive sequence such that py, €

Corollary 3.3 Let Hi, Hy and Hs be real Hilbert spaces, C' and Q) be non-
empty closed conver subsets of Hy and Ho respectively. Let f : C' — (—o00, 0]
and g : Q — (—o00,00] be a proper convex and lower semi-continuous func-
tions. Let T : C — K(C) and S : Q@ — K(Q) be nonspreading-type multi-
valued mappings such that F(T) # 0 and F(S) # 0, let A : Hy — Hy and
be two bounded linear operators with its Adjoint A* and B* respectively. Let
(z1,y1) € C x Q and {(xn,yn)} be a sequence generated by
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up, = argmin|f(u) + i”u — 7]

ueC L
Uy = argmm[g(v) + 5 |[v = zal]?]
€Q
wy, (1 — o) (tn — pA* (Auy — vy)) (3.40)

Tnt1 = ( 5n)$n + B, Wy € Twy,
zn = (1 — ap)(vp + pnB*(Auy, — vy))
Yn+1 = (1 - ﬁn)yn + ann Zn € Szn

where 4 and stand for the spectral radii of A*A, {pn} is a positive sequence
such that pn, € (e 2 6) (for € > 0 small enough) {a,}52, and {8,}52 4

Ya

are sequences in (0,1) satisfying the following conditions:

(C1) limy,—y00 vy = 0;
(C2) Y0 ap = 00;
(C3) O<a<6n<b<1 (for some a,b € (0,1))

If I' .= (F(T) x F(S)) N SFPPAP(f,g) # 0, then {(xn,yn)} converges
strongly to (p,q) in the solution set of problem (1.14).
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