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Generalized Jordan higher derivable mappings on rings
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Abstract Let R be a ring and N be the set of all non-negative integers. Let ® = {dn }nen
be a family of mappings d,, : R — R such that dy = I'r, the identity map of R satisfying
dn(ab+ba) = > di(a)d;(b) + di(b)d;(a) for all a,b € R and for each n € N. In the
i+j=n
present paper it is shown that if a family A = {Gr }nen of mappings G, : R — R satisfies
Grn(ab+ba) = > Gi(a)d;(b)+Gi(b)d;(a) for all a,b € R and for each n € N, then under
i+j=n
certain assumptions G (a +b) = Gn(a) + Gn(b) for all a,b € R, and hence A = {Gp }nen
is a generalized Jordan higher derivation.
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1 Introduction

Let R be aring. An additive mapping d : R — R is called a derivation (resp.
Jordan derivation) if d(ab) = d(a)b + ad(b) (resp. d(a?) = d(a)a + ad(a))
holds for all a,b € R. Every derivation is obviously a Jordan derivation, but
the converse need not be true in general. An influential theorem due to Her-
stein [5] shows that any Jordan derivation on a prime ring of characteristic
different from two is a derivation. An additive mapping G : R — R is called
a generalized derivation (resp. generalized Jordan derivation) if there exists
a derivation (resp. Jordan derivation) d such that G(ab) = G(a)b + ad(b)
(resp. G(a?) = G(a)a + ad(a)) holds for all a,b € R. Clearly, every gener-
alized derivation is a generalized Jordan derivation but the converse need
not be true in general. Zhu and Xiong [16] proved that every generalized
Jordan derivation on a 2-torsion free semiprime ring with identity into itself
is a generalized derivation. A map d : R — R (not necessarily additive) is
called a derivable (resp. Jordan derivable) if d(ab) = d(a)b + ad(b) (resp.

107
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d(a?) = d(a)a + ad(a)) holds for all a,b € R. Also a map G : R — R
(not necessarily additive) is called a generalized derivable (resp. generalized
Jordan derivable) if there exists a derivable (resp. Jordan derivable) map d
such that G(ab) = G(a)b + ad(b) (resp. G(a?) = G(a)a + ad(a)) holds for
all a,b € R. Note that not every derivable map is additive. For example,
let R be the ring of all 2 x 2 strictly upper triangular matrices over Z, the
0Oa\ _ (0a? Th
00) ~\oo ) "
d(zy) = d(z)y + zd(y), for all z,y € R but d(z + y) # d(z) + d(y).

Let N be the set of all non-negative integers. A family © = {d, }nen of
mappings d, : R — R (not necessarily additive) such that dy = Ig, the
identity map on R, is said to be

(7) a higher derivable map on R if for each n € N, d,(ab) = > di(a)d;(b),
i+j=n

ring of integers. Define d : R — R such that d

for all a,b € R.
(i1) a Jordan higher derivable map on R if for each n € N, d,,(a?) =
Y. di(a)dj(a), for all a € R.
i+j=n

Note that if © = {d, }nen is the family of additive mappings d,, : R — R in
the above definition then ® is said to be a higher derivation and a Jordan
higher derivation respectively (for reference see Hasse and Schmidt [14]).

Furthermore, motivated by the concept of generalized derivation Cortes
and Haetinger [4] introduced the notion of generalized higher derivation.
Motivated by the concept of generalized higher higher derivation, we define
generalized higher derivable map on R. A family A = {G,, }nen of mappings
Gpn : R — R (not necessarily additive) such that Gy = I, the identity map
on R, is said to be

(1) a generalized higher derivable map on R if there exists a higher derivable
mapping ® = {d, }nen on R such that Gp(ab) = > Gj(a)d;(b), for all
i+j=n
a,b € R and for each n € N.
(i4) a generalized Jordan higher derivable map on R if there exists a Jordan
higher derivable mapping ® = {d, }nen on R such that G, (a?) =
> Gi(a)d;(a), for all a € R and for each n € N.
i+j=n

If A ={Gn}lneny and © = {d, }nen are families of the additive mappings
Gn: R — R and d, : R — R respectively, in the above definition, then A
is said to be a generalized higher derivation and generalized Jordan higher
derivation respectively.

Now suppose that R is a ring with a nontrivial idempotent p;. We write
p2 = 1 — p1. Note that R need not have the identity element. Put p;Rp; =
Ri; for any i,j = 1,2. Then, by Peirce decomposition of R, we have R =
Ri1+Ri2+Ra1 +Raz. Throughout this paper, the notation a;; will denote
an arbitrary element of R;; and any element a € R can be expressed as
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Generalized higher derivable mappings 3

a = a1 + a12 + as + aze. Recall that a ring R is prime if aRb = {0} implies
that either a = 0 or b = 0 and is semiprime if aRa = {0} implies a = 0.

In the recent years, characterizing the interrelation between the multi-
plicative and the additive structures of a ring is an interesting topic and has
received attention of many mathematicians. If a ring R contains a nontrivial
idempotent, it is a kind of surprise that every multiplicative bijective map
from R onto an arbitrary ring is automatically additive. This result was
given by Martindale IIT in his excellent paper [13]. Inspired by this result,
Lu [10] proved that every derivable map on a 2-torsion free unital prime ring
containing nontrivial idempotent is a derivation. Motivated by this result,
in the year 2011, Jing and Lu [6] characterized Jordan derivable map to
a larger class of rings. Further, in the year 2014, the first author together
with Parveen [1] extend this result to Jordan higher derivable maps. More
precisely, they proved the following:

Theorem 1.1 [[1], Theorem 2] Let R be a ring containing a nontrivial
idempotent satisfying the following conditions for i,j,k € {1,2} :

S1) If ajjzj, =0 for all x;1 € R, then a;; = 0;
¥Rt} J j j

(82) If zijajr, =0 for all x;; € Ryj, then aj, = 0;

(S3) If aiizii + wijai; = 0 for all z; € Ry, then a;; = 0.

If the family © = {d,}nen of mappings d,, : R — R satisfies

dn(ab+ba) = > (di(a)d;(b) + di(b)d;(a))

i+j=n

for all a,b € R and for each n € N, then ® = {d,}nen is additive i.e.
dp(a+b) =dy(a) + d,(b) for all a,b € R and for each n € N. In addition,
if R is 2-torsion free, then © = {d, }nen is a Jordan higher derivation.

Over the last decade, a lot of work has been done on the additivity of
mappings on rings. We refer the readers to some recent papers (see [2,3,
6,8-13]) where further references can be found. In the present paper we
provide a sufficient condition on a ring R under which a generalized Jordan
higher derivable map becomes a generalized Jordan higher derivation on R.

2 Generalized Jordan derivable mapping on rings

The main result of this section states as follows.

Theorem 2.1 Let R be a ring containing a nontrivial idempotent satisfying
the following conditions fori,j,k € {1,2} :

(S1) If ajxji =0 for all x5, € Rk, then a;; = 0;

(S2) If zijaj, = 0 for all ;5 € Rij, then aj, = 0;

(S3) If ayizi; + xisay; = 0 for all xy; € Ryi, then ay; = 0.
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If a mapping G : R — R satisfies
G(ab+ ba) = G(a)b+ ad(b) + G(b)a + bd(a)

for all a,b € R, then G is additive. In addition, if R is 2-torsion free, then
G is a generalized Jordan derivation.

Throughout the remaining part of this section, we always assume that R
is a ring with a nontrivial idempotent p; and satisfies conditions (S1), (52)
and (S3). We facilitate our discussion with the following lemmas.

Lemma 2.2

(2) G(an + bi2) = G(ai1) + G(b12),
(M) G(a11 + b21) = G(a11) + G(b21),
(l_ll) G(ag2 + b12) = G(age) + G(b12),
(iv) G(agz +b21) = G(azz2) + G(b21).

Proof. We only prove (7). The rest of the proof follow similarly.
For any 25 € Ras, we compute

Gl(a11 + bi2)x22 + x22(a11 + b12)]

= G(a11+b12)T22+ (a11+b12)d(222) + G (222)(a11+b12) +T22d(a11+b12).
On the other way
Gl(a11+b12)zaotras(a11+b12)] = G(b1ax22)
(a11299+H222011 )+G(b12T22+H222012)
(a11)x20ta11d(x22)+G (T22)a11+r22d(a11)
+G(b12)xootb12d(222 HG (222)b1o+r22d(b12).

Comparing the above two equalities, we obtain
(G (a11+D12)—G (a11)~G (b12)]wozta2|d(ar1+b12)—d(a11)—d(b12)]=0.
In view of Theorem 1.1, d is additive and hence

[G(a11 + bi2) — G(a11) — G(b12)]xee = 0.

=G
=G

By condition (S1), we have
[G(a11 —|- b12) — G

(
[G(a11 + b12) — G(an1) — G
We now show that [G(a11 + bi2) — G(a11) — G(b12)]11 = 0 = [G(a11 + b12) —
G(a11) — G(b12)]a1-
For any x15 € R12, we have
Gl(a11+bi2)z12t+z12(a11+b12)|=G(a11212)
=G (a11719+r12011 HG (b12212+212D12).
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Applying the definition to both sides of this identity, one can find that
[G(a11+b12) —G(a11) —G(bi2)]x12+212[d(a11 +b12) —d(a11) —d(b12)] =0.
Again by applying Theorem 1.1, we arrive at
[G(a11 + b12) — G(a11) — G(b12)]z12 = 0.
Consequently, by condition (S1), we have
[G(a11 + bi2) — G(a11) — G(b12)]11 =0,
[G(a11 + b12) — G(a11) — G(bi2)]21 = 0.
This completes the proof. O

Lemma 2.3

(1) G(ai2 + bi2cee) = G(a12) + G(biacaa),
(73) G(az1 + baaca1) = G(az1) + G(baaca1).

Proof. (i) Using Lemma 2.2, we obtain

G(ai2 + biaca2) = G[(p1 + bi2)(a12 + c22) + (a12 + c22)(p1 + b12)]
= G(p1 + bi2)(a12 + c22) + (p1 + b12)d(a12 + c22)
+G (a2 + c22)(p1 + bi2) + (a12 + c22)d(p1 + bi2)
= [G(p1)+G (b12)](a12+c22) + (p1+b12)[d(a12) +d(c22)]
+[G(a12)+G(c22)](p1+b12) + (a12+c22)[d(p1) +d(b12)]
= G(CL12) + G(b12022).

(7i) Note that
as1 + bascar = (p1 + c21)(a21 + ba2) + (az1 + ba22)(p1 + c21).
Now the proof is similarly as that of (¢). O

Lemma 2.4

(2) G(a12 + bi2) = G(ai2) + G(b12),
(i1) G(a21 + ba1) = G(az1) + G(ba1).

Proof. We only prove (7). The proof of (i7) is similar.

For any 9 € Raq, we calculate G[(a12+b12)x22+2x22(a12+b12)] in two

different ways.
On one hand,

Gl(a12 + bi2)x22 + x22(a12 + b12)]
= G(a12+b12)T22+ (a12+b12)d(222) + G (222)(a12+b12) + T22d(a12+b12).
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On the other hand, by Lemma 2.3

G[(a121b12) ootz (a12tb12)] = G(aiaxes + b12T22)
= G(ai2w22) + G(bi2w22)
= G(a12222+w22a12 4G (b12T20+022D12)
= G(a12)r2ota12d(xe2 HG (222)a12+r22d(a12)
+G (b12) T2 tb12d (222 4G (222) b2+ 22d(b12).

Comparing the above two equalities, we find that
[G(a12 + b12) — G(a12) — G(b12)]xaz + x22[d(a12 + b12) — d(a12) — d(b12)] =0

for all x99 € Ras.
This implies that

[G(a12 + b12) — G(a12) — G(bi2)]w22 = 0.
By condition (S1), we can find that
[G(a12 + b12) — G(a12) — G(b12)]12 =0,
[G(a12 + b12) — G(a12) — G(bi2)]22 = 0.
We now show that
[G(a12 +b12) — G(a12) — G(bi2)]11 = 0 = [G(a12 + bi2) — G(a12) — G(bi2)]21-
Now for any z12 € R12, we have

Gl(a12 + b12)x12 + z12(a12 + b12)]
= G((a12+b12))x12+ (a12+b12)d(z12) +G(212) (a12+b12) +212d(a12+b12).

On the other hand

0 = G(a12x12 + T12012) + G(b12T12 + T12b12)
= G(a12)x12 + a12d(z12) + G(212)a12 + 12d(a12)
+G(b12)x12 + b12d(z12) + G(212)b12 + T12d(b12).

From the last two expressions, we have
[G(a12 +b12) — G(a12) — G(b12)]x12 + z12[d(a12 + bi2) — d(a12) — d(b12)] = 0.
In view of Theorem 1.1, d is additive and hence
[G(a12 + b12) — G(ai2) — G(bi2)]w12 = 0.
By condition (S1) we can infer that
[G(a12 + b12) — G(a12) — G(b12)]11 =0,

[G(ar2 + bi2) — G(a12) — G(b12)]21 = 0.
Hence, [G(a12 + b12) — G(a12) — G(b12)] =0. O
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Lemma 2.5

(Z) G(a11 + b11) = G(a1) + G(b11),
(”) G(a22 + b22) = G(a22) + G(bgg)

Proof. We only prove (i). For any xos € Ros, we have

G(a1r + bi1)2e + (a11 + bi1)d(we2) + G(222)(a11 + bi1) + xoad(arr + b11)
= G[(a11 + b11)222 + z22(a11 + b11)]
=0
= G(an 22 + x22a11) + G(b11722 + 22b11)
= G(a11)x22 + a11d(z22) + G(x22)a11 + za2d(ai1)
+G(b11)x22 + b11d(wa2) + G(x22)b11 + 222d(b11)-

This gives us
[G(a11 +b11) — G(ar1) — G(b11)]|zaz + xa2[d(a11 +b11) —d(a11) — d(b11)] = 0.
Again in view of Theorem 1.1, we get
[G(a11 + b11) — G(a11) — G(b11)]wae = 0.
By condition (S1), we have
[G(a11 + b11) — G(a11) — G(bi1)]12 = 0,
[G(a11 + bi1) — G(a11) — G(b11)]22 = 0.

Similarly, by considering (a11 + b11)z12 + 212(a11 + b11) and using Lemma
2.4, one can find that

[G(ai1 + bi1) — G(a11) — G(b11)]11 =0,
[G(a11 +b11) — G(a11) — G(b11)]21 = 0.
Hence, [G(a11 + b11) — G(a11) — G(b11)] =0. O

Lemma 2.6 G(ai2 + b21) = G(a12) + G(b21).

Proof. From aya + ba1 = (a12 + b21)p1 + p1(a12 + ba1), we have
G(a12tb21) =G (a12+b21)p1+(a12+b21)d(p1 HG (p1) (a12+b21 Hp1d(ai2+ba1 ).
Multiplying this equality from the left by pa, we get

p2G (a2 + ba1) = p2G(aiz + ba1)p1 + bard(p1) + p2G(p1)(aiz + ba1).

Similarly, we have
p2G(ba1) = p2G(ba1)p1 + bard(p1) + p2G(p1)bar,
p2G(a12) = p2G(ai2)p1 + p2G(p1)ais.
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From above three expressions, we have
p2[G(a12 + ba1) — G(a12) — G(ba1)] = p2[G(aiz + ba1) — G(a12) — G(ba1)]p1.
This implies that
[G(a12 + b21) — G(ai2) — G(ba1)]22 = 0.
Now for any x12 € R12, we have
G(a12 + b21)z12 + (a12 + b21)d(z12) + G(x12)(a12 + b21) + x12d(a12 + ba1)
= G(a12 + ba1)x12 + z12(a12 + b21)]
= G(ba1712 + 12b21)
= G(ba1712 + T12b21) + G(a12212 + T12012)
= G(bo1)x12 + ba1d(z12) + G(x12)b21 + T12d(b21)
+G(ar12)x12 + ar2d(x12) + G(z12)a12 + x12d(012),
which leads to
[G(a12 + b21) — G(a12) — G(ba1)]x12 = 0.
It follows from condition (S1) that
[G(a12 + b21) — G(ai2) — G(b21)]11 =0,

[G(a12 + b21) — G(a12) — G(ba1)]21 = 0.
Similarly, by considering G[(alg +b21)$21 +x21(a12 +b21)] for all To1 € Rgl,
we can find
[G(a12 + b21) — G(a12) — G(ba1)]z21 = 0.
Consequently, [G(a12 + b21) — G(alg) - G(bgl)]lz =0.
This completes the proof. O
Lemma 2.7
(1) G(air + b2+ c21) = G(air) + G(bi2) + G(c21),
(i1) G(aiz + ba1 + c22) = G(ai2) + G(ba1) + G(c22).
Proof. We only prove (i). For any xas € Rog, we have

G[(a11 + b1z + ca1) a2 + x22(a11 + b12 + c21)]
= G(ai1 + biz + c21)x22 + (@11 + b1z + c21)d(x22)
+G(xz22)(a11 + b1z + co1) + x22d(a11 + b1z + co1).
On the other hand, by Lemma 2.6, we also have

G[(a11 + b1a + c21) a2 + x22(a11 + b12 + c21)]

= G(b12w22 + x22¢21)

= G(b12w22) + G(w22c21)

= G(a11722 + 222a11) + G(b12222 + T22b12) + G(c21722 + T22¢01)

= G(a11)22 + a11d(x22) + G(xa2)a11 + z22d(ar1) + G(bi2)xaz + biad(z22)
+G(z22)b12 + x22d(b12) + G(co1)x22 + ca1d(T22) + G(x22)co1 + T22d(C21).
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It follows that

[G(a11 + b1z + c21) — G(a11) — G(b12) — G(co1)]w22 = 0.
Then we can obtain that

[G(a11 + b1z + c21) — G(a11) — G(b12) — G(ca1)]12 = 0,

[G(a11 + b1z + c21) — G(a11) — G(b12) — G(ca1)]22 = 0.
Now for any x12 € Ri2, from

G[(a11 + b12 + c21)x12 + x12(A11 + b12 + €21)]
= Gl(a11 + c21)x12 + 12(a11 + c21)] + G[biax12 + T12b12]

and using Lemma 2.2, one can easily get

[G(a11 + b1z + co1) — G(a11) — G(b12) — G(c21)]212
+x12[d(a11 + b1z + c21) — d(a11) — d(bi2) — d(c21)] = 0.

It follows that
[G(ai1 + biz + c21) — G(a11) — G(bi2) — G(c21)]w12 = 0,
and hence we get
[G(a11 + b12 + c21) — G(a11) — G(b12) — G(ca1)]11 =0,
[G(a11 + b1z + ¢e21) — G(an) — G(bi2) — G(ca1)]21 =0,
which completes the proof. 0O
Lemma 2.8 G(a11 +b12+co1 +wae) = G(a11) + G(b12) + G(co1) + G(waz).
Proof. For any x17 € R11, by Lemma 2.7, we have

G(a11 + bia + co1 + wag)x11 + (a11 + b1 + a1 + waz)d(z11)
+G(z11)(a11 + b1z + co1 + waz) + x11d(a11 + b1 + ca1 + wa2)
= G[(a11 + b1z + c21 + waz2)z11 + x11(a11 + b1z + c21 + wa2)]
= G(a11211 + 21211 + 11011 + T11b12)
= G(a11211 + w11011) + G(211b12) + G(c21711)
= G(a11z11+211011)4+G (b122114+211b129HG (c21 2114211 C2)HG (W22 11+ 11 W22).
This gives us
[G(au + big + €21 + wa2) — G(ai1) — G(bi2) — G(ca1) — G(w22)]$11
+x11[d(air + b1z + c21 + waz) — d(a11) — d(biz) — d(c21) — d(wa2)] = 0.

Again using additivity of d we find that
[G(a11 + b1z + co1 + wae) — G(a11) — G(b12) — G(c21) — G(wa2)]x11 = 0.
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We can infer that
[G(a11 + biz + c21 + wa2) — G(ai1) — G(bi2) — G(c21) — G(wa2)]11 =0,
[G(a11 + b1z + c21 + wa2) — G(a11) — G(b12) — G(c21) — G(wa2)]21 = 0.
Similarly, one can get
[G(a11 + b1z + co1 + wa2) — G(a11) — G(b12) — G(ca1) — G(waz)]12 =0,
[G(a11 + b1z + c21 + wa2) — G(ai1) — G(bi2) — G(c21) — G(waz)]22 = 0.
This completes the proof. O

Now we are ready to prove our main result.

Proof of Theorem 2.1. For any a,b € R, we write a = a11 + a1z + az1 + a9
and b = by1 + b1 + boy + boo. Applying Lemmas 2.3-2.7, we have

Gla+b) =G

(@11 + a12 + a21 + agz + b1y + b1 + bag + ba2)

((a11 + b11) + (a12 + bi2) + (a21 + ba21) + (ag2 + b22))
= G(a1 +bi1) + G(ar2 + bi2) + G(ag1 + ba1) + G(azz + bao)
(a11)+G(b11)+G(a12)+G (b12)+G (a21 )+G (b1 HG (a2 HG(b22)
(a11 + a12 + a21 + a22) + G(b11 + b1 + bay + ba2)

=G(a)+ G(b).

Hence G is additive.
In addition, if R is 2-torsion free, then for any a € R, we have

2G(a?) = G(2a%) = G(aa + aa) = 2(G(a)a + ad(a)).
Therefore, G is a generalized Jordan derivation. O

If the underlying ring is semiprime, applying Lemma 1.5 of [6] and the fact
that every generalized Jordan derivation on a 2-torsion free semiprime ring
is a generalized derivation (see [15], Theorem 2.7), we have the following
corollary.

Corollary 2.9 Let R be a 2-torsion free semiprime ring containing a non-
trivial idempotent satisfying the following conditions for i, j, k € {1,2} :

S1) If ayxi; = 0 for all x;; € Ryj, then a; = 0;

( J J J

S2) If xj;a;; =0 for all x5, € Rj;, then a;; = 0.
J J J

If a mapping G : R — R satisfies
G(ab+ ba) = G(a)b+ ad(b) + G(b)a + bd(a)

for all a,b € R; then G is additive. Moreover, G is a generalized derivation.
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If the underlying ring is prime, applying Lemma 1.6 of [6] and the fact
that every generalized Jordan derivation on a prime ring of characteristic
not two is a generalized derivation (see [7]), we can easily find the following
result.

Corollary 2.10 Let R be a prime ring with characteristic different from
two containing a nontrivial idempotent, and let G : R — R be a mapping
satisfying

G(ab+ ba) = G(a)b+ ad(b) + G(b)a + bd(a)
for all a,b € R, then G is additive. Moreover, G is a generalized derivation.

Since every standard operator algebra is prime, we can easily find the
following corollary.

Corollary 2.11 Let A be a standard operator algebra in a Banach space X
whose dimension is greater than 1. Suppose that G : A — A is a mapping
satisfying

G(ab+ ba) = G(a)b + ad(b) + G(b)a + bd(a)

for all a,b € A, then G is additive. Moreover, G is a generalized derivation.

3 Generalized Jordan higher derivable mappings on rings

The main result of this section states as follows.

Theorem 3.1 Let R be a ring containing a nontrivial idempotent satisfying
the following conditions fori,j,k € {1,2} :

(S1) If ajjzji, = 0 for all xj, € Rk, then a;; = 0;

(S2) If zijaj, = 0 for all ;5 € Rij, then aj, = 0;

(S3) If Qi 44 + L Qgp = 0 for all Tii € R,‘i, then Qi = 0.
If the family A = {Gy}nen of mappings Gy, : R — R such that Gy = Ig,
the identity map of R, satisfies

Gn(ab+ba) = > Gi(a)d;(b) + Gi(b)d;(a)

i+j=n

for all a,b € R and for each n € N, then A = {Gp}lnen is additive. In
addition, if R is 2-torsion free, then A = {Gp}nen is a generalized Jordan
higher derivation.

We shall prove our result by using induction on n. We may see that,

for n =1, Gp(ab+ba) = > Gi(a)d;(b) + Gi(b)d;(a) reduces to G(ab +
i+j=n

ba) = G(a)b+ ad(b) + G(b)a + bd(a) for all a,b € R. In view of Theorem
2.1, it is clear that G is additive. We will use this result in the following
lemmas whenever needed without specific mention. Throughout this section
we assume that R satisfies the hypothesis of our theorem. In order to prove
our main result of this section, we begin with the following sequence of
lemmas:
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Lemma 3.2

(Z) Gn(ain +bi2) = Gy(ai1) + Gp(bi2),
(’&2) Gn(ain +ba1) = Gp(air) + Gp(b21),
(W) Gn(age + b12) = Gp(a22) + Gr(b12),
(’L’U) Gn(agg + bgl) = Gn(agg) + Gn(bgl)

Proof. We only prove (i). The rest of the proof follow similarly. Since G
is additive, we have G(a11 + b12) = G(a11) + G(b12). Now by induction
hypothesis let the result hold for all positive integer m < n. For any xqs €
Ro2, we compute

Gnl(a11 + b12)x22 + x22(a11 + b12)]
Z Gi(a11 + bi2)dj(xa2) Z Gi(x22)dj(a11 + bi2)

i+j=n i+j=n
0<%,j<n—1

= Gp(a11 + b12)xes + (a11 + b12)dn(x22) + Z Gi(a1 + bi2)dj(xa2)
i+j=n
0<i,j<n—1
+Gp(x22) (a1 + bi2) + xoady (a1 + b12) + Z Gi(x22)dj(a1r + b12).
i+j=n
On the other hand, we have
Gpl(a11 + b12)x22 + x22(a11 + b12)]
= Gy (b12z22)
= Gp(a11222 + x22a11) + G (b12222 + T22b12)

- Z Gi(a11)d;(z22) + Z Gi(x22)dj(a11)

i+j=n i+j=n
+ Y Gibia)dj(m22) + Y Gi(r2)d;(b12)
i+j=n i+j=n
0<,7<n—1
= Gplan)roe+aiid,(zoo )} Z i(a11)dj(w22) +Gp(w22)a +x22d,(a11)
i+j=n
0<i,j<n—1 0<i,j<n—1
+ Z Gi(w22)dj(a11 HGr (b12)T2ot+b12dn (222 Z Gi(br2)d;(222)
i+j=n i+j=n
0<i,j<n—1
+Gp(r22)b12 + x22dy (b12) + Z Gi(x22)d;j(bi2).
i+j=n
Since the result holds for all m < n, on comparing the above two equalities
we obtain

[Gr(a11+b12) — G (a11)— Gr(b12)] 222+ [dy (a11 +b12) — dp(a11)—dp (b12)]=0.
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By Theorem 1.1, we get
[Gr(a11 + b12) — Gpla11) — Gp(bi2)]zee = 0.
On using condition (S1), we get
[Gn(a11 +bi2) — Gn(air) — Gn(bi2)]i2 =0,
[Gr(a11 + b12) — Gpla11) — Gp(bi2)]22 = 0.

We now show that
[Gn(a11+b12) —Gr(a11)—Gr(b12)]11=0 =[Gp(@11+b12) —Gp(a11)—Gn(bi2)]21-
For any x15 € R12, we have

Grl(a11 + b12)x12 + 212(@11 + b12)]

= Gn((11111712)
= Gp(a11z12 + T12011) + Gn(b12212 + T12b12)
0<i,j<n—1
= Gpla11)z12+a11dn(z12) + Z Gi(a11)d;j(x12)+Grn(r12)a11 +x12dn(a11)
i+j=n
0<i,j<n—1 0<i,j<n—1
+ Z Gi(z12)dj(a11) + Gp(bi2)z12 + biad, (z12) + Z Gi(b12)d;(z12)
i+j=n i+j=n
0<i,j<n—1
+Gp(x12)b12 + z12dn (b12) + Z Gi(x12)d;j(bi2).
i+j=n

The above yields that
[Gn(a11+b12)—Gp(ai1)—Gr(bi2)]x12+r12[dn (a11+b12) —dy(a11) —dp(b12)] =0.
By Theorem 1.1, we find

[Gn(ai1 + bi2) — Gp(a11) — Gn(bi2)|z12 = 0.
Consequently, by condition (S1), we have

[Gn(a11 +b12) — Gn(a11) — Gn(bi2)]11 =0,

[Gr(a11 + bi2) — Gplair) — Gp(bia)]2r = 0,
which completes the proof. O

Lemma 3.3

(1) Gn(ai2 + biacaa)

= Gn(a12) + Gn(biacaa),
(i1) Gp(a21 + baacar) = Gplazr) +

n(a21) + Gp(baacar).
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Proof. (i) Using Lemma 3.2, we find

Gn(ai2+bi2c22) = Gr[(p1 + bi2)(a12 + c22) + (@12 + c22)(p1 + b12)]
—ZG p1 + bi2)d;(a12+ca2) +ZG (a12+c22)d;(p1+bi2)

=+:Z (Gi(p1) + Gi(b12))(d; (aj:) +dj(c22))
+j2 i(a12) + Gi(c22))(dj(p1) + dj(b12))
= (C;:(Jpswn(bun(a12+c22)+(p1+b12)<dn(a12)+dn(c22))
+0<Z§n 1 i(p1) 4+ Gi(b12))(dj(a12) + dj(ca2))
+(C;:Zalz)+0n(022))(Pﬁb22)+(a12+022)(dn(p1)+dn(b12))
+0<:§L 1 i(a12) + Gi(c22)) (dj (p1) + dj(b12))
i+g=n

= Gpn(a12) + Gp(biacaz).
(74) On using the same technique as used in (i), we obtain the result. O

Lemma 3.4

(2) Gn(ai2 + b12) = Gpla12) + Gn(b12),
(i1) Gn(a21 +b21) = Gp(az1) + Gp(ba1).

Proof. (i) We only prove (i), proof of (i7) follows similarly. Since G is addi-
tive, we have G(a12 + b12) = G(a12) + G(b12). Now by induction hypothesis
let the result be true for all positive integer m < n. For any x22 € Rag, we
have

Gpl(a12 + b12)z22 + z22(a12 + b12)]
= Z Gi(a12 + bi2)dj(xa2) + Z Gi(x22)dj(a11 + bi2)
i+j=n it+j=n
0<i,j<n—1

= Gp(a12 + bi2)z2s + (@12 + b12)dp(x22) + Z Gi(a12 + bi2)dj(x22)
i+j=n
0<i,j<n—1

+Gn(r22)(a12 + x22)dp(a12 + bi2) + Z Gi(x22)dj(ai2 + bi2).
i+j=n
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On the other hand, by Lemma 3.3, we have

Gnl(a12 + b12)z22 + z22(a12 + b12)]
Gn(aiawaz + b12xa2)
= Gp(a12222) + G (b1awa2)
Gn(a12722 + 22a12) + Gy (b12722 + T22b12)

= Y Gular)dj(z22) + > Gn(wa2)d;(a12)

i+j=n i+j=n
+ Z Gn(bi2)dj(x22) + Z Gn(x22)d;(bi2)
i+j=n i+j=n
0<i,j<n—1

= Gp(a12)T22+a12dy(T22) + Z Gi(a12)d;(x22)+Gr(r22)a12+x22dn (a12)

i+j=n
0<i,j<n—1 0<i,j<n—1

+ Z Gi(x22)dj(a12) + G (b12)xag + biady, (z22) + Z Gi(b12)d;(z22)

i+i=n i+j=n
0<i,j<n—1
+Gh(x22)b12 + T22dp (b12) + Z Gi(x22)d;j(bi2).
i+j=n

On comparing the above two equalities and using the hypothesis that the

result holds for all m < n, we get

[Gn(a124+b12)-Gp(a12) —Gr(b12)]| 22 +x22[dn (a12+b12) —dp (a12) —dr (b12)]=0

for all x99 € Rao.
Using Theorem 1.1, we get

[Gn(a12 + bi2) — Gr(a12) — Gp(bi2)]z22 = 0.
By condition (S1), we can find that
[Gn(a12 + bi2) — Gp(ai2) — Gp(bi2)]i2 =0,

[Gr(a1z + b12) — Gplaiz) — Gp(bi2)]22 = 0.

We now show that

[Gn(a124+b12)—-Gr(a12)—Gn(bi2)]11 =0=[G(a12+bi2)—Gr(a12)—-Gp(bi2)]21-
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Now for any x12 € R12, we have

0 = Gpl(ai2 + bi2)x12 + z12(a12 + bi2)]
Z Gi(a12 + bi2)dj(x12) Z Gi(xi2)dj(ai2 + bi2)

i+j=n i+j=n
0<i,j<n—1
= Gp(a1z + bi2)z12 + (a12 + bi2)dn(w12) + Z Gi(arz + b12)d;(w12)
i+j=n
0<i,j<n—1

+Gp(x12)(a12 + bi2) + x12dy(a12 + b12) + Z Gi(xi2)dj(ai2 + bi2).
i+j=n

On the other hand

0 = Gp(a12212 + x12012) + Gp(b12212 + Z12b12)
= Z Gi(a12)d;(z12) + Z Gi(z12)dj(a12)

i+j=n i+j=n
+ Z Gi(b12)d;(x12) Z Gi(z12)d;j(b12)
i+j=n i+j=n
0<i,j<n—1
= Gp(a12)x12+a12dy(212) + Z Gi(a12)dj(x12)+Grn(z12)a12+x12dn (a12)
i+j=n
0<i,j<n—1 0<i,j<n—1
+ Z Gi(zi2)dj(a12) + Gn(bi2)x12 + biadn(z12) Z Gi(bi2)dj(x12)
i+j=n i+j=n
0<i,j<n—1
+Grn(z12)b12 + T12dp(b12) + Z Gi(z12)d;j(bi2).

i+j=n
From the last two expressions, we have
[Gn(a124b12)-Gp(a12)—Gp(bi2)]|z12+222[dy (@12+b12) —dp (a12) —dy (b12)] =0.
By Theorem 1.1, we find that
[Gn(a12 + b12) — Gn(ar2) — Gn(biz)]x12 = 0.
By condition (S1) we can infer that
[Gr(a12 + b12) — Gplai2) — Gp(bi2)]11 =

)l
[Gn(a12 + b12) — Gp(a12) — Gu(b12)]21 =
Hence, [Gy(a12 + bi2) — Gp(a12) — Gn(b12)] =0. O

Lemma 3.5
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(Z) Gn(a11 + b11) = Gpla11) + Gn(b11),
(i1) Gn(agz + ba2) = Gp(az2) + Gp(ba2).

Proof. (i) We only prove (i), proof of (i7) follows similarly. Since G is addi-
tive, we have G(a11 +b11) = G(a11) + G(b11). Now by induction hypothesis
let the result true for all positive integer m < n. For any x40 € Rao, we have

0 = Gp[(a11 + bi1)za2 + wa2(ai1 + b11)]
= Z Gi(a11 + bi1)dj(x22) + Z Gi(x22)d;(arr + b11)
i+j=n i+j=n
0<ij<n—1
= Gpla11 + b11)zaz + (a11 + b11)dp(z22) + Z Gi(a1 + bi1)dj(xa2)
i+j=n
0<i,j<n—1
+Gp(x22) (a1 + bi1) + xoady (a1 + b11) + Z Gi(x22)d;(air + b11).
i+j=n

Also,
0 = Gn(a11z22 + x22a11) + Gr(b11222 + T22b11)
Z Gi(a11)dj(x22) + Z Gi(x22)dj(a11)

i+j=n i+j=n
+ Z G b11 1'22 Z G 1‘22 bll)
i+j=n i+j=n
0<i,j<n—1
= Gpla11)ra2+a11dn(z22) + Z Gi(a11)d;(x22)+Gp(z22)a11+x22dy (a11)
i+j=n
0<i,j<n—1 0<i,5<n—1
+ Z Gi(xa2)dj(a11) + Gn(bi1)zaz + bi1dn(z22) Z Gi(bi1)dj(xa2)
i+j=n i+j=n
0<i,j<n—1
+Gp(r22)b11 + x22dn(b11) + Z Gi(x22)dj(b11)-

i+j=n

On comparing the above two equalities and using the hypothesis that the
result holds for all m < n, we get

[Gr(a11+b11)—Gr(ai1)=Gr(bi1)]|v2e+22[dn(a11tbi1)—dp(ai1)—dn(bi1)] =
Using Theorem 1.1, we get

[Gr(a11 4 b11) — Gp(a11) — Gn(bi1)]zae = 0.
By condition (S1), we have

[Gn(a11 +b11) — Gn(a11) — Gn(bi1)]12 = 0,
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(Gn(ai1 +bi1) — Gplai1) — Gn(bi1)]22 = 0.
Similarly, by considering (a11 + b11)z12 + Z12(a11 + b11) and using Lemma
3.4, one can find that

[Gn(a11 4+ b11) — Gpl(a11) — Gr(b11)]11 =0,

[Gn(a11 +b11) — Gp(ai1) — Gn(bi1)]21 = 0.
This completes the proof. O

Lemma 3.6 Gn(alz + 521) = Gn(a12) + Gn(b21)'

Proof. Since G is additive, we have G(a12 + ba1) = G(a12) + G(b21). Now
by induction hypothesis, let the result hold for all positive integer m < n.
Consider a2 + bo1 = (a12 + b21)p1 + p1(a12 + b21). Then we find that

Gn(a12 +b21) = Gp((a12 + ba1)p1 +p1(a12 + b21))

= Z Gi(ai2 + ba1)d Z Gi(p1)d;(aiz + b21)
i+j=n i+j=n
0<ij<n—1
= Gn(a12+b21)p1 + (a12+b21)dn(p1) + Z Gi(a12+b21)d;(p1)
i+j=n
0<ij<n—1
+Ghn(p1)(a12+bo1) +p1dn(ai2+ba1) + Z Gi(p1)dj(ai2+ba1).
i+j=n

On multiplying left hand side by p2 and using the fact that result holds
good for all m < n in the above relation, we obtain

p2Gr (a2 + ba1)

O<z,]<n 1
= p2Gn(arz + b21)p1 + pa(ai12 + ba1)d Z p2(Gia12) +Gi(ba1))d;(p1)
i+j=n
0<i,j<n—1
+p2Gn(p1)aiz + p2Gr(p1)bar + Z p2Gi(p1)(dj(a12) + dj(ba1)).

i+j=n
Also on using the same technique, we compute G, (a12) = Gy (a12p1+p1ai2)
and Gn(bgl) = Gn(b21p1 +p1b21)7 to obtain

Gn(a12) = Gp(aizp1 + pirai2)

= Z Gi(au)dj(pl)‘i‘ Z Gi (pl)d (a12)

it+j=n i+j=n
0<z,]<n 1
=G, (6112)291 +a12d pl Z G Cl12 pl +G (pl)alz + pidy (alz)
i+j=n
0<4,j<n—1
+ Z Gi(p1)d;(ai2).
i+j=n
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On multiplying left hand side by p2, we get

0<i,j<n—1

p2Gn(aiz) = p2Gr(ai2)pr + Z p2Giai2)d;(p1)
i+j=n
0<i,j<n—1

+p2Gr(p1)aiz + Z p2Gi(p1)d;(aiz).
i+j=n

Similarly, we can find

0<i,j<n—1

P2Gn(b21) = paGn(ba)pr + Y p2Gi(ba1)d;(p1)
i+j=n
0<ij<n—1

+p2Gr(p1)ba1 + Z p2Gi(p1)d;(bar).
i+j=n

From the above three expressions, we have
D2[Gr(a12+b21)— Gr(aiz)— Gn(b21)|=p2[Gn (@12 +b21) — Gn(a12)— Gr(ba1)]
This implies that
[Gn(a12 +b21) — Gn(a12) — Gn(ba1)]22 = 0.
Now for any x12 € R12, we have

0<i,j<n—1

Gr(aia + ba1)x12 + (a12 + b21)dn(z12) Z Gi(a12 + ba1)dj(z12)

i+j=n
0<i,5<n—1

+Ghn(x12)(a12 + bo1) + z12dy (a12 + b21) + Z Gi(xi12)dj(ai2+ba1)
i+j=n

= Z Gi(a12 + ba1)dj(x12) + Z Gi(x12)dj(ai2 + ba1)
i+j=n it+j=n
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n((a12 + b21)x12 + x12(a12 + b21))
21Z12 + Z12b21)
n(b21212 + T12b21) + Gr(a12712 + T12012)
= Z Gi(ba1)dj(x12) Z Gi(x12)d;j(ba1)
i+j=n i+j=n
+ Z Gi(ai2)dj(z12) + Z Gi(z12)dj(a12)
i+j=n i+j=n
0<zg<n 1
= Gp(ba1)z12+b21dy (212) Z Gi(b12)dj(x12)+Gr(z12)bo1 +x12dy, (b21)
i+j=n
0<i,j<n—1 0<Z]<n 1
+ Z Gi(z12)dj(b21) + Gr(ai2)z12 + a12d,(z12) Z Gi(ai2)d;(z12)
i+j=n i+j=n
0<i,j<n—1
+Gp(x12)a12 + z12dn(a12) + Z Gi(z12)dj(aiz).
i+j=n

|
C)QC}

3
A@r\

This further leads to
[Gr(a124b21) —Gp(a12) =G (b21)]|z12+212[dp (@12+b21) —dp (@12) —dp (b21)] =0.
By Theorem 1.1, we get
[Gn(ai2 + b21) — Gp(ai2) — Gn(b21)]z12 = 0.
It follows from condition (S1) that

[Gn(aiz + b21) — Gplai2) — Gr(b21)]11 =0,

[Gr(aiz + ba1) — Gplaiz) — Gp(bar)]21 = 0.

Similarly, by considering Gy, [(a12+b21)%21 + 21 (a12+be1)] for all 21 € Roy,
we can find

[Gn(ai2 + b21) — Gp(ai2) — Gp(b21)]z21 = 0.

Consequently, [G,(a12 + ba1) — Gp(ai2) — Gp(b21)]12 = 0, which completes
the proof. 0O

Lemma 3.7

(1) Gp(ai1 + b1z + c21)

= Gp(a11) + Gn(bi2) + Gp(c21),
(17) Gplaiz +bo1 +c22) =G +G ) .
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Proof. (i) We only prove (i), the proof of (i7) follows similarly. Since G is
additive, we have G(a11 + b1o + 621) = G(CL11) + G(blz) + G(Cgl). Now by
induction hypothesis let the result hold for all positive integer m < n. For
any xao € Rao, we have

Gpl(ai1 + biz + c21)T22 + x22(a11 + b1z + c21)]
Z Gi(a11 + biz + c21)dj(z22) + Z Gi(x22)dj(a11 + biz + c21)
i+j=n i+j=n

= Gp(aiy + biz2 + c21)xa22 + (a11 + b1z + c21)dn(z22)
0<i,j<n—1
+ Z Gi(ai1 + b1z + c21)dj(222)
i+j=n
+Gy(z22)(a11 + bi2 + c21) + zo2dp (a1 + bia + c21)
0<i,j<n—1
+ Z Gi(x22)dj(a1n + biz + c21).
i+j=n
On the other hand, by Lemma 3.6, we also have

Grl(a11 + bia + c21)Ta2 + za2(a11 + b2 + c21)]
= Gp(bi2wan + x22C21)
= Gn(b12722) + Gn(w22¢21)
= Gn(a11®22 + w22a11) + Gp(biaToe + T22b12) + Gr(c21222 + T22¢21)

= Z Gi(a11)dj(xa2) Z Gi(r22)d;(ar) Z Gi(bi2)dj(z22)

i+j=n i+j=n i+j=n
+ Z i(22)d;(b12) + Z Gi(ca1)dj(wa2) + Z Gi(x22)dj(ca1)
i+j=n i+j=n i+j=n
0<i,j<n—1
= Gplan)roe+aiidy(xee)+ Z Gi(a11)dj(xo2HGn(r22)a11 +x22dn(ai1)
i+j=n
0<7,j<n—1 0<7,5<n—1
+ Z i(wa2)dj(ar1) + Grn(bi2)r22 + biadn (222 +ZG (b12)d;(x22)
i+j=n i+j=n
0<i,j<n—1
+Gr(222)b124+w22dn (b12) + Z Gi(x22)dj(b12)H+Gn(c21)Tootc21dn (x22)
i+j=n
0<,7<n—1 0<i,j<n—1
+ZG c21)d;(x22) + Gr(w22)c21 + T22dp (c21 +ZG (222)dj(c21)-
i+j=n i+j=n

On comparing the above two equalities and using Theorem 1.1, we get

[Gr(a11 + b1z + c21) — Gpla11) — Gn(bi2) — Gr(ca1)]xee = 0.
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Hence, by condition (S1) we obtain that
[Gn(a11 + biz + c21) — Gplan1) — Gn(bi2) — Gn(ca1)li2 =0,
[Gn(a11 + biz + c21) — Gpla11) — Gn(bi2) — Gn(ca1)]22 = 0.

Now for any z15 € R12, we have

Gr(a1r + bia + c21)x12 + (@11 + b12 + co1)dn(212)
0<i,j<n—1
+ Z Gi(a11 + b1z + c21)dj(z12)
i+j=n
+Gn(x12) (a1 + biz + c21) + z12dn(a11 + b1z + c21)
0<i,j<n—1
+ ) Gi(wia)dj(arr + bia + ca1)
i+j=n
Ghl(ai1 + b1z + co1)z12 + z12(a11 + b2 + c21)]
Gn(anzi2 + ca1212 + T12¢21)
= Gpl(a11 + c21)12 + T12(011 + ¢21)] + Gr(bi2712 + T12b12)
0<i,j<n—1
Gp(a11 + c21)z12 + (a11 + c21)dn(x12) + Z Gi(an + ca1)dj(x12)
i+j=n
0<i,j<n—1
+Ghp(x12)(a11 + c21) + 12dy (a1 + c21) + Z Gi(z12)dj(a11 + c21)
i+j=n
0<i,j<n—1
+Gr(bi2)z12 + biadn(212) + Z Gi(b12)dj(x12)
i+j=n
0<i,j<n—1
+Gn(212)b12 + 212dy (b12) Z Gi(x12)d;(b12).
i+j=n

It follows that

[Gn(a11 + b1z + c21) — Gn(ai) — Gu(bi2) — Gu(ca1)]r12 = 0,
consequently, we have

[Gn(ain + b2 + c21) — Gulair) — Gu(bi2) — Gn(ca1)]i1 =0,

[Gr(a11 + b1z + c21) — Gpla11) — Gn(bi2) — Gr(c21)]21 = 0.
Hence, [Gn(au + b1o + 621) — Gn(an) — Gn(blg) — Gn(621)] =0. O

Lemma 3.8 Gn(au + b12 + co1 + ’LU22) - Gn(all) + Gn(b12) + Gn(621) +
Gn(wgg).
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Proof. Since G is additive, we have G(a11 + bi2 + c21 + wa2) = G(a11) +
G(b12) + G(c21) + G(waz). Now by induction hypothesis let the result hold
for all positive integer m < n. For any x11 € R11, we have

Gr(a11 + bi2 + co1 + wa2)x11 + (a11 + b12 + co1 + waz)dp(x11)

0<i,j<n—1
+ Z Gi(a11 + biz + co1 + wa2)dj(211)
i+j=n
+Gr(r11)(a11 + bi2 + co1 + wa2) + z11dn(a11 + b12 + c21 + wa2)
0<i,j<n—1
+ Z Gi(x11)dj(a1r + bia + c21 + wa2)
i+j=n
:ZGi(au + bi2 + c21 + wa2)dj(211) +ZG (z11)dj(a11 + biz + c21 + wa2)
itj=n itj=n

= Gp[(a11 + b1z + c21 + wao2)x11 + x11(a11 + bi2 + co1 + wa2)]
= Gr(a11211 + c21711 + 211011 + T11012)

Grnl(aiizii + z11a11) + Gp(z11b12) + Gr(c21211)

Gnla1z11 + z11a11) + Gp(b12z11 + 11b12)

+Gp(ca1w11 + 11021) + G (Wo2T11 + T11W22)

= Z Gi(a11)dj(z11) + Z Gi(x11)d;(a1r) + Z Gi(b12)d;(z11)

i+j=n i+j=n itj=n
+ E Gi(x11)dj(bi2) + E Gi(ca1)dj(x11) E Gi(x11)dj(c1r)
i+j=n i+j=n i+j=n
+ E i(we2)dj(z11) E Gi(x11)dj(wa2).
i+j=n i+j=n

This gives us

[Gn(a11 + b1z + co1 + we2) — Gy (au) Gn(b12) Gn(c21) — Gn(wa2)]z11
+211[dp (@11 + b1z + c21 + waz) —dp(a11) —dn(b12) —dp(c21) —dp(waz)] = 0.

From this we can infer that

[Gn(a11 +biz2 4 co1 +wa2) — Gpa1r) — Gp(bi2) — Gr(c21) — Gp(waz)]x11 = 0.

Hence, we get

[Gr(ai1 + b1z + co1 + w2z) — Gr(ai1) — Gr(b12) — Gu(ca1) — Gn(waz)]i1 = 0,

[Gn(a11 + biz + o1 + waz) — Gr(air) — Gp(bi2) — Gr(c21) — Gp(waz)]2r =0
Similarly, one can get

[Gn(a11 + biz + co1 + waz) — Grai1) — Gp(bi2) — Gr(c21) — Gp(wa2)]i2 = 0,

[Gn(a11 + big + o1 + waz) — Gr(air) — Gp(bi2) — Gr(c21) — Gn(waz)]2e =0
This completes the proof. O
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Now we are ready to prove our main result of this section.

Proof of Theorem 3.1. For any a,b € R, we write a = a11 + a1 + a21 + a92
and b = by1 + b1o + ba1 + boo. Applying Lemmas 3.2-3.8, we have

Gn(a1 + aiz + az1 + azz + b1y + b1z + ba1 + ba2)

Grl(a1r +b11) + (a12 + b12) + (a21 + b21) + (@22 + b22)]

= Gplai1 + bi1) + Gplar2 + bi2) + Gr(a21 + b21) + Gr(aze + ba2)
Gn(a1) + Gn(bi1) + Gn(ai2) + Gy (bi2)

+Gn(az1) + Gp(b21) + Gplaz) + Gp(baz)

= Gplair + a1z + a21 + azz) + Gp(biy + bi2 + ba1 + ba2)

Gn(a) + Gp(b).

Hence we conclude that A = {G;};en is the family of additive mappings

G@‘ tR—>R.
In addition, if R is 2-torsion free, then for any a € R, we have

2G,(a?) = G, (2a®) = Gy (aa + aa) = 2 Z Gi(a)d;(a).

i+j=n
Therefore, A = {G;}ien is a generalized Jordan higher derivation. O

If the underlying ring is semiprime, applying Lemma 1.5 of [6] and using
the fact that every generalized Jordan higher derivation on a 2-torsion free
semiprime ring is a generalized higher derivation (see [15]), we have the
following corollary.

Corollary 3.9 Let R be a 2-torsion free semiprime ring containing a non-

trivial idempotent satisfying the following conditions for i, j, k € {1,2} :
(Sl) If Qi Ti5 = 0 for all Tij € Rij, then a; = 0;
(52) If Zjiaq; = 0 for all Tji € Rji, then ay; = 0.

If the family A = {Gp}nen of mappings G, : R — R such that Gy = Ig

satisfies

Gn(ab+ba) = > Gi(a)d;(b) + Gi(b)d;(a)
i+j=n

foralla,b € R and for eachn € N, then A = {G,, }nen is additive. Moreover,
A = {Gp}nen is a generalized higher derivation.
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