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Abstract Sharp arc length of the image curve of a given line segment joining the points

r" and —re” (0 <7 < 1, 0 < t < 27) under the Janowski starlike and convex functions
are derived. Further, length of image curve of the circle |z| = r < 1 under the Janowski
convex functions is also obtained. Several other results related to the arc length for many
classes associated with lemniscate of Bernoulli and exponential functions are also dis-
cussed. Relevant connections of our results with the earlier known results are also pointed
out.
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1 Introduction

Let H be the class of analytic functions defined in the unit disk D :=
{z :|z| < 1}. The subclass of H of functions normalized by the conditions
f(0) = 0 and f’(0) = 1 is denoted by A. The subclass of A of univalent
functions is denoted by S. An analytic function f is subordinate to another
analytic function g, written f < g, if there is an analytic function w with
|lw(z)] < |z| and w(0) = 0 such that f(z) = g(w(z)). If g is univalent,
then f < g if and only if f(0) = ¢(0) and f(D) < ¢(D). Among sev-
eral subclasses of S, the classes of starlike functions and convex functions
have attracted most because of their nice geometric properties. Analytically,
these classes are defined by 8* = {fe A: zf'(2)/f(z) < (1 +2)/(1 — 2)}
and K = {feA:1+z2f"(2)/f(2) < (1 +2)/(1 —2)}, respectively. These
classes were generalized by Janowski [5]. For —1 < B < A < 1, he intro-
duced the classes, known as the classes of the Janowski starlike and convex
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functions, as follows:

S*[A, B] ::S*<1+Az> 1+Az>.

1+ Bz 1+ Bz

Note that S*[1,—1] =: §* and K[1,—-1] =: K are the classes of starlike
functions and convex functions, respectively. More general form of these
classes were considered by Ma and Minda [7] as

§*(p) = {fe A @(Z)}

d K[A,B] := IC<

f(2)

and

"
Ko = {reasis TE <ol
f'(2)

where ¢ is an analytic function with ¢’(0) > 0,Re¢(z) > 0 (z € D) and
mapping D onto a domain starlike with respect to 1, which is symmetrical
about the real axis. The classes $*(¢) and K(p) are popularly known as
the Ma-Minda starlike and convex functions, respectively. A function f is
called close-to-convex if f € A satisfies e*io‘zf'(z)/g(z) <(1+2)/(1-2),
for some g € S* and some a € (—7/2, 7

Let C(r, f) denotes the image curve of |z| = r < 1 under the function
f € H which bound the area A(r, f). Let L(r, f) be the length of C(r, f)
and is given by

Lirf)= J ()]t (= = re).

Let M(r) := max{|f(z)|: |2] =r < 1}. In 1959, Keogh [6] proved that if
f € S*, then

L(r,f) =0 (M(r)log(1—=7)"") as r—1,

where O is Landau’s symbol. He concluded that if f is bounded, then
L(r, f) = O (log(1 — 7)) as r — 1. Further, he raised the question that
“whether in L(r, f) = O (log(l — 7’)’1), O could be replace by 0”7 Hay-
man [4], in 1961, answered this question negatively and established that
the result is best possible. Later, for close-to-convex functions, in 1965,
Pommerenke [13] has shown that L(r, f) = O (M(r) (log(3/(1 — r)))5/2)

as 7 — 1. For close-to-convex function, Thomas [17], in 1967, proved that
L(r,f) = O (M(r)log(1 —r)~') as r — 1. In the same paper he has also
shown that if a starlike function maps the disk |z| < r onto a domain hav-
ing finite area A, then L(r, f) < 84 (1 +log(1 —r%)~'). Further, in 1968,
Thomas [19] proved that if f € S*, then

TA(r) < L(r, f) < 24/7mA(7r) <1 + log 1 +:) . (1.1)
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In particular, L(r, f) ~ 24/7A(r) as r — 0. Thomas [18], in 1968, has shown
that if f is Bazilevi¢ function of order 8 and |f(z)| < 1, then L(r, f) =
O(log(1 — r)™1) as r — 1. He also proved many other results related to
length problem. Nunokawa [10] proved a stronger form of (1.1). He proved
that if zf'(z) € 8* (i.e. f is convex function), then

1/2
} as r — 1.

Nunokawa and Sokét [11] obtained a stronger form of the results proved
by Pommerenke [17] for Bazilevi¢ functions, strongly starlike functions and
close-to-convex functions. In 2016, Nunokawa and Sokdt [12] discussed arc
length problem for functions in the class S under certain conditions. For
some more results in this direction one can refer to [8,12,20,21].

Motivated by the works cited above, in Section 2, the sharp arc length
of the image curve of a given line segment under the Janowski starlike
and convex functions are derived. In Section 3, some auxiliary results are
established to discuss arc length problem for the class of Janowski convex
functions. Section 4 concludes this work with length problems for some
geometrically defined classes associated with lemniscate of Bernoulli and
exponential function. Also integral means for Ma-Minda starlike and convex
functions are discussed. Relevant connections of our results with the existing
results are also pointed out.

L) = 040 o

2 Arc Length: Image of a line segment

The length of the image of a radial segment z = se’? (0 < s < r < 1) under
an analytic function f is defined by (see, [3], p. 203)

1,7 f) = fo " 1f(s6)] ds.

For f € &, it is easy to see that the following sharp result holds for all
B e[0,2r] and r € (0,1):

" 1+s T

In this case too, the Koebe function acts as an extremal function. Since
the Koebe function is also an extremal function for the class of starlike
functions, it follows that the above estimate is also true for the class of
starlike functions. Similarly for the function f € KC, we have |f'(z)| < (1 —
r)~2. Therefore, for all f € K, 8 € [0,27] and r € (0, 1), we have

T 1 T

l(ﬁaraf)gf (1—8)2 ds = 1 =7

0
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With equality in case of the function f(z) = z/(1 — z) or one of its rotation.
In a similar way in case of the Janowski starlike and convex functions, for
all 8 €[0,2x] and r € (0,1), we have

1B gy < {TOF BT B 20
and
L@+ Br)YB —1],B#0,4 #0;
l(ﬁuraf)< %10( BT)? A:O;
x (e =1) B =0,

respectively. In case of the Janowski starlike functions the result is sharp
for the function hq defined by

tate) = {2 BB (2.)

)

whereas for Janowski convex functions the extremal function is given by

%[(l—i-Bz)B —1],B#0,A # 0;
ko(z) = %1 (1+Bz) A=0; (2.2)
Z[e 1], B =0.

For any analytic function f defined on D, let I(re®, f) be the length of
image curve of the line joining the points re and —re under the map f.
Then, we can write

(reit, f) = f ()] dp.
and let

I(r,f) = max l(reit,f) = max{fr |f'(peit)| dp:0<t< 271} .

ost<2m

Let T be a subclass of H and let 0 < r < 1. Then we shall write I[(r, T) < I(r)
if and only if for every function f € T, we have I(r, f) < I(r) and we say
that inequality is best possible if there exists some function in the class T
such that I(r, T) = I(r), see [16].

Ma and Minda [7] proved the following results:

Lemma 2.1 [7, Theorem 2, p. 162] Let f € S*(p) and
¢(r) = max {|p(re™)| : 0 <t < 27},

Let hy is a solution of the equation zhi,(2)/hy(2) = ¢(2). Then, for |z| =
r < 1, we have hy,(—r) < |f'(2)| < hi,(r). Equality holds for some z # 0 if
and only if fisa rotatwn of he.

94



Arc length for the Janowski classes 5

Lemma 2.2 [7, Theorem 1, p. 159] Let f € K(y). Let k, is a solution of
the differential equation 1 + 2k((2)/kl,(z) = p(2). Then, for |z| =r <1, we
have k‘gp(—r)’ < |f'(2)| < k,(r). Equality holds for some z # 0 if and only if
f is a rotation of k.

Note that under the condition of Lemma 2.1, we have
min {h),(z) : z = re,0 <t < 2r} = hi,(—r) < |f'(2)]
< hiy(r) = max{hzo(z) rz=re 0 <t <2}

Integrating both side of the above inequality under the limits from —r to r,
for function f € S*(¢), we have the following results:

Theorem 2.3 Let f € S*(p) and satisfies the conditions of Lemma 2.1.
Then

| Hcod<iesten < | mi o

The result is sharp since equality occurs in case of the function h, defined
i Lemma 2.1

Theorem 2.4 Let f € K(p) and satisfies the conditions of Lemma 2.2.
Then

| Ko do<iorey < [ Ko dp

—r —r
The result is sharp since equality occurs in case of the function k, defined
i Lemma 2.2

The following results give applications of Theorems 2.3 and 2.4 to the
classes of Janowski starlike and convex functions:

Corollary 2.5 For function f € S*[A, B], we have
4-1 _ 41 .
(. S*[A. B]) < rla+ it (- BrEt|, B o,
r [eA’” + e‘AT] , B =0.
The result is best possible, as equality holds in case of the function defined
in (2.1).

Remark 2.1 In particular, if we take A = 1 and B = —1, then for function
fe8*, we have

r 1 2r (1 +1?%)
< = .
L f) < (1—r)? * (I+7)2 (1—1r2)?
Therefore,
2r (1 2
l(r,S*)\ r( +7‘2)
(1=
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Equality in the result holds in case of the function f(z) = z/(1 — 2)?, since
f'(2) = (z+1)/(1 = 2) and

T 2T(1+T2)
2)dz = ———~.
7rf() 1 r2)

Since the extremal functions for the classes S* and S are the same, it follows
that arc length estimate for the classes S* and S are same.

Theorem 2.6 For function f € K[A, B], we have

%[(HBT)% _(1—37«)%],37&0,,4;&0;

L, K[A, B]) < § Llog (180 A=0;
% (EAT — efAT) , B =0.

The result is best possible, as equality holds in case of the function defined
in (2.2).

Remark 2.2 In particular, if we take A = 1 and B = —1, then, for function
f € K, we have

1 1 2r
< — = .
l(r’f)\l—r 1+r 1-—72
Therefore 9
,
[(r,K)< —.
. K) < o

The result is best possible as equality holds in case of the function f(z) =
(1 — 2)?, since for this function, we see that f’(2) = 1/(1 — 2) and

1
o, f(2)dz = 2r/(1—r?).

For a function ¢ with positive real part and some function g which is
starlike of order half, let ICs(¢) denotes the class of normalized analytic
functions f such that 22f'(2)/(g(2)g(—2)) < ¢(2). This class was introduced
by Wang et al. [22]. In 2011, Cho et al. [2], proved that if f € Ks(p) and
p(=r) = min{lp(z)| : [z| =r <1}, and ¢(r) = max {|e(2)]: |2| =r <1},
then o(—r)/(1 +1r?) < |f'(2)] < ¢(r)/(1 —r?). Thus, for this class we have

" p(=p) " plp)
Jr 1+ p? dp < 1(r ) < Jr 1-p?

Let p(z) = (1 + A2)/(1 + Bz), —1 < B < A < 1. Then ¢(-r) = (1 —
Ar)/(1 — Br) and ¢(r) = (1 + Ar)/(1 + Br). Therefore, we have

T 1—Ap " 1+ Ap
JT A B+ 2 P sind)s f A+ By —p2)

In particular, if A =1 and B = —1, then

2r

2tanh71(r) < Z(T, f) < m
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Arc length for the Janowski classes 7

3 Arc Length: Janowski convex functions

In this section, we first establish certain results related to the the class
P[A, B]. Then using the association of the functions in between the classes
P[A, B] and K[A, B], we derive arc length for functions in the class K[ A, B].
For further discussion, we recall the following result:

Lemma 3.1 (Parseval-Gutzmer Formula) [1] Let g(2) = ao + a1z +
a2 + azz® + --- is an analytic function in D, then, for z = re (0 < r <
1,0 <t < 2m), we have

1 21

21 Jo

[e0]
9P dt = Y Jaxf*r?*.
k=0

We owe the following result to Rogosiniki:
Lemma 3.2 [15] If f < g in D, then for all p >0
2m 21
[ 1@< [g@prd (e
0 0

Let p € P[A, B]. Then by definition of the class P[A, B] and properties
of subordination, we have

1+ Az 1+ Az
d < 3.1
§e) < g and [p(e)] < max | 2E. (3.1)
Further, we can write
1+ Az =
= Z ¢kzk7
1+ Bz =
where
1, k= 0;
O = {(—1)kBk1(B A k=1,2,3,.... (3.2)
In the view of Lemmas 3.1, 3.2 and Eqn. (3.1), for B # 0, we have
1 2” )2 s @G22k
— dt <
27 0 ‘ g
(B—A4) ¢
=1 B2 Z (Br)*
k=1
A2
B4 ! 1
B2 1—(Br)?
(B — A)? B?r?
=1 .
+ B2 1— B2r2 (3:3)
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Now using (3.3), we have
27
J f (2)|? dtdp < f Z Prp*dp

B—A) 1+ Br
=r+ ViE <log <1 — Br> - 2Br> . (3.4)

Further, if B = 0, then

1 27
— Ip(2)]* dt < 1+ A%?
2 0
and
2m T
J J (2)|? dtdp < J (14 A%p?)dp
0
A2T3
=r+ 3

In particular, if A =1 and B = —1, then from (3.4), we have

27 1
J J (2)|? dtdp < 210g( ”) — 3
1—7r

In the view of the above discussion and Lemma 3.1, we have the following
result:

Theorem 3.3 Let p e P[A, B]. Then

o (B_ay (B2 .
i |p(2)|2 dt< I+ (1*BZT2)7B7&0;
21 Jo 1 +A2 2’ B_o

and

JJ% D didp r+ Ot (log (1£52) —2Br) , B #0;
r+# B=0.

)

In particular, for p € P, we have

1 2 2 2k 1+37’2
ool ROl 1+42 = (3.5)

27
J J (2)? dtdp < 2log <1 i r) 3 (3.6)
T

and
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Remark 3.1 Inequality (3.5) was proved by Nunokawa and Sokét [Lemma
2.1, [11]], whereas Inequality (3.6) improves the result proved by Thomas
(see the proof of Theorem 2 in [17]). In fact, he proved that

27 1
J f (2)|? dtdp < 4 log < +T> .
T

The following theorem gives arc length for the function f € K[A, B].

Theorem 3.4 Let A(r, f) be the area bounded by the image curve of the
circle |z| = r < 1,7 # 0 under the function f € K[A, B]. Then

2 (M (7" + (3273‘2)2 (log (}fg;) — 237‘))) i , B #0;

2 (A (74 Aijs))m, B=0.

(3.7)

L(r, f) <

Proof. Let f € K[A, B]. Then by definition of arc length

L) = | " f (=)t

0

-[ J 2+ 2 (=) dtdp

Tl )

T 2T , 9 27 f” 1/2
< ( JO L 17(2)| dtdp) ( f f 1+ dtdp) (3.9)
We note that, for f(z) = Y5, axz® (a1 = 1), we have
r 27T 0
= () dtdp =7 Y. Klay,*r?*. 3.9
ni)= || elreP aa 3, Houfr (3.9)

Now

T 2T ) ;o
J J |fl(z)| dtdp < 27rf Z k2|ak|2r2(k*1)dp
o Jo 0 A
S 2 2k—1
:27;2k_1|ak| r

o0
< 2 2 Elag|?r?* L.
k=1
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Thus, in the view of ( , we have

JJ |f/(2)|? dtdp < f) (3.10)

Since f € K[A, B], setting p(z) = 1+ zf”(z)/f’(z) in Theorem 3.3, we have

(B—4)? r) _ .
JJ dtdp${27r(r+ 3233)7(1g(1+13> 2Br>>,§igj (3.11)

From (3.8), (3.10) and (3.11), we have the desired Inequality (3.7). o

zf”(z

Remark 3.2 As a consequence of above theorem, we derive that, for func-

tion fe K
/
L(r, f) <2 (WA(T’ /) <2log (1 * 7") — 3r))1 i
T 1—7r

or we can write

Lirf) = O { <A(7', £)log (1:»1/2} as 7o 1,

which is the same as proved by Nunokawa [9] (see also [10]).

4 Some more length problems

We now define the following classes:

/CCIZK<1+§Z]€> {feS 1+ f,”(z)<1+izk}.
=k f'(z) k
f

k=1

L <yt

IClzle(\/ilJrz):{feS:H

and

ICezle(ez)z{feS:1+ZJ‘£I;(Zz)) <62}.

We note that
1/2 & L
Vitz= d 1
+z = Z < ) an e? Z:: 7l
Let us denote the corresponding classes related with the quantity zf'/f by:

ok
S :=8* (1+ Z z) , S i=8"(V1+2) and §F :=S* (¢7).
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In the following theorems we let ,, Fy,, Li, (v) = Y5 (2% /k"), J,(x) and

Li, (z) = D5, (z*/k™) denote the hypergeometric, the polylogarithm, and
the modified Bessel functions of the first kind, respectively.

Theorem 4.1 Let A.(r, f), Ai(r, f), and Ac(r, f) be the area bounded by
the image curve of the circle |z| = r < 1, r # 0 under the function f in the
classes K¢, K; and K., respectively.

1. If f e K¢, then

1/2
L(r, f) <2 (M (rLiz (r®) + 4tanh ™" (r) + 2rlog (1 — r?) — 3r)> ‘

2. If f e Ky, then

3. If f e K¢, then

1 3 1/2
L(r, f) <2 (me(r, F)1Fy (2; 1, 2;T2>) .

Proof. (1) Let f € K.. Proceeding as in the proof of Theorem 3.4, we have

L@Jﬁ=Jjﬂaf@nm
(1 Zfl(f)\dfdﬂ

[ ["fre (14 |
< < L ' L %\ f'(z)|2dtdp> (J Fﬂ dtdp) (4.1)

Also note that . or
r) = f f |f'(z)|2 dtdp. (4.2)
o Jo

Using Lemma 3.1 and Lemma 3.2, for function g(z) = 1+ z2f"(2)/f'(z), we

have
27 Zf” 2k+1
< R .
J J dtdp 2 Zak <2k+1> (4.3)

where 09 = 1 and 0, = l/k,k =1,2,3,---. Thus, from (4.3), we have

27 Zf” ) 1 7,.2k+1

=27 (7" + rLis (r*) + 2r (log (1 — 7"2) —2) +4tanh™(r))
= 27 (rLis (1“2) +2rlog (1 - 7"2) +4tanh~*(r) — 3r), (4.4)

"(
1+ f

1+

1+
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where Lis (r?) = Y72, (r?*/k?). Now the results follows from (4.1), (4.2),
(4.3) and (4.4). Other parts of this theorem have similar proofs and therefore
we skip them here. o

Theorem 4.2 Let us assume that
Mc(r, f) = max {|f(2)| : f €S, |2]
My(r, f) = max {|f(2)| : f € S], |2]

<r <1},
<r<1}

and
Me(r, f) = max {|f(2)] : f €S, [2| <7 <1}.
1. If f € S¥, then

L(r, f) < 27 M(r, f) (1 + Liz (r2))*.

2. If f € S, then

1 1 1/2
2o f) < 20 ) (o (-3 -3i1) )

3. If fe S, then
L(r, f) < 20Me(r, f) (Jo(22))"/* .

Proof. (1) Let f € 8. Then

Now, we have

L) = | " ef ()t

0

27
_ j Ip(=) (=) dt

0

- (J |f<z>2dt)2 (j |p(z>|2dt)2 . (45)

Also note that, if we denote M.(r, f) = max,|<,<1 [f(2)], then

Jﬂvuwﬁgzmmwjf. (4.6)

0
Setting g(z) = p(z) and using Lemma 3.1 and Lemma 3.2, we have

27 0 1
L|WW&<%G+ZWW> (4.7)
k=1

Now the result follows from (4.5), (4.6) and (4.7). The rest parts of this
theorem have similar proofs and therefore we skip them here. o
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Now at the end of this manuscript, for function f either in the class IC(p)
or §*(p), we shall find the estimate for integral means

2T

I(r) = j )t and T(r) =j Fdt, >0,

0 0

respectively. These results will be applied to the classes C[A, B] or S*[A, B].
To discuss these results we need the following results due to Ma and Minda:

Lemma 4.3 [7, Theorem 1’] Let h, be a solution of the differential equation
zhi,(2)/ho(2) = p(2). If [ € S*(p), then 2f'(2)/f(2) < zhi,(2)/hy(2) and
1)/ < hy(2))

Lemma 4.4 [7, Theorem 1] Let k, be a solution of the differential equation

2k, (2)/ko(2) = p(2). If f € K(p), then 1 +2f"(2)/f'(2) < 1+ zk[(2)/k,(2)
and f'(z) < ky(2).

As a straight forward applications of Lemmas 3.2, 4.3 and 4.4, we have

Theorem 4.5 If f € S*(p) and hy, is a solution of the differential equation
zhi,(2)/he(2) = p(2), then, for p >0, we have

f ' |f(2)["dt < f ’ |hy(2)|Mdt.

0 0

Theorem 4.6 If f € K(p) and ky is a solution of the differential equation
L+ zk[(2)/k},(2) = (), then, for p >0, we have

2m 2
[Tirera < e
0 0

Let p(z) = (1 + Az)/(1 + Bz),—1 < B < A < 1. Then zh{,(2)/hy(2) =
(1+Az)/(1+Bz), gives hy, as defined in (2.1), and solution k, of the equation

f AP AR .

L+ 2kl (2)(2)/ki,(2) = (1 + A2) /(1 + Bz) is given by (2.2). Thus in view of
Theorem 4.5, if f € S*[A, B], then for z = re® (0 <r <1, 0 <t < 2m), we

have .
f2w| F()lt < { S 101+ Bre' HED g B £ 0, (18)
0 § " rte pAr cost gt B=0
and for f € K[A, B], Theorem 4.6 gives
J2W| '(2)|dt < Sg |1+Bre”| “dt B #0; (4.9)
0 §o erdreosta, B =0.

Both results are sharp. Further, since the functions h, and k, are univalent
and non-vanishing in 0 < |z| < r < 1, it follows that if f € S*[A, B],
then z/f(z) < z/hy(2), and if f € K[A, B], then 1/f'(z) < 1/k[,(2). Thus,

103



14

Nak Eun Cho, Virendra Kumar, V. Ravichandran

we conclude that Inequalities (4.8) and (4.9) are true for all real u. In
particular, if f € S*, then, for all real p,

27 27
f \f(z)|dtgj PH1 = peit| 20y
0

0

27 )
< J |1 — re'|21qt
0

27 )
= J |1+ re'| =2 dt. (4.10)
0

Note that Inequality (4.10) was proved by Robertson [Theorem 4.4, [14]] in
1936.
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