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A new class of functions suggested by the generalized
hypergeometric function

Meera H. Chudasama - B. I. Dave

Abstract We introduce here an entire function of order zero, representing a rapidly
convergent power series which extends the generalized hypergeometric function ,Fy[z].
We introduce the infinite order hyper-Bessel operators and thereby obtain its differential
equation and the eigen function property. Some contiguous function relations are also
derived. We finally show that the Ramanujan’s theorem and Kummer’s first formula admit
extension by means of this theory.
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1 Introduction

It is known that the generalized hypergeometric function [9]

n

JF, |:a1,a/27...,ap; z] _ Z (a1)n(a2)n - (ap)n 2 (1)

bioba,sbai | T A (r)n(ba)n o (bg)n 1!

is an entire function of (real or) a complex variable z when p < ¢. Here
Vi=1,2,...,p, a;, € Cand Vj=1,2,...,q, b € C\{0,—1,-2,...,}. The

Pochhammer symbol («a),, = F}Og)n )

With p = ¢ =1 the function ,F,[z] in (1.1) reduces to
a;z] _ N~ (@ 2°
1 [b; } =2 (b)n n! (1-2)

which is again an entire function.
In 1953, P. C. Sikkema [10, p. 6] considered the entire function of the novel
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2  Meera. H. Chudasama, B. I. Dave

form:

n

3y ;7 (1.3)

n>1

With the aid of the power series considered in (1.2) and (1.3), we defined
and studied certain properties of a class of new functions given by [3]

a; zZ| _ (a)n ﬁ
a {b; (c: 0); ] B 7;) (b)n (c)tr nl” (1.4)
in which a, ¢,z € C with R(¢) > 0, andbcEC\{O -2,...}.

Evidently, when ¢ = 0, the function in (1.4) reduces to the function (1.2).
In context with the power series considered in (1.1), we further generalize
(1.4) as follows.

Definition 1.1 Forp,r,se NU{0}, a;, bj, cx,€C, with bj, ¢, #0, -1, -2, ...,
Vi=1,2,...,nVj=1,2,....8, Vk =1,2,...,p, we define the generalized
{-Hypergeometric function as

(). p | A1, A2, - .., Qp] Z
HP(6;2) = H{bhb%,_,,bs;(01,62,...,%:6);

n

= (a1)n(az) (ar) 2
= nzz% (bl)n(bg)n . (bs)n (Cl)fln ( 2)@71 . (Cp)%n !’ (15)

where £ € C with R(¢) > 0

Remark 1.1 The function , HE(¢; z) reduces to the generalized hypergeo-
metric function , Fs[z] when £ = 0.

2 Main Results

In this section, we take

(a1)n(az)n - (ar)n _,
(b1)n(b2)n -+ - (bs)n (c1)fr (co)lr - (cp)rm! — 7™

We shall now onward refer to the function defined by (1.5) as the generalized
{-H function. Also, throughout the work we fix the range of values of i, j, k
tobei=1,2,....rj=1,2,...,s,and k=1,2,....p

20



A new class of functions suggested by the generalized hypergeometric function 3

2.1 Convergence
We first show in the following theorem that the function in (1.5) exists.

Theorem 2.1 If?R(f)20and%((cl+02+---+cp)€—%p+s—r+1> >

0 then the generalized £-H function is an entire function of z.

Proof. With ¢,, as stated above and from the Cauchy-Hadamard formula,
we have

— = lim sup \/W
n—oo

1

= lim su (a1> (a2) (aT)n l n

= Jm sup (B01)n(b2)n -+ (b)m (c1)E ()l - (cp)f

= lim sup F(bl)F(bZ) F(bs) % (al + n)F(az + ’I’L) e F(ar + 71) :
n—300 (a1)I(ag) - I(ar)| | T(by+n)I(ba+mn)--I'(bs+n)

¢ 1
Ie(n+1)

" ‘ I(e)I(ca) -~ I'(cyp)
I'(cy +n)I(ca+n)---I'(cp +n)

Now applying the Stirling’s formula [4]:
Do+ n) ~V2re (@) (o 4 n)@tn=1/2) (2.1)

for large n and taking o = a;, b, ¢, in turn, we get

—
1 H F(Ck) ¢ 1<1;[< e_(ck+") (Ck+n)0k+n—l/2
—~ Kképip lim Sup SRSP i
R (277)5 n—o00 T

‘(%)% e=(n+1) (n 4 1)nt1-1/2

H F(bj) B (271')3 H e—(aitn) (ai+n)ai+n—1/2 "

1<j<s 1<i<r
H F(ai) (271’)% H e—(bj+n) (bj +n)bj+n—1/2
1%esr 1<j<s
[T I(cx)
1<k<p . 1 tpn
= |————| lim sup (7)
(27r)% er—s |n—oo ns—r+lpletette)l=F \n

:0’

provided that % (¢) ZOand3‘?((61+62+~~+cp)£—%p—i—s—r—i-l) > 0.
O

Remark 2.1 The series ) ¢, 2" thus converges uniformly in any compact
subset of C.

21
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2.2 Order of HZE(¢;2) function

Theorem 2.2 If the conditions stated in Theorem 2.1 hold then the gener-
alized £-H function is an entire function of order zero.

oo
Proof. We use the result which states that if f(z) = > a,2™ is an entire

n=0
function then the order p(f) of f [2,8] is given by
. nlnn
p(f) = lim sup ; PRED (2.2)
Now
{ I1 F(ai)} { [T I'(b +n)}
1 1<i<r 1<5<s
lon| ™ =
{ F(bj)} { I1 F(ai+n)}
1<j<s 1<i<r

Since for large r,

1 1
InI(r) ~ (T—2> 1117"—7“—}—5111\/27r7
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A new class of functions suggested by the generalized hypergeometric function 5

we further have

o™t~ | Y InT(a)| — | Y InI(b))

1<i<r 1<j<s
1 1
+ Z (bj +n— 2) In(b; +n) — (bj +n) + 5111\/277
1<5<s
1 1
— Z (aiJrn— 2> In(a; +n) + (a; +n) — §1n\/27r
1<i<r
1 1
+ [4n Z ch +n— 2) In(cy +n) — (e +n) + 2ln\/27r]
1<k<p

+ <n+1—;)ln(n—l—l)—(n—l—l)—i-;ln\/%r

— |4n Z InI"(¢g)| - (2.3)

1<k<p

But since
1' h’l |‘Pn|71
m ——
n—oo nlnn

is unbounded, it follows from (2.2) and (2.3) that

1
p(+H?(¢;2)) = lim supﬂ = 0.

oo I fin |7
O

Remark 2.2 Tt is known that [1, Theorem 1.1] “If f is entire and p(f)
is finite and is not equal to a positive integer, then f has infinitely many
zeros or it is a polynomial.” Thus, the generalized ¢-H function has infinitely
many zeros.

2.3 Integral Representation

An (-analogue of the integral representation of ,Fj[z] is stated here as
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6 Meera. H. Chudasama, B. I. Dave

Theorem 2.3 Ifa;, b;, ci, € C with R(b1) >R(ay) >0, bj,cr, #0,-1,-2,...,

and%( > ckﬁ—%’—l—s—r—i—l) > 0 then

1<k<p

p | 1, A2, - -, Qr; :
rHE {bb ba, ..., b (c1, ¢, ..oy cp i b); }
1
r
_ (b1) /talil(l . t)b17a171
I'(ay) I'(by — ay) J
D as, ..., Qp; Zt
% rilHSil |:b27---7b8; (617627""617:6) :| av

The proof follows readily by following the technique adopted in [9, Ch.4,
p.47].

2.4 Differential Equation

Unlike the derivation of the differential equation of ,Fj[z] which is order
two (finite), here the method of deriving differential equation of ,HZE(¢; 2)
uses the operator pAS as defined below, which turns out to be of infinite
order. The restriction to the parameter ¢ is that £ € N U {0}.

Definition 2.4 For the function f(z) = > anz™, z € C, and p € NU{0},
n>1
we define

S oan(@)f (O +a—1)P"2" if peN
pASf@)z{na ! . L (24)
f(Z)> Zf p=0,
where @ is the Euler differential operator 0 = zd% and

O+a) =(0+a)@+a)...(0+a)

T times

is a special case of the hyper-Bessel differential operators (see e.g. [5-7]).
In this notation, we have
Theorem 2.5 For{,p,r,sc NU{0}, a;, bj, ¢, € C with bj, ¢ #0,—1,-2,. ..,

the function

HP a1, @2, ..., Qr; z

w= r . . P\
S bl, bg,...,bs, (01,62,...,0‘1).6),

24



A new class of functions suggested by the generalized hypergeometric function 7

satisfies the equation

1T 2% IT @+v,-1)p6—2 J] @+a)|w=0. (25)

1<k<p 1<j<s 1<i<r

In order to prove this theorem, we first prove the following lemma in which
we show that the operator on the 1. h. s. of (2.5) is indeed applicable to the
function w.

For the sake of brevity, we put

| II 6+v,-1) 60| = o)Al

1<k<p 1<j<s

In this notation, we have

Lemma 2.6 If{ e NU{0}, w= > pp2" and
n>0

(b)A((Qc:Z)w = Z fn((a7 T)’ (b7 5)7 (Cap : 5)7 Z);

n>0

then the operator (b)/l‘?d) is applicable to the generalized (-H function pro-
vided that the series

Y en falla,r), (b,s), (e,p: £); 2)

n>0
converges (cf. [10, Definition 11, p.20]).

Proof. With w = Y ¢,2", and n! ¢, = A,, we have
n>0

0
(b)A(c:e)w

=< T 4% {(9+b1—1)(0+b2—1)---(9+bs—1)}2An9;,

1<k<p n>0

=< I 4% p{@+br—1)(O0+b2—1)-- (0+bs1 — 1)}
1<k<p

XZA 9+b )

n>1 )

=TI 2% p{6+b—1)(@+by—1)- (8 +bsy — 1)}

1<k<p

n>1
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By applying the operator (# +b; — 1) for j = 1,2,...,s— 1, and proceeding
as above, we obtain

0
(b)A(c:Z)w
— 0 _ _ 2"
=< IJ 2% > H (bj +n—1) An( i
1<k<p nzl | 1<5<s

It ot (S] Mool a2y)

1<k<p-1 n>1 | 1<j<s
- A9 (bj+n—1)% A (co)n 1
1<I£[;;—1 e r; 1£[<s ’ " (=1

X (04 ¢, —1)™ 2" (2.6)

Noticing that for n € N,
O+cp—1)" 2" =(n4c¢—1)" 2", (2.7)

the substitution of (2.7) in (2.6) gives

) Al

= (bj+n—1) % A, (Cp)nil'
1<k<p 1 n>1 1<]<9 (n—1)!
x(cp+n—1)m2" (2.8)

Proceeding similarly by applying mﬁk for k=1,2,...,p—1, leads us to

B (al)n (a2)n CC (ar)n
(b)A((gae)w B Z (bl)n—l (b2)n—1 e (bs)”_l

AP e 29)
a1n1a2n1' Gr)n+1 2t
=2 +(b(s)n)(;)fﬁ ((62))fﬁ+--(c o (210

—an a,r),(b,s),(c,p:0);z) (say).
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A new class of functions suggested by the generalized hypergeometric function 9

To complete the proof of the lemma it remains to show that the series

> o fal(a,7), (b,s), (c,;p: 0);2)

n>0
i) (ai)n
) {é}g( 2 m} -
2 ?
=TT ()7 [T (ex)itm
1<j<s 1<k<p
is convergent.
For that take
{ I1 (az‘)i(aﬂrn)}
1<i<r 1

1<i<r 1<k<p

‘ FQ(bj)} { I (ai+n) Fz(ai—l—n)}{ I1 FZZ”(ck)}

—_—
—
IN
<
IN

-

Now in view of the Stirling’s asymptotic formula (2.1) for large n, we have

[ Fz(ai)}{ II F2(bj—|—n)}{ 11 F%”(ck—kn)}lﬂ(n—f—l)

1<j<s 1<k<p

IN

[T )| | I {er @ o+ mpetntyar)
PRED Ei 1<i<r
T ) N
1<i<r I {e-(bj+n)(bj+n)bj+n7\/ﬂ}
1<j<s
_2
I (a+n)x| | T T2(ey)| [e ™D (n+ )13 v2r]
1<i<r 1<k<p

X 20

[ {emom o+ metntvar)

1<k<p

Hence from the Cauchy-Hadamard formula,
o) 200 [5

1

lim su »~lim su H ’F% c ’

n—00 P |l n—00 P 1 ie (cx) "I’L2(Cl+02+"'+Cp)€7[p+2(877‘+1)‘
<k<p

:0,
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10 Meera. H. Chudasama, B. I. Dave

provided that R(¢) > 0 and R (2(c1 +co+ -+ cp)l —lp+2(s—r+1)) >
0. This completes the proof of the lemma. 0O

Proof. (of Theorem 2.5)
From (2.10) we have

Zn+1
oAanw = A ¢ ] (@i+m) o —
n>0 1<i<r
oL
=z A ¢ [ O+a)p —
n>0 1<i<r

z H 0+ a;) p w.

1<i<r

Thus the theorem. 0O

2.5 Contiguous function relations

In parallel to the theory of contiguous functions of ,Fy[z] [9, p. 82], we
define the functions that are contiguous to . HY (¢; z) and obtain the relations
amongst them as follows. Put

a1, ag, ..., Qr; z
H? = .HP » e > :
TS T TS by, by, oL, by (C1, c2y oyt )y |
and define
ay, @, ..., Qi—1,a; + 1, a;41, ..., ap; 2
P . _ P ) ) y Y y YW y Y I ) Ty
rHE(a;i+) = HE bi. b b (c c ¢y 1 0):; )
1, U2, - Sy 1 2y +--5Cp - )
A1, A2, .oy Gi—1, G; — 1, Qig1, ..., Qp; 2
P ) — P 9 1) y Y y W y W1 ) 9 1)
rHE (ai—) = HE bi. b be; L 0); )
1, U2, -« S C1, C2, "'acp' )

and similarly, ,HY(bj+), »HE(b;—), »HE (cx+), and ,HY(cx—) as the func-
tions contiguous to . HE (¢; 2).
We symbolize the finite products as follows.

Hai:A, Hbj:B, H (Ck)[:C.

1<i<r 1<j<s 1<k<p

Now, in view of

rHsp = Z‘pn va

n>0

28



A new class of functions suggested by the generalized hypergeometric function 11

we find at once that

ngj(aH') = Z % on 2", THg(ai_) = Z aﬁn 1 ¥n~? "
n>0 >0

n

ng(b]‘i‘) = Z bbﬁ ©n 2", ng(bj—) = Z b Tn ! Pn z ",
n>0

. on on
THE(Ck+) E (Ck+’n w Pn 2" TH?(C/C ) Z (c(kc—:nl)l’?1 on 2"

By making use of these, we obtain contiguous functions relations in

Theorem 2.7 For j = 2,3,...,s there hold the contiguous functions rela-
tions:

(al — b]’ + 1) ng = ax THg’(aﬁ—) - (b] — 1) THg)(bjf). (211)

Whereas for £ € NU{0}, there hold the following extended contiguous func-
tion relations.

a; er = a; er(CLri-)

A
“po i

&
4
=
Qlx

(0) + 1. ((e) + 1) (¢) + 1 : £); } ,(212)

(bj = 1) v HY = (b = 1) P HI(bj=) — 3

(a) +1; z
|:(b) +1,((c) + 1)6; ((c)+1:0); C:| , (2.13)

x Hs+£

in which (a)+1 stands for the array of the parameters an+1, ag+1, ..., am+
1.

Proof. The function relations (2.11) may be obtained as follows. Choose the
parameter a; from the set {a;;7 = 1,2,...,r} of numerator parameters and
consider

a1 rHY(a1+) — a; »HY (ai+),

where ¢ # 1. Then from the above definitions,

ar+n a; +n
ar +HY (a1+) — a; rHE (ai+) = a1 Z ! on 2" —ay Z ¢ on 2z

a1 (¢
n>0 n>0
= (a1 — i) L HP. (2.14)
Taking 0 = z%, we find that
a; +mn
O+a;) HY =a; Y ——— ¢y 2
n>0 i
— a; HY (a;+), (2.15)

29



12 Meera. H. Chudasama, B. I. Dave

and
bi+n—1 n
(0+b;—1) Hf = (bj_l)zjbi_l on Z
n>0 J
— (b — 1) HE(b ). (2.16)

From (2.14), (2.15), (2.16), we arrive at the contiguous functions relations
(2.11).

If the parameter a; is replaced by a,, with m # ¢ in (2.14) then (2.11) gives
rise to a set of contiguous functions relations:

(am — bj + 1) FHY = am, THSp(am—l—) — (bj — 1) THg(bj—).
Now if £ € N U {0} then

0 HY = Zgon 02"

n>0

I
N
—
n
‘7\::] |
ﬁ/—\ |
&
\3_/
JF
=
——
~
3
+
~
3%

I
M

Tl
n>0 {1<H< (bj)n+1} {1<1;[< (ck)bin (Ck)fln} {1<1;[< (Ck)é}

_ A D (CL) + 1; Z
“Bo e [(b) +1,((0) + 15 ((¢) + 1 0); C] : (2.17)

Whence (2.12) and (2.13) follow by eliminating 6 from (2.14), (2.17) and
(2.16), (2.17) respectively. O
2.6 Eigen function property

We next introduce an operator with respect to which the generalized ¢-H
function becomes an eigen function.

30



A new class of functions suggested by the generalized hypergeometric function 13

Definition 2.8 Let f(z) = > anz™, 0 # |2| < R,R >0, I,m,n € N, and
n>0

ai, Bj, vk € C with R(a;) > 0, and as before § = = %. Define the operator

@) HEm £(2)

= I Zap=¢ T 2% I ©+8,—1)30] f(2).(2.18)

1<i<i 1<k<n 1<j<m

where

z

() == [ ) at (2.19)

0
and [Azk: is as defined in (2.4).

This operator enables us to derive the eigen function property which is
proved in

Theorem 2.9 If 2 # 0, and R(o;) > 0,Vi =1,2,...,r, then the function

we gP |01 a2, an Az
- T . . .
s b17b27"'7b87(617627"'7cp'€)7

is an eigen function with respect to the operator (aar)HEZf)) defined in (2.8).

That is, (qry M2 (-HE(X2)) = X HE(602), A€ C. (2.20)

Note 2.10 Once again in view of the Lemma 2.6, the applicability of the

operator (a,r)%ggf )) to the generalized ¢-H function follows.

Proof. We refer to (2.9) and put

(@1)n (az)n - (ar)n A"

B, =
(01)n—1 (b2)n—1- " (bs)n—1 ()" (e2)i 3+ (cp)irE (n — 1)
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to get

(@MY (GHE (6 22)

— I L' S T «4% [T G+b -1 30> @nrm2"

1<i<r 1<k<p 1<5<s n>0
_ —1 n
= H Io, 7 2 g B, z
1<i<lr n>1
= I fapla Do Ba="
1<i<r—1 n>1
— /tar—l E B tn 1
1<l<r 1 n>1
A g
= a; .
a n—1
1<i<r—1 n>1 rt

Applying in this manner the operator I,, for i = 1,2,...,7 — 1, we finally
obtain

@ HEY GHEGA)) = % [[ (a+n—1)p B, 2"

n>1 | 1<:<r

= Z “n AL

n>0
=X HP(4; \z2).
This proves (2.20). O

3 Special cases
3.1 ¢-H exponential and ¢-H Circular functions

In (1.5),if r=s=0,p=1 and ¢; =1 then the particular /-H exponential
function is defined as follows (see [3] for more details).

Definition 3.1 The £-H exponential function is denoted and defined by

n

3 (néw (3.1)

n>0

— (115);2] -

for all z € C and R(¢) >0

32



A new class of functions suggested by the generalized hypergeometric function 15

Remark 3.1 Obviously, €% (2) = €* and €% (0) = 1.

3.2 ¢-Analogues of Ramanujan’s theorem and Kummer’s first formula

It is noteworthy that the generalized ¢-H-function provides f-extensions to
(i) the Ramanujan’s theorem [9, Ex.5, p. 106]:

5,

a; x a; —x a, b—a;
1By [b, } 1F [b; ] = k3 {b b b1 ) (3.2)
y 9y 9 2
and (ii) the Kummer’s first formula [9, p.125]:
e ? 1Fi(a;b;2) = 1F1(b—a;b;—2). (3.3)

This is shown below.

Theorem 3.2 (¢-analogue of Ramanujan’s Theorem,)
If £ e NU{0} then

1[4 e| e —x
vy [b; (c:0); ] vy {b; (c:0); ]

1—-b—mn, (1 —c— n)é”; (_1)Z(n—1)(c>i

2| —n,a,
X?’M”HQ{ bjl—a—mn; (¢,1—c—n:{); !

Proof. From the definition of the generalized ¢-H function (1.5) and the
formula:

(_1)k ()n

(1—a—n)’

()n—k =

33
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a —x k
- n§>:0 ( én nl ];) i i )
= z" (@) (=1)k
_ngo o§<n I )f" i —k)! ) (OF *

_ V(a)y 1—=b—n)p [(1—c—n) tn—tk
_nz>0 o§<n —a—n)k (=1)k®)n { (—Dk(c)n ]

=)k (@ (=D

X( DEnl (b)g (c)F k! r
— (@)n  a"
= ) () n!
_1)\¢n—1)k (—n)g (@) (1—=b—n)k (1 —c— ”)in (C)ﬁk
_ (a)n ="
= 7;) (b)n (C)én n!

d—b—n, (1-—c—n)™ (=1)*D(c)!
—a—n; (¢,1—c—mn:0);

It may be seen that for £ = 0, Theorem 3.2 gets reduced to (3.2) by
replacing first n by 2n in the last series of the proof and then using the
summation formula [9, Ex.5, p. 106]:

—-2n, a,1—-b—2n;1 (2n)! (a), (b—a)y
o2 {1 —a—2n,b; ] Tl (@an 0

Theorem 3.3 (¢-Analogue of Kummer’s first formula)
If £ e NU{0} and z € C then

e4(—2) 1 H} {z, (c:0); Z]

_y L
= (n!)fn—i-l
2| =N, =n,...,—n, a; (1)£L(_1) (n=1)
X 2+€nH1 |: b, (C, “n: 6)7 (34)
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A new class of functions suggested by the generalized hypergeometric function 17

Proof. We begin with

eby(—2) 1 Hi [z, (c:0); Z}

(@ 2

_Z nl zn+1 Z r (O)F kI
n>0 k>0

-3 S (@)k 2"
n>0 k>0 k)!]&%ﬁwrl (b)k (C)i:k k!

_Z Z ok krn_ékﬂ (a)r 2"
n>0 0<k<n (B)k ()i !

)E"+1 % (a)

{
2" (=
(=
(=

n k tnk—0k
= m (-1)
-3 G Z WO (W
Z Z n)én-l-l [ Z 1)[(7171)} k
n>0 n' MH 0<k<n (= ) (b) (C)Zk k!
_ )'fl Zn -n,—m,...,—n,a; (n')z(_l)z(nil)
Z W 2+ZnHl b; (¢c,—n : L);

n>0

O

Remark 3.2 When ¢ =0, (3.4) reduces to (3.3).
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