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transition from local to global of the dFHE (directed fiber homotopy equivalence) and the
dCSHP are studied by proving two Dold type theorems and a tom Dieck-Kamps-Puppe
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SEP, d-numerable covering, d-shrinkable. Some examples and counterexamples are given.
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1 Introduction

Directed Algebraic Topology is a recent subject which arose from the study
of some phenomena in the analysis of concurrency, traffic networks, space-
time models, etc.([7]-[11]). It was systematically developed by Marco Gran-
dis ([12], [13], [14]). Directed spaces have privileged directions and directed
paths therefore do not need to be reversible. M. Grandis introduced and
studied 'non-reversible’ homotopical tools corresponding to ordinary ho-
motopies, fundamental group and fundamental n-groupoids: directed ho-
motopies, fundamental monoids and fundamental n-categories. Also some
directed homotopy constructions were considered: pushouts and pullbacks,
mapping cones and homotopy fibres, suspensions and loops, cofibre and fi-
bre spaces. As for directed fibrations, M. Grandis [13] refers to these (more
precisely to the so-called lower and upper d-fibrations) only in relation with
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2 I Pop

directed h-pullbacks. But in [21], the author of this paper defined and stud-
ied in detail Hurewicz directed fibrations (bilateral d-fibrations in the sense
of definitions given by Grandis). In classical algebraic topology, besides the
homotopy covering property (CHP) [15], other properties of covering/lifting
homotopy have also been studied and proved very interesting: weak CHP
(WCHP) [6], [5], [17], [16]; rather weak CHP (RWCHP) [1], [2], [19], [18];
very weak CHP (VWCHP) [18]; approximate fibrations (AHLP) [3], [4],
[20]. In [22] the author introduced and studied the directed weak covering
homotopy property ({AWCHP) and directed weak fibrations. In this paper
the transition from local to global of the dFHE (directed fiber homotopy
equivalence) and the dWCHP are studied by proving two Dold type theo-
rems (Theorems 3.10 and 3.11 ) and a tom Dieck-Kamps-Puppe type theo-
rem (Theorem 3.15) respectively. These rather seemingly restrictive notions
have been introduced by the author in order to adjust some undirected case
proofs to directed algebraic topology. But these are closely linked to the re-
spective usual notions with which they coincide if the d-structures contain
all the paths of the underlying spaces. Moreover, in all the cases, examples
and counterexamples are given, or at least explanatory commentaries are
made.

The basics of the Directed Algebraic Topology which we will use are taken
from the works of Marco Grandis [12], [13], [14].

A directed space or a d-space, is a topological space X equipped with a
set dX of continuous maps a : I = [0,1] — X, called directed paths, or
d-paths, satisfying the following three axioms:

(i) (constant paths) every constant map I — X is a directed path,

(ii) (reparametrisation) the set dX is closed under composition with
(weakly) increasing maps I — I,

(iii) (concatenation) the set dX is closed under concatenation (the product
of consecutive paths, which will be denoted by ).

We use the notations X or T X if X is the underlying topological space; if
X (or T X) is given, then the set of directed paths is denoted by dX (resp.
d(T X)) and the underlying space by | X]| (resp. | T X]|).

The standard d-interval with the directed paths given by increasing (weak-
ly) maps I — I is denoted by 1 I =10, 1].

A directed map, or d—map, f : X — Y, is a continuous mapping between
d-spaces which preserves the directed paths: if a € dX, then foa € dY.
The category of directed spaces and directed maps is denoted by dTop (or
1 Top). A directed path a € dX defines a directed map a :1 I — X which
is also a path of X.

For two points z,2’ € X we write x =< 2’ if there exists a directed
path from z to z’. The equivalence relation ~ spanned by = yields the
partition of a d-space X in its directed path components and a functor
1 Iy : dTop — Set, T IIH(X) = |X|/ ~. A non-empty d-space X is a
directed path connected if 1 IIp(X) contains only one element.

The directed cylinder of a d-space X is the d-space 1 (| X| x I), denoted
by Xx 1T I or T IX, for which a path I — |X| x I is directed if and
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Directed Dold fibrations I1: transition from local to global 3

only if its components I — X, I — I are directed. The directed maps
0%: X - Xx 11 a=0,1, defined by 0%(z) = (z, @), are called the faces
of the cylinder.

If f,g: X — Y are directed maps, a directed homotopy ¢ from f to g,
denoted by ¢ : f = g, or ¢ : f < g,isad-map p : Xx T I — Y such
that 3° o o = f and 0' o ¢ = g. The equivalence relation defined by the
d-homotopy preorder =< is denoted by f ~y g or simply f ~ g. This means
that there exists a finite sequence f < f1 = fo X f3 = ...g.

Two d-spaces X and Y are d-homotopy equivalent if there exist d-maps
f:X—=Yandg:Y — X such that go f ~3 1x and fog >~y 1ly.

STANDARD MODELS. The spaces R", I", S, have their natural d-structure,
admitting all (continuous) paths. I is called the natural interval. The di-
rected real line, or d-line T R is the Euclidean line with directed paths
given by the increasing maps I — R (with respect to natural orders). Its
cartesian power in dTop, the n-dimensional real d-space T R is similarly
described (with respect to the product order, z < &’ if z; < « for all 7). The
standard d-interval 1 T =1 [0, 1] has the subspace structure of the d-line;
the standard d-cube T I" is its n-th power, and a subspace of T R"™. The
standard directed circle T S is the standard circle with the anticlockwise
structure, where the directed paths a : I — S! move this way, in the plane:
a(t) = [1,9(¢)], with an increasing function 9 (in polar coordinates).

A directed quotient X /R has the quotient structure, formed of finite con-
catenations of projected d-paths; in particular, for a subset A C | X|, by X/A
is denoted the quotient of X which identifies all points of A. In particular,
1+ 8" = (11I"/0I"), (n > 0). The standard circle has another d-structure of
interest, induced by Rx 1 R and called the ordered circle T+ O' € Rx 1 R.
It is the quotient of T I+ 1 I which identifies lower and upper endpoints,
separately.

The forgetful functor U : dTop — Top has adjoint: on the left ¢o(X)
with d-discrete structure of constant paths, and on the right C°(X) with
the natural d-structure of all paths.

Reversing d-paths, by involution r : I — I, 7(¢) = 1 —¢, gives the reflected,
or opposite, d-space; this forms a (covariant) involutive endofunctor, called
reflection R : dTop — dTop, R(X) = X?,(a € d(X??) & a®? :=aor €
dX). A d-space is symmetric if it is invariant under reflection. It is reflexive,
or self-dual, if it is isomorphic to its reflection, which is more general. The
d-spaces T R™, 1 I, 1 S™ and 1T O! are all reflexive.

2 Directed fibrations, directed weak fibrations, and directed Dold
fibrations

In this section we resume the papers [21] and [22] including definitions and
results that are necessary or interesting for the present paper.
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2.1 Directed fibrations [21]

Definition 2.1 Let p : E — B, f : X — B be directed maps. A d-map
f': X — E is called a directed lift of f with respect to p if po f' = f.

Definition 2.2 A directed map p : E — B is said to have the directed
homotopy lifting property with respect to a d-space X if, given d-maps f’:
X > FEand o : Xx 11— B, and a € {0,1}, such that p 0 d* = po f’,
there is a directed lift of @, ©' : Xx 1 — E, with respect to p, po ¢’ = ¢,
such that @' 0 9% = f.

p
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o Xx 11
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!
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[

A directed map p : E — B is called a directed (Hurewicz) fibration if p
has the directed homotopy lifting property with respect to all directed spaces
(dHLP). This property is also called the directed covering homotopy property
(dCHP).

PROPERTIES OF DIRECTED FIBRATIONS.

P1.If p: E — B has the directed homotopy lifting property with respect
to X and fy, f1 : X — B are directed homotopic, fo ~4 f1, then fy has a
directed lift with respect to p if fi; has this property.

P2. Let p : E — B be a directed fibration and a € dB with a(a) =
p(eq), eq € |E], and a € {0,1}. Then there exists a directed path a € dE
which is a lift of a, p o aq = a, with the a-endpoint e, ao () = 4.

EXAMPLES OF DIRECTED FIBRATIONS.

El. Let F and B be arbitrary directed spaces and let p: B x I — B be
the projection. Then p is a directed fibration.

E2. Let p : E — |B| be a Hurewicz fibration. For the space E consider
the maximal d-structure compatible with dB and p, i.e., d(T E) = {a €
E'/poa € dB}. Then p :t E — B is a directed fibration.

E3. If p: E — B is a directed fibration, then the opposite map p : E? —
B°P is also a directed fibration.

For an intrinsic characterization of the dHLP, we need some notations.

Given a d-map p : £ — B and a € {0,1}, we consider the following
d-subspace of the product (in dTop) E x B

B, = {(e,a) € E x BMa(a) = p(e)}

(The d-structure of B™ is given by the exponential law, dTop (1 I, dTop(1
IB)) ~ dTop(t Ix 1L, B), [12)).
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Directed Dold fibrations I1: transition from local to global 5

Definition 2.3 A directed lifting pair for a directed map p : E — B is a
pair of d-maps

M:B., 5 EM a=0,1 2.1
107 b b ]

satisfying the following conditions:

Aale,w)(a) = e, (2.2)
po (e, w) =w, (2.3)
for each (e,w) € B,.

Theorem 2.4 (i) A directed map p : E — B is a directed fibration if and
only if there exists a directed lifting pair for p.

(ii) If p : E — B is a directed fibration, the d-spaces B, and B, are
d-homotopy equivalent.

2.2 Directed weak fibrations [22]

Definition 2.5 Let p: E — B and f,g : X — E directed maps such that
po f=pog. If we suppose that f ~4 g by a sequence of directed homotopies
f2h=zfe=2fsz..g, pofr=pof=poyg, wih all the homotopies
w1 f 2 fi,oe fo X fienok fe X frt1, ... Satisfying the conditions
(poyr)(z,t) =p(f(x)), k=1,2,..., (V)z € X, (V)t € [0,1], then we denote
this by f ~q g and say that f is vertically directed homotopic to g.

()

Definition 2.6 A directed map p: E — B is said to have the directed weak
covering homotopy property with respect to a d-space X if, given d-maps
" X—>Eandyp: Xx 11— B, and a € {0,1}, such that p 0 d* =po f,
there is a directed lift of @, ©' : Xx 11 — E, with respect to p, po ¢’ = ¢,
such that ¢’ o 0% and [’ are vertically directed homotopic ¢’ 0 % ~4 f'.
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Proposition 2.7 If p : E — B has the directed weak covering homotopy
property with respect to X and fo, f1 : X — B are directed homotopic,
fo =aq f1, then fo has a direct lift with respect to p if and only if f1 has this
property.
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Definition 2.8 A directed map p : E — B is called a directed weak fibration
or a directed Dold fibration if p has the directed weak covering homotopy
property with respect to every directed space (dWCHP).

Corollary 2.9 Let p : E — B be a directed weak fibration and a € dB a
directed path with a(o) = p(eq) for a point eq € |E| and a € {0,1}. Then a
admits a directed lift al, € dE, poal, = a, whose o — end point, al, (), is in
the same directed path component of E as e,.

FEzample 2.1 Let p : E — B be a weak fibration and 1 B a d-structure on
the space B. For the space E consider the maximal d-structure compatible
with p, i.e.,, a €T F if poa € d(1 B). Then the directed map p :t E —1 B
is a directed weak fibration.

Example 2.2 Consider in the directed space T R x R the subspaces B =T R
and E = {(z,y)|z.y > 0}, and the directed map p : E — B, p(z,y) = x.
This is not a directed fibration, but it is a directed weak fibration.

Definition 2.10 Letp: E — B, p' : E' — B directed maps. We say that p

is directed dominated by p’ (or p' dominates p) if there exist directed maps

f:E—FE,g:E — E over B,p' of=p,pog=yp such that go f ~gidp.
(p)

Theorem 2.11 If p : E — B is directed dominated by p' : E' — B and if
p' has the dWCHP with respect to X, then p has the same property. Con-
sequently if p' is a directed weak fibration then p is also a directed weak
fibration.

Corollary 2.12 Ifp: E — B is directed dominated by a directed fibration
p' : E' — B, then p is a directed weak fibration.

Proposition 2.13 Let p : E — B be a directed map with the dWCHP
with respect to X. Let ¢’ : X — E, ¢ : X x (1 1) — B directed maps, and
a € {0,1}, such that 1pod* = pog’, where O* denotes the faces of the inverse
cylinder X x (T I)°P. Then there exists a directed map ¢’ : X x (1 I)? — E
satisfying the conditions po) =1 and ¢’ 0 9% ~4 ¢'.

(p)

Corollary 2.14 The reflection endofunctor R : dTop — dTop conserves
the property of directed weak fibration.

Proposition 2.15 Let p : E — B be a directed weak fibration and f : B’ —
B a directed map. Denote the pullback E[[g B' by Ey, i.e., E; = {(e,V') €

E x B'|p(e) = f(t/)} with the d-structure as subspace of the product E x B'.
Then the projection py : Ey — B’ is a directed weak fibration.
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Directed Dold fibrations II: transition from local to global 7

2.3 Directed Dold fibrations [22]

Definition 2.16 A directed homotopy ¢ : Xx T 1 = Y is called semis-
tationary if either o(z,t) = ¢(z,3),(V)z € X,t € [0,3] or o(z,t) =
o(z, %)7 M)z € X,t € [%7 1]. In the first case we say that ¢ is lower semis-
tationary and in the second case we say that ¢ is upper semistationary.

Definition 2.17 A directed map p : E — B is called a directed Dold fibra-
tion if p has the directed covering homotopy property with respect to each

d-space X and for all semistationary directed homotopies p : Xx 11— B
(dCSHP).

Theorem 2.18 A directed Dold fibration p : E — B is a directed weak
fibration.

Corollary 2.19 Letp: E — B be a directed Dold fibration. Let f' : X — FE
a d-map. Suppose that for o € {0,1} there is a map ¢ : Xx 11 — B such
that p o 0% =po f'. Also suppose € € (0,1) is chosen.

(i) If « = 0 and ¢ is semistationary on the interval [0, €], then there exists
¢ Xx 11— E satisfying the relations ¢’ 0 0° = f' and po @' = .

(ii) If = 1 and ¢ is semistationary on the interval [e, 1], then there exists
¢ Xx 11— E satisfying the relations ¢’ 0 0' = f' and po @' = .

2.4 An intrinsic characterisation of dACSHP: directed
semistationary lifting pair [22]

Given a d-map p : £ — B and « € {0,1}, we consider the following
d-subspaces of the directed product E x B

B = {(e,) € B x BMu(t) = ple), (9t € 0, 5]

and

B = {(e,) € B x Bu(t) = ple), ()t € [5, 1]}

Definition 2.20 A directed semistationary lifting pair for a directed map
p: E — B consists of a pair of d-maps

2 :BS - E™Ma=0,1, (2.4)

satisfying the following conditions:
Al (e,w)(a) = e, (2.5)
po (e, w) = w, (2.6)

for each (e,w) € B3,
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Theorem 2.21 A directed map p : E — B is a directed Dold fibration if
and only if there exists a directed semistationary lifting pair for p.

Corollary 2.22 Let p: E — B be a directed Dold fibration. For ¢ € (0,1)
consider the following directed subspaces of E x BM:

B, = {(e,w) € E x B w(t) = p(e), (V)t € [0,¢]} and

B = {(e,w) € E x B w(t) = p(e), ()t € [, 1]}.

Then there exists a pair of directed maps A\e : B, — E™ and X¢ : B —
E™ satisfying \(e,w)(0)=e, poX.(e,w) =w and, respectively X¢(e’,w’)(1)=
e,po (e, W) =u.

Theorem 2.23 Ifp: E — B is a directed Dold fibration with E # () and B
is a directed path connected space, then p is surjective and fibres of p have
all the same directed homotopy type.

Remark 2.1 A theorem similar to Theorem 2.21 exists also in the undi-
rected case. But in that case it is sufficient to have a lifting function for
the stationary path on the interval [0, 1], since there the spaces B and Bj
are homeomorphic by the correspondence (e,w) € By — (e,w) € Bf. And
if A\ exists, then Aj is defined by Aj(e,w) = (A§(e,w?))°P. In the general
directed case, for an arbitrary directed map p : E — B, the spaces Bj, and
Bj are independent. But if p is a directed weak fibration, then we have the
following theorem.

Theorem 2.24 Ifp: E — B is a directed Dold fibration, then the d-spaces
B§ and B} are d-homotopy equivalent.

Corollary 2.25 If p : E — B is a directed Dold fibration and € € (0,1),
then the d-spaces B, and B® are d-homotopy equivalent.

2.5 Directed fiber homotopy equivalence dFHE [22]

Definition 2.26 Letp: E — B,p' : E' — B and f : E — E' directed maps
with p' o f = p (f is a morphism from p to p'). We say that f is a directed
fibre homotopy equivalence if there exists g : E' — E a morphism from p’ to
p, such that go f ~g4idg and f o g~ idg .

() ()

Theorem 2.27 Letp: E — B, p' : E' — B be directed Dold fibrations.
Then a directed map f : E — E' over B, p' o f = p, is a directed fibre
homotopy equivalence if and only if it is an ordinary directed homotopy
equivalence.

Definition 2.28 A d-map p : E — B is called d-shrinkable if one of the
following equivalent properties is satisfied:
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Directed Dold fibrations I1: transition from local to global 9

(a) p is a directed fibre homotopy equivalence (viewed as a d-map over B
into idp),

(b) p is directed dominated by idp,

(c) there is a d-section s : B — E, pos = idp, and a vertical homotopy
d-equivalence s o p ~4 idEg.

By Theorem 2.27 we obtain:

Corollary 2.29 If p : E — B is directed Dold fibration, then p is d-
shrinkable if and only if p is a directed homotopy equivalence.

Corollary 2.30 Letp: E — B, p' : E' — B be directed Dold fibrations and
f:E — E' ad-map over B, p'of = p. Suppose that B is directed contractible
to a point b € B (i.e., idp ~q cp, where ¢y, is the constant map c,(B) = b),
and that the restriction fo T p (b)) =1 p'7L(b) is a (ordinary) directed
homotopy equivalence. Then f is a directed fibre homotopy equivalence.

3 The new results

3.1 The transition from local to global of dFHE - Dold’s type
theorems

In order to use Corollary 2.30 to prove two important Dold type theorems
for the directed fibre homotopy equivalences we need some new notions and
preparatory results.

Definition 3.1 For a d-space B a directed halo (d-halo) around + A C B
is a d-subset TV of B if there exist two d-maps 7o : B =1 1, a € {0,1},
such that A C 7, (a) and V'’s complement CV C 7,;1(1 — «). Obviously
T ACT V. If only one of the two functions 7, exists then we say that TV is
a weak d-halo for 1 A.

Remark 3.1 1) In the undirected topology obviously only one map 7 is
needed, 7 = 7y since for 7y we can take 1 — 71. But even in the case of weak
d-halos there can be difficulties since a haloing function must be directed.
See the examples below.

2) It is obvious that if TV is a weak d-halo of T A in B, then forgetting
those d-structures, V' is a halo of A in B.

Example 3.1 Consider the standard 2-disk D? centred in O with the bound-
ary S! and denote V = D?\S1.

1. Consider for D? the d-structure (9 D? given by the paths of the standard
directed circles with center O and radius < 1, and let O V be the induced
d-subspace.

Then we define 7 :) D?> —1 I by 79(p, 0) = p. For this continuous map we
have 7,1 (0) = {O} =: A and 7, *(1) = S* = CV. In addition 7y is a d-map.
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Indeed, if « €O D?, then a(t) = (pa,0(t)), where p, depends only on «.
Then (79 0 @)(t) = pa, i-€., it is a constant path and therefore poar € d 1 I

Similarly we define 71 :(9 D? =1 I by 71(p,0) = 1 — p. For this we have
77 1(1) = Aand 7,1 (0) = CV. And as above 7; is a d-map since for a d-path
«, 71 o « is the constant path 1 — p,. So we verified that O V is a d-halo for
Ain O D?.

2. Now consider for D? the d-structure 1 D? given by the paths along radii
increasing from the center to the boundary. In this case we can consider
also the same map 7 :t D? =1 L If B €t D2, then S(t) = (p(t),0p) and
(100 B)(t) = 10(p(t),05) = p(t). Therefore 7 o f €1 I, so that 7 is in this
case also a d-map.

But a second d-haloing function 71 :+ D? —1 1, 71(p, ), does not exist.
Indeed, it should satisfy the following condition: a) if 0 < p; < po < 1, then
T1(p1,0) < 11(p2,0), (V) , b) 7(0,0) = 1,(¥)0, c) 6:(1,0) = 0, (¥)0, which
obviously is impossible. Therefore in this case T V' is no more a d-halo for
A in 1 D?. But, as in the first case, V is a halo of A in the undirected D?.

Ezample 3.2 Consider the unit circle S = {z € C|z(6) = cosf + isinb, 0 €
[0,27]}. Consider for S' the directed structure + S of d-subspace of 1
Rx 1 R. This means that the non trivial paths are included in the arcs a)
0 € [r/2,7] and b) 0 € [37/2,27].

1)Let T A,1 V be the following d-subspaces of 1 S'. A = {i}, V =
SI\{2(0)|0 € [r,37/2]}.

We can prove that 1V is a weak d-halo of 1 A in 1 S*. For this we define
1 1St =1 1by

2 if0<0<7/2
71(2(0)) = sinf, ifn/2<60<m,

0, ifr<0< 37r/2

H'Sme  if 3m/2 < 0 < 27.

For this we have 7']1 ( ) = A, 771(0) D CV. In addition 7; is a d-map.
Indeed if @ € d(1 S") is a non constant path in the case a), a(t) = z(6(t)),
and if ¢; < tq, which implies 7/2 < 0(t1) < 0(t2) < 7, it follows (1poa)(t1) =
sin(6(t1)) < sin(6(t2) = (11 0a)(t2), which prove that moa €d(tI). If ais
in the case b) 37/2 < 0(t1) < 0(t2) < 27, then (11 0 a)(t1) = %’1(“)) <
w = (71 o a)(t2), thus that again 71 o a € d(1 I). A haloing d-
function 7y does not exist since the relations 7 < 6; < 6 = 79(61) > 70(62)
and 7o(w/2) = 0, 79(w) = 1 are incompatible.

2) Consider instead of A the d-subspace T A" = {2(0) €t Sl\w/ <6<}

Then we can prove that 1 V is a d-halo of T A’ in 1 S'. Define 7§ :1 S* =11
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Directed Dold fibrations I1: transition from local to global 11

by
1+2, if0o<d<m/2
’ N 0’ 1f7r/2§9§7ﬂ
To(2(0)) = %(9 —m),if <0 <3m/2,
1, if 37/2 <60 < 27.

The only fact to note is that 7, is a d-map. But this follows from the fact
that for each a € d(1 S') the composition 7joa € d(1 I) as a constant path.
And 7 :t S' =11 can be defined by 7{ =1 — 7.

Definition 3.2 A d-map p : E — B has the directed section extension
property (d-SEP) if the following holds. For every d-subspace T A C B and
every d-section s over T A which admits an extension to a d-halo 1V around

T A, there exists a d-extension S over B, i.e., a d-section S : B — E with
S|A = s.
Proposition 3.3 If a d-map p: E — B is directed dominated by p' : E' —

B, and p' has the d-SEP, then p has the d-SEP. In particular, every d-
shrinkable map has the d-SEP (since it is d-dominated by idpg).

Proof. By hypothesis we have d-maps f : E — E', g : E' — E over B,
p'f = p,pg = p', such that gf ~y idg. Suppose at first that there exists
»

a d-homotopy ¢ : gf =4 idg, lLe., ©(e,0) = gfle),ple,1) = e,pp(e,t) =
()

ple), (Ve € E, (V)t € [0,1].

Let 1 A C B and s : A — E a d-section, ps = idy4, which admits a
d-extension syy TV — B, psyy = idyy,spv| T A = s, to a d-halo 1V,
with 7, : B =1 I the haloing functions. Denote 1 A" =1 (V' N 7'1_1[ ,1]) and
s = foswy|t At A — E'. This is a section over + A, 1 V is a halo
around A" and S/TV := fospy 1V — E'is an extension of s’. By hypothesis
there exists a d-section S’ : B — E’ which extends s'.

Now we can define S : B — E by

S(b) _ {gsl(b)a if Tl(b)

<)
©(spv(b), 21 (b) — 1), if 7 (b) > 3.

This is a well-defined d-map and pS(b) = pgS’(b) = p'S’'(b) = b, if 71( )< 4,
and pS(b) = pp(syv(b),271(b) — 1) = pspy(b) = b, if 71(b) > 1, ie., Sisa
section. Then if b € A, then 71(b) = 1 and S(b) = ¢(s4v(b),1) = sy (b) =

s(b), ie, S| T A=s.
Now if we have the case idp =4 ¢f, by a d-homotopy v, ¥(e,0)
(p)
e, (e, 1) = gf(e),py(e,t) = p(e), then we repeat the steps above by consid-

ering the d-section S : B — E’ for which §'| + (VN7 [0, 3]) = (fosp)| 1

(Vnryto ,3]) and define S: B — E by
<y V(s (D), 270()), if 0(b) < 3,
o= (s s ]
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Another case is when « : gf <4 h and 6 : idg <4 h. Consider the composi-
(p) (p)

tions = hos :7 A — E. This is a section, po(hos) = (poh)os = pos = idy 4.

By the notations from the first case 3 = fhspy| T A" 1 A" — E' is also a

section for p’ having as an extension the d-map 3}y, = fhstv TV — E'.

Denote by S’ : B — E' a d-section which extends 3. Define S : B — E’ by

S(p) = { 95°0), it (b) < L,
o) = {s’;(hsw(b),%(b) —1),if 7y (b) > ;

This is well defined, it is a section and S| + A’ = ho spy. Now define
S:B— E by

S5(b), if 70(b)
This is well defined and it is a section for p. Then if b €1 A, then 74(b) = 0,
such that S(b) = 0(s4v(),0) = s (b) = s(b).
From these three situations it can be deduced how to proceed in other
cases. O

O(stv (D), 270(D)), if To(b) < 3,
S(b) :{ % 0 0 S

Definition 3.4 A covering {Vi}xea of a directed space B is called d-numer-
able if the following condition is satisfied: there exists a directed locally finite
partition of unity {my : B =1 I} er such that every set 7r,;1(0, 1] is contained
in some V.

The proof of Th.2.7 (Section Extension Theorem) from [6] can be smooth-
ly adapted, having as model the proof of Proposition 3.3, to the proof of
the following Proposition.

Proposition 3.5 Let p: E — B be a d-map. If there exists a d-numerable
covering {Vy} of B such that p has the d-SEP over each 1 V), then p has
the d-SEP.

The following Proposition is analogous to Proposition. 3.1 in [6] from the
undirected case. But to make a proof accessible to the author, a restriction
has to be imposed given by the following definition.

Definition 3.6 A d-map p : E — B is called saturated if a € dE if and
only if poa € dB.

Proposition 3.7 Consider the following properties of a d-map p: E — B

(a) For a d-map o : X — B, the induced d-map po, :T Eq := {(e,x) € E X
Xlp(e) = a(x)} = X, pale,z) =z, has the d-SEP (in particular p = p;q).

(b) Given F : X — B, a d-halo 1V aroundt A C X, and f :1 V — E with
pf = F| TV (a partial lift of F) there exists F : X — E with F|A = f|A,

and pF = F (a lift of F).
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(¢c) Given F : X - B, 1 AC X, f:t A— E with pf = F| 1 A, there

evists a lift F: X — E of F with F|t A~4 f.
()

(d) p: E — B is shrinkable.

Then we have:

L (a) & (b);

II. (¢) = (b);

I (d) = (c);

IV. If p is a saturated d-map then (b) = (d).

Proof. 1. (a) = (b): Given F, + A Ct V, f as in (b) and consider the
induced d—map;%.EF_{(e,x) € ExX|p(e) =F(2)} = X, pr(e,z) = z.
We can consider the d-map s : V' — Ef defined by s(v) = ( ( ), v), since
pf(v) = F(v). This is a section for pi over 1V, pzs(v) = v. Then by (a)
there exists a section S : X — Ex, ppo S = zdi If S(z) = (F(x), X(x)),
then pF(x) = F(X(z)), X(z) = idx(x) = z, such that pF(z) = F(x).

(b) = (a): Suppose given an induced d-map p,, : E, - X andlet A C X
s T A — E_ a section of p, over T A, 1 V a weak d-halo around of T A
and sy itV — E, and extension of s, pasyy = idyy, syv| T A = s. Now
we place in terms of (b) with F' = a: X — B, and if sy (v) = (£(v),v),
f:=& 1V — E. For these we have pf(v) = p€(v) = a(v) = F(v). Then
there exists F' : X — E, with F| 1 A= f|1t A=¢&| 1 A and pF = a.
Now we define S: X — E,, by S(z) = (F(x),z) and this is a section which
extends s.

II. (¢) = (b): Given F, T+ A Ct V and f, as in (b), and assuming (c),
there exists a lift F/ : X — E of F such that F'|V ~; f. Suppose at

V)

first D: F'|1V =24 f.If 71 : X -7 I with 7|4 = 1,7|CV = 0, define
V)
F:X—F

[P, it (@) < 3,

Fz) = { D(wz,2m(x) — 1), if 7'1( > g

This is well defined. If x ET A F'(z) = f(z),D(z,1) = f(x), ie., F| T

A—f.Thenlfﬁ()S pF():pF():F()andifﬁ()2%,

pF(z) = pD(z,27 (x) — 1) = F(z). If we have D : f *d F'| 1V, consider
V)

To:X—WIwithTo\TA:O,TMC’V:landdeﬁneF.K%Eby

D(x,279 L if To(z) < &,
Fle) = {F'(< SRS

Ifx: [TV ZXghand 6: f <4 h, as above we obtain F : X — E a lift of

V) V)
F and F\ 1T A=h| 1T A and then define
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F(z) = {9(% 270()), if 7o(x)

<
F(z), if 7o(2) >

From these three situations it can be deduced how to proceed in other cases.
III. For the implication (d) = (c) the proof is the same as in the undirected
case since no inverse paths (homotopies) ([6], pp. 231-232) are used.
IV. Apply (b) for X = B, A=V = (), and F = idp. Then there exists
S:B — E with poS = idp. We can prove that S satisfies also the relation
S op ~g idg. For this purpose we consider X = Ex 1 1, F: X — B,

(»)
(t):p()TA Ex{0}UEx{1},1V =Ex1[0,))UEx 1 (1],
and f:1V — E given by

T, ift <1

flet) = {Sp(:p), ift > 3.
Now by Remark 3.1, 2) and [6], Proposition 3.1, (b) = (d), we deduce that
there exists F' : E x [0,1] — E such that po F = F with F|4A = f|A.
This homotopy satisfies the conditions F(e,0) = f(e,0) = e, F(e,1) =
f(e,1) = Sp(e),pF(e,t) = F(e,t) = p(e), (V)e € E, (V)t € [0,1]. Therefore
F:idp (':) Sp. But since F|A = f|A and f is a d-map, it follows that F is

P

directed as in the first argument. Then from the relation pF(e,t) = p(e) it
follows that for a d-path « in Ex 1 I, a(t) = (e(t),i(t)), the composition
Foais alift of d-pat e(¢). This, by hypothesis implies that Foa € d(Ex 11).
Therefore F' is a d-homotopy, such that F': idp ~4 S o p.

(»)
O

Corollary 3.8 If p : E — B is a saturated d-map and d-shrinkable over
each d-set 1 Vy of a d-numerable covering {V\} of B, then p is d-shrinkable.

Proof. Under the imposed conditions we have in Proposition 3.7 (a) < (d),
such that it is sufficient to show that for every d-map a : X — B, the
induced d-map p, 1 E, — X has the d-SEP. Now, {a71(V})} is a d-
numerable covering of X, and p, is d-shrinkable over 1 a~!(V}). Indeed,
because p is d-shrinkable over 1 V) there is a section s :1 V) —1 p~1(V)),
pos =id, pos~yidand we can define s’ :T a=1(V}) =1 (a0 pa) 1 (Vy)
(p)
by §'(zx) = (s(a(zy)),zy), for which p, o s’ = id and (s’ o py)(e,z) =
§'(z) = (s(a(x)),z) = (sp(e), z), and then there is immediately the relation
s’ o ps =~4 id. Now by Proposition 3.1.9,(d) = (a), p, has d-SEP over
(Pa)

1 a~1(V)), and then we apply Proposition 3.5 and Proposition 3.7, (a) =
(d). O
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Directed Dold fibrations II: transition from local to global 15

Let p: E— B, p': E' — B directed maps and f : B/ = E a d-map over
B, po f =p'. Consider the d-subspace R of E' x E™ defined by

R ={(,w)lpw(I) =p'(),w(1) = f(€)},

and the map
qg:R—E, q(e,w)=w(0).

Lemma 3.9 Suppose that the following conditions are satisfied: 1) p is sat-
urated, 2) all fibres of p and p' are symmetric directed spaces, 3) f is a
directed fibre homotopy equivalence. Then q is a d-shrinkable d-map.

Proof. We prove at first that ¢ is a d-map. Let o be a d-path in R, a(t) =
(e (t),w(t)), with €/(.) € d(E') and w(.) € d(E™). Then (goa)(t) = w(t)(0)
and p(qo a)(t) = p(w(t)(0)) = p/'(e'(t)), i.e., p(goa) =p o€(.). And since
p o€(.)) € d(B) and p is saturated, we deduce that qo «a € d(E).

Then the condition on the fibres of p and p’ allows us, as we shall see,
to paraphrase the proof given in [6], p. 233 (Proof of Lemma 3.4). However
we give this proof with the necessary specifications from the beginning and
some details that can help the reader.

It is sufficient to prove that there exists a d-map ¢ : E — R such that
goo =1idg and oo q ~, idR.

(@)
To define o, use the hypothesis. Let f' : E — E’ denote a directed fiber
homotopy inverse of f, fo f' =~y idg and f' o f ~4 idg. Due to the hy-
(") (p)
pothesis on the fibres, it is sufficient to consider the cases idg =4 f'f by
(P
a vertical d-homotopy ¢ : E'x 1 I — E’, satisfying p(e’,0) = €/, p(e’,1) =
Ffe),pele,t) = p), (Ve € E' t € [0,1], and idg =<4 ff’ by a ver-
(p)

/)7
tical d-homotopy ¥ : Ex 1+ I — E, satisfying ¢(e,0) = e,¢(e,1) =
ff/(e),p(et) =ple),(V)e € E,t €[0,1].

Now define
o:E— R.o(e) = (f'(e), ve).

This is well defined since 1.(1) = (e, 1) = f(f'(e)) and py(t) = py(e, t) =
p(e) = p'(f'(e)). And since f’ and 1) are d-maps, it follows that o is a d-
map. For this we have (go)(e) = q(f'(€),ve) = 1e(0) = ¢(e,0) = e, ie.,
goo =idg. Then

(eq) (€, w) = o(w(0)) = (f'(w(0)), Yuw(o))-

In the proof that o oq ~ idg, for a pair (¢/,w) € R, the following notations
(9)

are used: 1) for 7 € [0,1],, w, defined by rw(t) = w(tr), is obviously a d-

path; 2) w™, defined by w™(t) = w(1—t), is a d-path since w(I) C p~*(p(¢'));

3) "w defined by 7 (t) = w(1—741t7), which is "w = (;(w™)) 7, so that this is

also a d-path. Then for ¢’ € E', . is the d-path defined by ¢ (t) = ¢(€', t)
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/

for which gpe (I) C p~(p'(€')) so that ¢, is a d-path. Similarly, for e € E,
Ye(I) C p~Y(p(e), so that ¢ is a d-path. Finally, for ¢1_, : E — E,
deﬁned by Y1--(e) = ¢¥(e,1 — 1), and for a d-path o € d(E) we have

(wl—‘r o a)(t) = w(a(t)7 1- T) = wa(t)(l - 7-) = (d}a(t))i(T)v which shows
that 1,_, is a d-map. Now we proceed to the construction of a series of
directed vertical homotopies from idg to o o g.

At first we consider the d-homotopy C:Rx1TI— R defined by C((¢/,w),t)=
(¢/,141 (w * ¢)), where ¢ is the constant path. This is well defined since

2

s(wxc)(1) = (wx ) () = c(t) = w(l) = f(¢), and pess (w* ¢)(7)) =
p'(¢/). Then ¢C(('w),t) = = 1 (w*¢)(0) = w(0) = ¢g(e'w), so that C' is a
vertical d-homotopy, with C’ =idp and C1((¢/,w) = (¢/,w *c).

idE ~d Cl (31)
(@)

Now consider the d-map u : R — E'™, defined by

u(e’,w) = ger * (f'w™) * (fu) * (f'Ffw) = (f foe) = (fw).
The ends of this d-path are u(e’, w)(0) = ¢’ and u(¢/,w)(1) = (f'w™)(1) =
f'(w(0)), and p'u(e/,w)(I) = p'(¢’). This suggests to define the next d-
homotopy:

U:Rx 11— RU((ew),7) = (ule,w)(T),w = (f o (ru(e,w)).

This is well defined since p(w * (f or u(e/,w))(I) = pw * pf (ru(e’,w))(I) =
(pw * pru(ew))(I) = p'(e') and (w * (f or u(e’, w))(1) = f(ru(e’, w)(1)) =
f(u(e,w)(r)). Then qU((',w),7) = (w * (f or u(¢',w)))(D) = w(0 ) (¢') =
q(e'w). And U((€',w),0) = (u(e/,w)(0),w = f o) = (¢, w* c) = Ci(e', w).
Therefore

U:Cy o~y Uy, (3.2)

()

with

Ur(e',w) = (f'(w(0)), w (f o u(e, w)).
We can write U in a more convenient form, namely : w x fu(e'w) = [w *
(feoer) * (fFwm)] 5 (f Fbwio)) * (FF) o [(f f'w) * (foe) ¥ wT], and for v :=
(ff'w) * (fe,) *w™, we have

Ui(e',w) = (f'(w(0)),v % (f f'huo)) * (ffv7).
Now by two homotopies similar to C' we deduce that

U1 ~d Ull, (33)
(@)

Ui(e',w) = (f (w(0)),v ¢ (f fduo) * (ffv7) * o).
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Now define U” : Rx 11— R, by
U”((e/, w),T) = (f/(w(O)), 0 :=vx; (7/);(0)) * ¢1—f(¢w(0) S (¢w(0)))~

This is well defined since 0(1) =" (Yu(0)) (1) = Yoy (1 =T+T) = Yoy (1) =
P(w(0),1) = f(f"(w(0)) and po( '(¢') = p(w(0)) = p'(f(w(0)). More-
over, qU"((¢/,w), ) = 0(0) = v(0) (0) = q('w), so that U" is a vertical
d-homotopy, with U”((¢’,w),0)

Ui (e, w), and therefore

=
I
E@

U" Ul ~q UV, (3.4)

where
UL w) = (F((0)), (05 ¥ 0) * (05 )™ * Vo).
Finally, if we consider the d-map U;"’ : R — R, defined by
UL (e/,w) = (f'(w(0)), ¢ * o)),

it is immediate (by the usual homotopies for paths, a * &~ ~ ¢ rel I and
a =~ a* ¢ rel 9I) that,

00qy U’" U{’ ~4 U’”. (3.5)
(q) (q)

In conclusion, by the relations 7.1-7.5, we have

g 0q =g U{// ~d U{/ ~q U{ ~d Cl ~q ZdE
(@) (@) (9) (@) (@)

O

Theorem 3.10 Letp : E — B, p' : E' — B, f : E' — E denote d-
maps satisfying the following properties: 1) p and p' are saturated d-maps
and having both all fibres symmetric directed spaces, 2) [ is over B, i.e.,
pof =1y, 3) f is a directed fibre homotopy equivalence over each d-set 1 V)
of a d-numerable covering {V)} of B. Then f is directed fibre homotopy
equivalence.

Proof. We denote by py = p| T p~*(Va) and py = p/| 1 p'~1(V4) and by g
the d-map ¢ from Lemma 3.9 defined for the d-maps py and p). We have
that ¢y is d-shrinkable. Then {p~!(V})} is a d-numerable covering of E and
@ is the restriction of ¢. To apply Lemma 3.9 we need to verify that ¢ is
saturated. Suppose that «(t) = (¢/(t),w(t)) is a path in R such that ¢ o «
is a d-path in E, i.e., w(.)(0) is a d—path in E. Tt follows that p o w(.)(0) is
a d- path in B. But p( (t)(O)) p'(¢/(t)), which means that pow(.)(0) =
p'o€'(.). Therefore p’o€’(.) is a d-path in B. Then because p’ is saturated, we
deduce that €'(.) € d(E'). By the relation p/(€/(t)) = p(w(t)(I), we deduce
that w(t) € d(E), (V)t € [0,1]. The relation w(t)(1) = f(¢/(¢t) shows that
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w(.)(1) = foé/(.) and therefore w(.)(1) is directed. Finally from the equality
p(w()(t)) = p(w(t)(1) (V)t, we conclude that w € d(E™), and therefore
a € d(R). Now applying Corollary 3.8 we obtain that ¢ is d-shrinkable.
Then by Proposition 3.3 ¢ has the d-SEP.

Consider a section S : E — R for q written as S = (f/,0) with f' : E — E’
a d-map and 0 : E — E™ also a d-map. From the relations p/(f'(e)) =
p(0(e)(I)), ¢S = idg, i.e., 0(e)(0) = e, we deduce that p’'o f' =p , ie., fis
a d-map over B. Then we can define © : ExI — E by O(e, t) = 0(e)(t). This
is a vertical d-homotopy, pO (e, t) = pf(e)(t) = p'f'(e) = p(e), with O(e,0) =
6(e)(0) = eand O(e, 1) = 6(e)(1) = f(f'(e)). Therefore O : idg ~4 ff’. This

(p)
relation implies that, over 1 V), the d-map [’ is a directed fibre homotopy
inverse to f. In particular it is a directed fibre homotopy equivalence. Then
we can apply the above argument to f’ instead of f, and find f”’: E' — E
with f'f" g idg, hence 'f =4 (' )(FF") = FOF)" =g F15" =g idp.
(p) (p)

(») (p)

Remark 3.2 Under the same conditions as in Theorem 3.10, let 1 V be
a d-halo of T A C B. Suppose that the restriction of f, fir 1 p'~1(V) —1
p~'(V), is a directed fiber homotopy equivalence, with fi; + p~'(V) —1
p 71 (V) as a d-homotopy inverse. Then f4 and the restrictions of all d-
homotopies which determine the vertical d-homotopy equivalence id;,-1v,
~4 fv o f,, can be extended over all B. This is obtained if in the proof
V)

of Theorem 3.10 we choose (using the d-SEP) the section S = (f’,0) such
that f'| T p~1(A) = f; and O(z,t) = 0(2)(t) to be over T Ax 1 I a certain
d-homotopy.

Theorem 3.11 Let B be a directed space which admits a directed numerable
covering {V\} such that the inclusion d-map 1 Vy — B is directed null-
homotopic for every . Let p: E — B, p' : E' — B be saturated direct Dold
fibrations and having both all fibres symmetric directed spaces. Then a d-map
f:E — E over B, p'of =p, is a directed fibre homotopy equivalence if
and only if the restriction of f to every fibre, fy, T p~t(b) =1 p'~1(b), b€ B
is an (ordinary) directed homotopy equivalence.

Proof. If f is a directed fibre homotopy equivalence then it is immediate
that fj is a directed homotopy equivalence for every b € B. For the converse,
by Theorem 3.10, it is enough to show that fir :t p~1(V) =1 p'~%(V) is a
directed fibre homotopy equivalence. But in the given conditions this follows
from Corollary 2.30. This completes the proof of the theorem. O
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3.2 Transition from local to global of dAWCHP-a tom Dieck
-Kamps-Puppe type theorem

To prove a theorem of the type local-global for the d-WCHP, we follow
the approach from [5], Proposition 9.5, for the undirected case.
Proposition 3.12 Let U = {U;|j € J} be a d-numerable covering of the
product X x 1 1. Then there exists a d-numerable covering {Vi|k € K} of
X and a family {ex|k € K} of positive real numbers, such that for ty,ts €
[0,1],0 <ty — t1 < e, there is an index j € J for which Vi, x [t1,t2] C Uj.

Proof. The proof is the same as that of Theorem 8.3 from [5] and we just
point out some aspects of d-topology. Denote by {u;|j € J} a directed

locally finite partition of unity such that U; = u;l((O7 1]), j € J. For each
r-tuple k& = (j1,...,4r) € J" define the continuous map vy, : X — I by

1—1 1+1
r+1"r+1

oelw) =] ] Min(u, (.0t € | ).

=1

We can prove that this is a directed map vi : X —1 I. Indeed, suppose
that o € dX and t; < t2. Then because u;, : Xx 1 I =7 Iis a d-map

uj, (a(t1),t) < uj,(altz), ()t € [, 2], which implies Min(uj, (a(t1),t)<

} r+17 r+1
Min(uj,(a)tz),t), (V)t € [i%, Z5]. Therefore (vp 0 @)(t1) < (vg o @)(t2)

which proves that vy is a directed map. Consider K = |J J". It proves ([5],
r=1

pp.144-145) that {Vy := v; '((0,1])|k € K} is a (d-)numerable covering of

X, and for ¢ = 2—1T for &k = (j1,...,jr), the conclusion of the theorem is

satisfied. O

Proposition 3.13 Letp: E — B be a d-map and 0 < & < 1. The following
properties of p are equivalent:

(a) p is a directed Dold fibration,

(b) 1) For each directed space X and all d-maps &' : Xx 1 [0,¢] — E,
0 : XX 1T with po® = p|Xx 110,¢], there exists a d-homotopy @ : X x 1
I— E, withpo® = ¢ and ¢y = ),

and

2) For each directed space X and all d-maps & : Xx 1 [g,1] — E,
o Xx T T withpod = p|Xx 1 [g,1], there exists a d-homotopy D :
Xx1tI—E, withpo® = ¢ and &1 = P).

Proof. The implication (b) = (a) is an immediate consequence of the obvi-
ous reciprocal result of Corollary 2.19.
(a) = (b) 1). It is sufficient to consider only the case € = %. Therefore we

have given & : Xx 1 [0,3] = E, ¢ : Xx 1 T — B with po &' = ¢[Xx ¢
[0,1]. Define @ : Xx 1[0, 4]x 1T — Bby §(z,s,t) :== ¢z, 1—(1—s)(1—t)).
This is a d-map since the function 1 [0, %]X 1L (s,t) > 1—=(1—s)(1—1t)is
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a d-map which satisfies $(x, s,0) = p®’(x, s). Now by the dAWCHP of p with
respect to the d- space . X x 1[0, 4] there exists & : Xx 1 [ UxtI = E

with po & = ¢ and @y ~4 ¥. Suppose that ¥ : ¢ <, &o. Then define

(p) (p)
@: Xx 11— FE by

[ W(x,t,2t),  f0<t<1/2,

Qs(x’t){é( ,;,275 1),if1/2<t<1.
This is well defined since ¥ (z, 3,1) = ¥ (z, ) = By (z, 1) = &(z, 3,0), and
it is obviously a d-map. Then, if 0 < t < 1/2 p@(m t) = p¥(z,t,2t) =
p® (z,t) = o(x,t), and for 1/2 < t < 1, pd(z,t) = pd(x, 1.2t —1) =

P(z, 3,2t — 1) = p(x,t). Hence po & = ¢, and¢0:u70=¢6.
If we have U : &g <4 @, define @ : Xx 1 I — E by

(p)
Bz, L,2t), f0o<t<1/2
7)) t) = R = v = ’
(%) {W(x t2t—1),if1/2 <t < 1.

which verifies the same properties as above.

fW:d <4 xand ¥ : &y =, ¥, define & by
(p) (p)

[Ww(z,t,2t),  if0<t<1/2
P(w.t) = {Lp(a:,t, 2% —1),if 1/2 <t < 1.

The other cases which imply the equivalence 50 ~q, @' are treated similarly.
()

(a) = (b) 2). We have given &' : Xx 1 [1,1] = E, ¢ : Xx 1 I — B with
pod = ¢|Xx 1 [3,1]. Define ¢ : Xx 1 [5,1]x 1 I = B by @(z,s,t) :=
o(z, st). This is a d-map and satisfies ¢(x,s,1) = p®'(zx,s). Then continue

similarly to (b) 1). O

Lemma 3.14 Let p : E — B be a directed Dold fibration, X a d-space,
TACTV CX,1TV ad-halo around T A in X. Let 0 < € < 1 and the
commutative diagrams

a)
E 2 B
TV TIU(Xx 1T[0,e]) — Xx 11
b)
E 2 B
TVXxTIU(Xx T e 1)) — Xx 11
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where the lower horizontal arrows are inclusions. Then there exists @ : X X 1
I — E a d-homotopy lifting ¢, po ® = ¢ and such that:

a) B|(1 Ax 1 DU (X x {0}) = &/|(t Ax 1 ) U (X x {0}),
b) (T Ax TT) U (X x {1}) = #|(+ Ax 1 1) U (X x {1}).

Proof. Let 74 : X =1 I, o € {0,1} be the haloing functions.
Case a). A C 77 *(1), CV C 71 %(0). Then define

p: XxI=B,  Pt):= ¢ Min(r(z)+t1)),

P Xx 10,e] > E, & (x,t) =& (x, Min(ti(z) + t,1)).

The definition of &' makes sense because CV C 7;'(0). Also these maps
are d-maps for reasons similar to those from the proof of Proposition 3.12.
Then po @ = 3| X x 1 [0,¢]. Now by Proposition 3.13, (a) = (b) 1), there
exists a d-homotopy @ : X x 1 I — E lifting @, po® = @, with &|X x {0} =
@'|X x {0}. Then we define ® : Xx 11— E by

P (z,1), ifo<t<
P(x,t) = {@(m,t —7i(2)), if T (x) <

This is well defined since for t = 7 (), ®(z,0) = & (z,0) = &' (z, 7 (x
is also a d-map because the map Xx 11 — Xx 11, (x t) = (z,n(x
directed. Then if (x,t) €t Ax 1 I, then 7(z) = 1 and & &(x,t) = P (x,t
(V)t € [0,1]. For (2,0) € X x {0}, &(x,0) = &'(2,0). Finally, for 0 < ¢
71(x), p®(x,t) = pP'(x,t) = p(z,t), and for 7 (z) < t < 1, pd(x,t)
p@(z,t — 7 (x)) =P(x,t — 711 (x)) = ¢(x,t). Therefore po @ = .

Case b). A C 7,1(0), CV C 7, *(1). Define

71 (),
t<1.

—
[l

).
)

—
w0

~—

[l IA

p: Xx11I— B, o(x,t) = o(x, Max(t + 1o(z) — 1,0),

@ Xx 11— E, @ (z,t) = &' (x, Maz(t + o(z) — 1,0).

These d-maps satisfy the relation p o P = ¢|Xx 1 [¢,1]. Now by proposi-
tion 3.13, (a) = (b) 2), there exists a d-homotopy @ : Xx 1 I — E with
pod = and &|X x {1} = &|X x {1}. Then we can define

ﬂ%w={5@J_m@) 1),if 0 < § %

t <oz
@l(l',t), if 7'0( ) t <
For t = 9(z), D(z,t — 1o(z) + 1) = B(x,1) = P (x,1) = &' (2, 79(z)). Hence
& is well defined and it is also a d-homotopy. For (z,t) €t Ax 1 I, we
have 19(xz) = 0 and &(z,t) = &' (z,t), (V)t € [0,1]. For (z,1) € X x {1},
®(z,1) = ¢'(x,1). Finally, for mo(z) <t < 1, pd(x,t) = p?'(z,t) = ¢(,1),
and for 0 <t < 7o(x), p®(z,t) = p®(x,t —19(x) +1) = p(z,t —0(x) + 1) =
o(z, Max(t,0) = p(z,t), e, pod=p. O
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Theorem 3.15 Let p : E — B be a directed map and {V(j)|j € J} a d-
numerable covering of B. If py(j) = plp™ (V(j)) T p~*(V(4)) =1 V(j) is
a directed Dold fibration for each j € J, then p is a directed Dold fibration
and therefore a directed weak fibration as well.

Proof. The proof follows the idea of the proof of Theorem 9.5 from [5],
but using the preparatory results (Proposition 3.12, Proposition 3.13 and
Lemma 3.14) proved above in the directed topology context, as in this proof
also.

Suppose given a commutative diagram

L}B
}oa
X1

with « € {0,1}, and ¢, a semistationary d-homotopy, i.e., po(x,t) =
¢o(z,0),(V)t € [0,3],2 € X and ¢1(z,t) = ¢1(z,1),(V)t € [3,1],z € X.
We need to prove that there exists a d-homotopy @, : X x 1 I — E satisfy-
ing po®, = o and P, 09% = f.

Consider the d-space

&

~
—

[

W, = {(z,w) € X x E"[f(2) = w(a),pu(t) = ¢(z, 1)},

and the d-map
go W, — X, do(z,w) = .

We can prove that the existence of the d-homotopy @, follows from the
existence of a d-section for ¢,. Let 1 A be a d-subspace of X. Denote by
Sa(T A) the set of d-sections of g, over 1 A, and by F, (T A) the set of d-
homotopies @, T Ax 11— E, with po @, = p,| T Ax T I and P, (a,a) =
f(a), for a €1 A.

The mapping F, (T A) — S, (T A) given by the correspondence &% — s,
with sq(a) = (a,P%), with ¢%(t) = P,(a,t), is bijective, with the follow-
ing inverse: if s T A — W, is a d-section for g, over T A given by
sq(a) = (a,w(a)), then define &, (a,t) = w(a)(t), which verifies p@,(a,t) =
pu(@)(t) = ¢a(a,1), and Bala, a) = w(a)(a) = f(a).

Now to prove that a d-section for g, exists we will apply Proposition 3.5.
At first, a d-numerable covering of X x 1 I is {U,(j) := o5 (V(5))|5 € J}.
For this by Proposition 3.12 there exists a d-numerable covering { Xy |k €
K} of X and a family of positive real numbers {e;x|k € K, such that for
t1,to € [0, 1] with 0 <t9—t1 < €k, there is aje J with X X [fl,tg] C Ua(j)
Now by Proposition 3.5 it is sufficient to prove that the maps qux : ¢alg; (1
Xi) 1 q5 1 (Xk) =1 X have the d-SEP. More generally, we prove that for
every subset Z C X}, the restrictions qaz := qa| T ¢, (Z) have the d-SEP.
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Let T A be a d-subspace of 1 Z and 1V a d-halo of 1 A in T Z. Suppose
that sy is a d-section of g,z over 1 V. This define a d-homotopy @,y 1
Vx 11— Ewithpo®,y = @o| T VX tTand @ov(z,a) = f(2),(V)z €1 Z.

Now the cases a = 0 and a = 1 need to be kept separate.

Case a = 0. Consider 0 < t; < % For this we will define a d-homotopy

YA Vx I 1 Zx 1 [0,t1] - E

over g, and satisfying @3] + Ax 1 I = &gy| + A1 x T I and &(z,0) =
f(2), for z € V. For this purpose we consider 7 :7 Z —1 I a d-haloing
function with 1+ A € 77 1(1) and Z\V C 7;1(0). For z €1 Z with 7(2) < t;
define 6, :1 I —1 I an increasing piecewise affine function with 6,(0) =
0,0-(m1(2)) = 71(2),0:(t1) = 71(2),0:(5 = 1,0.(1) = 1. Then we define &}
by

B2, 1) = Doy (2,0,(t)), %f z € V,_tl € [0,1],
0L f(2), if ze€ 71 7(0),0<t<t.

This is well defined since if z € 7, 1(0) then 2€V. It is also a d-map since
@y and 6, are d-maps. And @) satisfies J(2,0) = f(z) obviously and
@ (a,t) = Dov(a,t), for a €t A since 71(a) = 1 and so 0, = ids.

Now choose 0 = tg < t1 < ... < t, = 1 such that ¢t; < % and t;41 —1; <
€k,i = 1,..,n — 1. For this consider T W¢ :=1 7, '[t;, 1], for i = 1,2,...,n
and 1 W9 =1 V. Then for 1 < i < n — 1 we construct inductively & :1
Zx 1 [ti—1,tiy1] — E over ¢o by using Lemma 3.14 a), with T W{ as
TA T W as TV, Zas X, 1 [tioi,tiga] as T T and 1 [ti1,t] as
1 [0,]. Now we define @47 1 Zx T I — E by ®1z(z,t) = Pj(z,t) for
t € [ti1,tiv1], i < n—1, and Pz(2,t) = PAF™* for t € [t,_o,t,]. This
satisfies the conditions po @1z = | 1+ Zx 1t I and P47 09" = f| 1 Z.
Therefore @45 defines a d-section of goz which extends syy| T A because
Drz| T Ax T 1 =dgy| T Ax 1L

Case a = 1. Repeat the construction from the case o = 0 by a ’symmetry’.
Consider % < tp—1 <1 for which we define a d-homotopy

B VXTI 1 2% 1 [tn1,1] = B,
by

B (2,1) = {f(z), o ifzer(0) th ST,
D1y (2,0.(1)),if 2 € V,t € [0, 1],
where 1o :+ Z —1 I satisfies + A C 75, 1(0) and Z\V C 75 (1), and @/, is
defined for 79(2) > t,—1 as an increasing piecewise affine function ¢, :$ I —1
I with ¢,(0) = 0,0%(3) = 5,0%(tn—1) = 70(2),0(0(2)) = 10(2),74(1) = L.
Then ®}| + Ax 1 1=y |+ Ax T L
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Then consider a division of [0,1] by 0 = tg < t1 < ... < tpog < tp =1
such that t,_1 > % and t;41 — t; < €, for ¢ = 0,1,...,n — 2. For this
we denote T Wi = 14[0,%;], i = 0,1,...,n — 1, and + W} =1 V. Then for
0 <i<n-—2, we construct &, :+ Zx 1 [ti—1,tit1] — E, over p1, by using
Lemma 3.14 b), with + Wi as 1 A, + Wit as t V, 1+ Z as X, 1 [ti_1, ti11]
as T I and 1 [t;—1,%;] as [¢,1]. Now we can define @/TZ N Zx 11— E, by

bz, t) = @t (2,t) for t € [ti_1,tip1),4 > 1, and Piy(z,t) = ®1(2,t) for
t € [0,t2]. This d-homotopy satisfies the conditions p o @/TZ =@ 1 Zx 11
and QS/TZ o9t = f| 1 Z. Therefore (‘ZSITZ defines a d-section for ¢z which
extend spy| T A because @i, T Ax T 1 = &1y T Ax T I With this

and the explanations from the beginning of these constructions the proof is
complete. 0O

Corollary 3.16 Let p: E — B be a directed map and {V(j)|j € J} a d-
numerable covering of B. If every py(;y == p/p *(V(j)) + p*(V(j)) =1
V(j) is directed dominated by a directed fibration (e.g., by a trivial d-space
over each T V(5)), then p is a directed Dold fibration and therefore a directed
weak fibration as well.
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