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Abstract In this paper, we study the existence of three solutions for second-order impul-
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1 Introduction

In this work, we are interested in ensuring the existence of at three classical
solutions for the following perturbed Hamiltonian system

—i(t) + A()u(t) = AVE(t, u(t)) + pVG(t, u(t))
+VH(u(t), ae tel0,T],

A(ii(t7)) = ij(uilts)), i
u(0) —u(T) = u(0) —u(T) =

F
1.2, N, j=12. .p (B

where N > 1,7 > 0, A > 0 and g > 0 are two parameter, A : [0, T] — RV*N
is a continuous map from the interval [0, 7] to the set of N x N symmetric
matrices, t;, j = 1,2,...,p, p > 2, are instants in which the impulses occur

and 0 = tg < 11 < ... <t <ty =T, A(ty)) = w(t]) — w(t;) =

1imt%tj+ wi(t) — lim, ;- 4i(t), Iij - R — R is a Lipschitz continuous with the
Lipschitz constant L;; > 0, i.e.,

Iij(s1) — Lij(s2)| < Lij|s1 — sa|
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for every si,s2 € R, and [;;(0) = 0 for i = 1,2,...,N, j = 1,2,...,p,
and F,G : [0,T] x RN — R are measurable with respect to ¢, for all u €

RM, continuously differentiable in u, for almost every ¢ € [0, T], satisfy the
following standard summability condition:

sup (max{|F(-,z)|, [VF(,2),|G(-2)], [VG(,2)}) € L'([0,T]) (1.1)

|z|<a

for any @ > 0, H : R — R is continuously differentiable such that VH is
Lipschitz continuous with the Lipschitz constant L > 0, i.e.,

‘VH((El) - VH((L‘Q)| S L|I1 — $2|

for every 1,22 € RN and VH(0,...,0) = 0.

Assume that VF, VG : [0, T] x RN — R are continuous, then the condition
(1.1) is satisfied.

As a special case of dynamical systems, Hamiltonian systems are very
important in the study of fluid mechanics, gas dynamics, nuclear physics,
relativistic mechanics. Due to its significance, in the last few years, the exis-
tence and multiplicity of periodic and homoclinic solutions for second-order
Hamiltonian systems have been studied extensively, we refer the interested
readers to [15,28,30,35]. Inspired by the monographs [29,31], the existence
and multiplicity of periodic solutions for Hamiltonian systems have been in-
vestigated in many papers (see [8-10,12-14,16,17,36,39] and the references
therein) via the variational methods.

On the other hand, the theory of impulsive differential equations is emerg-
ing as an important area of investigation since it is a lot richer than the corre-
sponding theory of non-impulsive differential equations. Many evolutionary
processes in nature are characterized by the fact that at certain moments
in time an abrupt change of state is experienced. That is the reason for
the rapid development of the theory of impulsive differential equations, for
some recent work, we refer the reader to [1,2,23,27,32] and the references
therein. We refer also to the papers [6,7,18,22,37,38] in which using crit-
ical point theory, the existence and multiplicity of solutions of impulsive
problems were discussed.

Recently, problems of second-order impulsive Hamiltonian systems have
been studied by a number of authors. For the background, theory and ap-
plications of impulsive differential equations, we refer the interest readers to
[11,33,34,40] and the references therein. For example, Zhou and Li in [40] by
means of some critical point theorems, established some sufficient conditions
for the existence of solutions for the second-order Hamiltonian systems with
impulsive effects. Sun et al. in [33] based on variational methods, studied the
existence of infinitely many solutions for a class of second-order impulsive
Hamiltonian systems. Chen and He in [11] by using a variational method
and some critical points theorems of Ricceri, studied the existence of three
solutions for second-order impulsive Hamiltonian systems. In [19], based on
variational methods and critical point theory, we studied the existence of
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Perturbed second-order impulsive Hamiltonian system 3

infinitely many periodic classical solutions for the problem (PAF ), while in
[21], using variational methods and critical point theory, we investigated the
existence of nontrivial periodic solutions for the problem (P{"), in the case
u = 0. Also in [20], based on variational methods, the existence of three
distinct periodic solutions for the system (P{") was discussed.

In the present paper, motivated by the above facts, using a three critical
points theorem due to Bonanno and Candito [4] which we recall in Section 2
(Theorem 2.1) we obtain the existence of at least three classical solutions for
the system (P{") (see Theorem 3.1). In particular, we require that there is a
growth of F' which is greater than quadratic in a suitable interval (see, for
instance, condition (As) of Theorem 3.2), and which is less than quadratic
in a following suitable interval (see, for instance, condition (As) of Theorem
3.2). We present Example 3.1 in which the hypotheses of Theorem 3.2 are
fulfilled. Finally, as a special case of Theorem 3.2, we obtain Theorem 3.3
when p = 0.

This paper is organized as follows. In Section 2, we recall some basic
definitions and our main tool, while Section 3 is devoted to our abstract
results.

2 Preliminaries

Our main tool to ensure the existence of three solutions for the system (P{")
is the following three critical point theorem due to Bonanno and Candito.
Let X be a nonempty set and ®,¥ : X — R be two functions. For all
r, 1, ro > infx @, ro > 1y, r3 > 0, we define

(SUPyed-1(j—o0,rp P (u) — ¥(u)

r) = inf ,
elr) ued=1(]—oo,r)) r—@(u)
_ U(v) —¥(u)
B(ri,re) = inf sup —_—
( ! 2) u€P—1(]—oo,r1]) veD—1([r1,72]) @(’U) — @(U)

su 1 U(u
Y(ro,r3) == Puee1( Z’T2+TB[) ( ),

a(ry,re,r3) = max{p(r1), p(rs),v(re,r3)}.

Theorem 2.1 [}, Theorem 8.3] Let X be a reflexive real Banach space,
@ : X — R be a convex, coercive and continuously Gateaux differentiable
functional whose Gateaux derivative admits a continuous inverse on X*, ¥ :
X — R be a continuously Gateauz differentiable functional whose Gateaux
derivative is compact, such that

(a1) infx @ =&(0) =¥ (0) = 0;
(a2) for every uy,us € X such that W(uy) >0 and W(uz) > 0, one has

inf ¥(su; + (1 —s)uz) > 0.
s€[0,1]
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Assume that there are three positive constants ri,rq,r3 with r1 < ra, such
that

(a3) ¢(r1) < B(r1,72);
(as) @(r2) < B(r1,72);
(as) y(ra,r3) < B(r1,r2).

Then, for each \ €] L [ the functional @ — NV admits three

B(ri,ra)’ a(rira,rs)
distinct critical points uy,us, uz such that

u; € @_1(] —00,71[), ug € @_1([7“1,7‘2[) and us € ¢_1(] — 00,79 + 13[).

We refer the interested reader to the papers [5,24-26] in which Theorem
2.1 has been successfully employed to obtain the existence of at least three
solutions for some boundary value problems.

We assume that A satisfies the following conditions:

(A1) A(t) = (am(t)), k=1,...,N, 1l =1,...,N is a symmetric matrix
with ag; € L°[0,T] for any ¢ € [0,T];

(A2) There exists £ > 0 such that (A(t)z,z) > k|z|? for any x € RN and
a.e. t €[0,T].

Let us recall some basic concepts. Denote

E = {u : [0, 7] — RY| u is absolutely continuous,

w(0) = u(T), i€ LQ([O,T],RN)}

with the inner product

T
< uv = /0 [(a(t), 9(8)) + (u(t), v(t))]dt

where (-,-) denotes the inner product in RY. The corresponding norm is
defined by

T
nwE—A<mwF+muwwuvueE

For every u,v € F, we define

T
<um>=é[w@m@qu@wmwmuu

and we observe that, by assumptions (Al) and (A2), it defines an inner
product in E. Then E is a separable and reflexive Banach space with the
norm

[l :<u,u>% , Yuek.

Obviously, E is a uniformly convex Banach space.
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Perturbed second-order impulsive Hamiltonian system 5

A simple computation shows that

N N
(At)z,2) = Y an®ara < llawlloolzl?
kl=1 kl=1

for every t € [0,T] and = € R", and this along with Assumption (A2) yields
vmllullp < [lull < VM|lullg (2.1)

where m = min{l,x} and M = maX{LZkNJ:1 llaki|loo }, which means the
norm || - || is equivalent to the norm || - || g.

Since (E, || - ||) is compactly embedded in C([0,T], RY) (see [29]), there
exists a positive constant ¢ such that

[ufloo < el uf], (2.2)

where [|ul|oo = maxycpo ) | u(t) | and ¢ = \/%max{ﬁ, VT (see [11]).

If u € E, then u is absolutely continuous and @ € L?([0,7], RY). In
this case, Au(t) = u(tt) — w(t~) = 0 is not necessarily valid for every
t € (0,T), and the derivative @ may possess some discontinuities that lead
to the impulsive effects.

A function u € {u € E: u € (WH2(¢j,t;41))N, 5 =0,1,2,...,p} is said
to be a classical solution of the system (Pf") if u satisfies (P{).

We mean by a (weak) solution of the system (P{), any u € E such that

T
/0 [(ib(t), (1) + (Au(t), v(t)) = (VH (u(t)), v(t)) |dt
N p

J

T
Lij (ui(ty))vi(t;) —A/O (VE(, u(t), v(t))dt

1i=1

T
i [ (VG u(t) o(®)de =0
0
for every v € E.
Lemma 2.2 [19, Lemma 2.2] If u € E is a weak solution of (P{), then u
is a classical solution of (Pf).

We suppose that
p N

K:=cQLT+) Y Lj) <L

j=1i=1

Moreover, set GV := max G(t,z)dt, for every # > 0 and G, =
[0,1] lzI<0

inf(o 7)x [0~ G, for every n > 0 where [0,7)Y = [0,7] x --- x [0,7]. If G
is sign-changing, then G? > 0 and G, <0.
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3 Main results
Put

T —t,)?
tlt?, 3t127

T—tp 1 5 3
Y_F%(T —tp)>0.

(t2+tpT+T2) + (t, —t1) +
We fix four positive constants 61, 6, 03 and 7, put

T
(1-K)0? — 2)\02/ sup F'(t,z)dt
0

. 1 . t]1<64
0 = mln{wmln{ o iE ) (3.1)
T
(1-K)03 — 2)\02/ sup F(t,z)dt
0 [t]<6e
G- ’
T
(1—K) (692 —62) - 2)\02/ sup F'(t,z)dt
0 <65
o J
ty T
$(1+ K)DMn* = X( [ F(t,ne)dt — / sup F(t,z)dt)
t1 0 [t|<6:
G, — GO }

where € = (1,0,---,0) € RV,

Theorem 3.1 Let F: [0,7] x RN — R be a non-negative function. Assume
that there exist positive constants 61, 02, 03 and n with

b 0K
cvDm K c/DM(1+ K)

and 05 < 03 such that
(A1)

T T T

max F'(t,£)dt max F(t,&)dt max F'(t,&)dt
X{ 0 €<6: (t:€) 0 €<02 (t,¢) 0 l€1<0s (t.€) }

02 ’ 03 ! 07 42

T

tP
F(t,ne)dt — max F'(t,€)dt
1-K /tl (t.7¢) EE (t:¢)

2 (1 + K) DM Uk
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Then, for every

A € ( tp (1+[(2)D]\f:772 ’ 12_62I( mln{ T 0% )
/t1 F(t,ne)dt — ; él\lg;{l F(¢,&)dt ; lglggcl F(t,&)dt
03 03 — 62
T VT
o BTSN [ g O

and for every non-negative function G : [0, T]x RN — R which is measurable
with respect to t, for all w € RN, continuously differentiable in u, for almost
every t € [0,T], satisfying (1.1), there exists &, > 0 given by (3.1) such
that, for each p € [0,61), the system (Pf') possesses at least three classical
leutions ul = (ul, ... ul), u? = (ui,...,u%), and u? = (ul,...,u}) such
that

1 2 3
tgg};] lu™(t)| < 61, trer[%%(] lu®(t)| < 02 and trer[lguT(} |u®(t)] < Os.

)

Proof. Our aim is to apply Theorem 2.1 to our problem. Fix A, g and p as
in the conclusion. Take X = F and introduce the functionals ®, ¥ : X — R
defined by

1, 19 PN puity) T
o) = Jul] +ZZ/ Iij(s)dsf/ H(u(t))dt
2 j=1i=1"0 0
and

T
U(u) = /O [t u(t)) + 5Glt, u(t) Lt

for every u € X. The functionals @ and ¥ satisfy the regularity assumptions
of Theorem 2.1. Indeed, it is well known that ¥ is a Gateaux differentiable
functional whose Gateaux derivative at the point v € X is the functional
U'(u) € X*, given by

T
7 () = /0 (VEu(t) + 596 u(t), o(0))

for every v € X, and ¥’ : X — X* is a compact operator. Moreover, & is
a Gateaux differentiable functional whose Gateaux derivative at the point
u € X is the functional &'(u) € X*, given by

T
@ (u)y = / [(@t), 5(8)) + (A@u(t), v(®) = (TH(u(t)), v(t))|dt
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p N
)0 Li(uilty))vi(ty)
j=1i=1
for every v € X, while [20, Proposition 2.4] gives that @' admits a continuous
inverse on X*. Furthermore, @ is sequentially weakly lower semicontinuous.
Indeed, let u, € X with u, — u weakly in X, we have liminf,, o ||un| >
||| and w, — w uniformly on [0, T]. Hence, since H is continuous, one has

tim i (5 + ZZ/

7j=11i=1

1 9 wi(t;)
§||'LLH +ZZ/ ’Lj dS*/ H
J=11i=1

that is liminf,,— 4o @(up,) > D(u), which means @ is sequentially weakly
lower semicontinuous. From |VH(z1) — VH(z2)| < L|z; — x4 for every
71,79 € RN and the fact H(0,...,0) = 0, we have |H(&)| < LI£|? for all
¢ € RN. This in conjunction with the fact —L;;|s|? < I;;(s)s < L;;|s|? for
every s € Rforalli=1,2,...,N, j=1,2,...,p, taking (2.2) into account,
for u € X yields

Uni(t;)

I,y (s)ds — /0 ' H (1))t

S (1= K)llul < @(u) < (14 K Jul (32
Put 7y = 5(1— K)(%)%r =%(1 )(C), 5= 11— K)(55%) and
(T + 2L, t e [0,t1)
w(t) = < ne, t € [t,tp)],
Z—:t, te(ty,T).

It is easy to see that w € X and, it is clear that w € E, and ||w||% = Dn?.
Hence, taking (2.1) into account, one has

Dmn? < ||lw||* < DMn>.
Form (3.2), we have

%(1 — K)Dmn? < &(w) < 5(14 K)DMn®

N —

y : L 0, i
and this together with the conditions ; < 65 and T << Tk

ensure that r3 > 0 and r; < #(w) < r9. Recalling (2.2), from the inequality
(3.2) we see that for each u € X,

& H—o0,r1) ={u € X; &(u) <r}

1
c {uexi Ju- Kl <
C{ue X; |u(t)] <6y for each t € [0,T]},
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9

and it follows that

T
sup  W(u)=  sup / [F(t,u(t) + EG(t, ult)))dt
ueP—1(—o0,r1) uweEP—1(—o0,r1) JO A
T
g/ sup F(t,€)dz + LGo.
0 l€<6 A

In a similar way, we have

T
sup U(u) < / sup F(t,€)dx + %GQQ
0

u€d—1(—oo,r2) €]<62
and
T 7
sup U(u) < / sup F(t,&)dx + ~G%.
ueP—1(—o0,r3+r2) 0 |&|<063 A

Therefore, since 0 € &~ 1(—o0,r1) and &(0) = ¥(0) = 0, one has
(Supuetﬁ—l(—oo,rl) W(U)) - !17(u)

o(r) = inf

ueP—1(—o0,r1) S @(u)
< SUPyed—1(—oc0,r1) Lp(u)
™1
T K ~o,
sup F(t,8)dx + =G
UHED A

TemEr

c

T
sup  W(u) / sup F(t,€)dz + LGP
wEP—1(—o0,rz) 0 [¢<62 A

90(7“2) < To = %(1 - K)(92)2

c

and

T
sup  ¥(u) / mﬂW@M+%ﬁ
) 0

u€P~1(—oo,ra+rs £1<03
rY(T27 7'3) S r — 1 0270%
3 (1 - K)(=z2)
For each u € ®~!(—o00,71) one has
e r % 0,
F(t,ne)dt — |I§I|13;< F(t,&)dt + X(Gn - G™)
> t1 0 U1
o) = B(w) — #(u)

t

T
P ‘U/ 9
F(t,ne)dt — max F(t,&)dt + = (G, — G*
(t,me) /0 max (t,€) A( n )

5(1+ K)DMn?

> 24
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Due to (A1) we get
a(ry,r2,13) < B(ry,r2).

Finally, we verify that ¢ — AW satisfies the assumption (ag) of Theorem
2.1. Let u* = (u},...,uy) and v** = (u}*,...,u)) be two local minima
for & — A\W. Then u* and u** are critical points for @ — AW, and so, they
are weak solutions for the system (P["). Since F' and G are non-negative,
F(t, su*+ (1 —s)u™) > 0 and G(t, su* + (1 — s)u™) > 0, and consequently,
U(su* + (1 —s)u**) > 0 for all s € [0,1]. Hence, Theorem 2.1 implies that
for every

(1+K)DM 2 5
— 5 1 1-K . 07
Me ( . : { ,
/tp F(t,ne)dt " e F(t Y e F(t,€)dt
,me)dt — max F(t, max F(t,
11 0 ‘g‘gel 0 |£‘§91
03 02 — 62
T P T
max F'(t,€)dt max F'(t,€)dt
~/0 |€1<02 (t,6) 0 l€l<0s 4.8
and p € [0, 01), the functional I has three critical points u' = (ul,..., u}),
u? = (uf,...,ud), and u® = (u},...,u}) such that P(u') < ri, P(u?) < ro

and @(u3) < ro + r3, that is,

max |u'(t)] < 61, max |u*(t)| < 6y and max |u®(t)| < 03.
te[0,7] te[0,T] te[0,77

Then, taking into account the fact that the solutions of the system (P{") are
exactly critical points of the functional Iy we have the desired conclusion.
O

For positive constants 61, 64 and 7, set

T
(1-K)0? — 2)\02/ sup F'(t,z)dt
0

. . |t|<6
J2 1= min {202 min { oo - , (3.3)
T
(1-K)03 — 4)\02/ sup F(t,z)dt
0 <A
26V ’
T
(1-K)§? — 4/\02/ sup F(t,z)dt
0 [t|<64 }
2G04 ’
t T
L1+ K)DM2— ([ F(t,ne)dt - / sup F(t,z)dr)
t 0 [t<6:
G, — o !
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where ¢ is as in (3.1). Now, we deduce the following straightforward conse-
quence of Theorem 3.1.

Theorem 3.2 Let F: [0,T] x RN — R be a non-negative function. Assume
that there exist positive constants 61, 04 and n with 81 < min{n, v Dmen}

and \/%cn < 04 such that

(A2)
T T
max F'(t,&)dt 2 max F'(t,&)dt
- 0 |€1<0: ( 5) 0 [€1<04 ( 5)
02 ’ 02
tp
F(t dt
< 1— K /t 1 (t,ne)
1-K+e(1+K)pm 7
Then, for every
1-K+c?>(14+4K)DM o 2
— o2 " 1-K 01
)\ c Al/ — ( 7 s 202 mln{ T ;
/ F(t,ne)dt max F(¢,£)dt
11 0 |£|§91
03
T
2 max F(t,&)dt
0 1€1<0s (t:¢)

and for every non-negative function G : [0, T]x RN — R which is measurable
with respect to t, for allu € RN, continuously differentiable in u, for almost
every t € [0,T), satisfying (1.1), there exists 3 > 0 given by (3.3) such
that, for each p € [0,02), the system (PL) possesses at least three classical

solutions u' = (ul,...,ul), u* = (ui,...,u%), and u® = (uf,... u}) such
that
1
1 2 3
t 0 t —0 d t 0y.
max [u”(t)] < 64, max lu™(t)| < Vo tg%gt’%\u (t)] < 04
Proof. Choose 65 = %04 and 63 = 4. So, from (As) one has
T T T
max F(t,&)dt 2 max F(t,§)dt 9 max F(t,&)dt
0 [€<6; _J0 =5 U
03 - 0 N 03
tP
F(t dt
1 _ K tl ( 7"75)
< - (3.4)
1-K+e(1+K)pM 1
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and

T T

max F(t,§)dt 2 max F(t,&)dt
0 €1<6s (t,6) _ _Jo [€<bs (t:¢)

62 — 62 62

tp
F(t dt
e | Fene)
< 5 . (3.5)
1-K+e(1+K)pM 1

Moreover, taking into account that 67 < n, by using (A43) we have

t, T
. /t R [ ma P g
c2(1 + K) DM Uk
tp
1K /t1 F(t,ne)dt
02<1 n K) DM n?
T
l1-K 0 \Iél\?(i F(t,€)dt
_02(1 + K) DM 07
tp
1K /t1 F(t,ne)dt
2 (1 + K) DM ( Uk
tp
1-K 3 F(t,ne)dt
_17K+02(1+K>DM Uk
tP
- - K ; F(t,ne)dt
_1—K+02(1+K)DM "

Hence, from (As), (3.4) and (3.5), it is easy to see that the assumption (A;)
of Theorem 3.1 is satisfied, and it follows the conclusion. 0O

We now present the following example to illustrate Theorem 3.2.
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FEzample 3.1 Consider the following system

—i(t) + A(t)u(t) = AVF(t,u(t)) + uVG(t,u(t))
+VH(u(t)), ae. tel0,3],

A(i(ty)) = Tij(ua(ty)), i1=1,2, 7=1,2,
w(0) —u(3) =u(0) —u(3)=0

(3.6)

where A(t) is a second-order identity matrix, H(z1,x2) = g7 sin(z1 + @2)
fordall 1,22 € Rty =1, =2, 1;;(§) = ﬁsin(ﬁ) forallé e R,i=35=1,2
an
(22 +22)* if 22 + 22 < 1,

L if 22 + 22 > 1.

F(z1,22) = {

By simple calculations, we obtain m = 1, M = 2, ¢ = /6, D = % and
K =6 (1120\?4-%). Taking 6; = 107%, 6, = 10?> and n = 1, then all
conditions in Theorem 3.2 are satisfied. Therefore, it follows that for each
N e (1—K+56(1+K) (1—K)1O4>
12 ’ 72
for every non-negative continuously differentiable function G : R?> — R

there exists 6} ; > 0 such that, for each p € [0,05 5[, the system (3.6)

possesses at least three classical solutions u! = (ui,ud), u? = (u?,u3), and

u? = (u3,u3) such that

2 2
g U

1
1 4 2 2 3 2
t 10 t 10 d t 10=.
tm[(zg] lu*(t)] < , tm[g%] lu”(t)| < NG an trrl[g?g] |u®(t)] <

Following the idea in [3, Corollary 3.1] we present the below result as a
consequence of Theorem 3.2 for the system (P{) when u = 0.
Theorem 3.3 Let F: [0,T] x RN — R be a continuous function such that

361‘, ng(t,fl,...,fi,...,fN)fi >O, = 1,...,N
and
F(t,&,...,0,...,6n) >0
for all (t,&1,...,én) €[0,T) x RN. Assume that

() i FGO o PO

im =
0t S fGR et T [
Then, for every A > \ where
1-K+c2(1+K)DM 2 —n)?
+e(1+K) max{inf " , inf (=m) ,
2¢2 t by

>0 P <0
! F(t,ne)dt F(t,ne)dt
t1 tl

X:

the system (P/{p ), in the case p = 0 possesses at least four distinct non-trivial
classical solutions.
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Proof. Set
JF(t,xy,...,xN),if (t,21,...,2N5) € [0,T] x [0, 4+00)
Ryt ) = {0, otherwise,
and
S F(t,—z1,...,—xN),if (t,21,...,25) € [0,T] x [0, +00)V
Fy(t,z) = {0, otherwise.
Fix A > A*, and let > 0 such that
1-K+c#(1+K)DM n?
A> .
2¢2 tr
Fl(t,nﬁ)dt
t1

Fr
. ALY _ . RO

im
£-0% Zz 1§ Eotee sz\; &
there is #; > 0 such that 6; < v Dmen and

F t
/ﬁ%l Lt

)

2)c?

and there is ;4 > 0 such that %cn < 04 and

T

o maxBGOd g

6 S D
Then, (Az) in Theorem 3.2 is fulfilled,
/\EAN:(W?WW2’12_§Kmm{ _ h ’
; Fi(t,me)dt | ax Fi(t,§)dt
21
T
’ 0 \Ig\l?éi Fi(t,€)dt

Hence, the system (pf 1), in the case p = 0 admits two solutions u' =

(ui,...,uk), u? = (uf,...,u%), which are positive solutions of the system
PP, in the case u = 0. Next, by similar arguments, from
by K y g

Bl _ . B _

lim N
£—0F Zr £ Eotoo Y &7

)
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we ensure the existence of two solutions u® = (u?, ..., u%), u* = (uf,...,u})
for the problem (Py?), in the case y = 0. Clearly, —u® = (—u$,..., —u%),
—ut = (—uf,..., —u}) are solutions of the system (P{), in the case u =0

and the conclusion is achieved. 0O

Remark 3.1 We explicitly observe that in Theorem 3.3 no symmetric con-
dition on F' is assumed. However, whenever F' is an even continuous non-
zero function such that F(¢,z1,...,xyx) > 0 for all (¢,z1,...,zx) € [0,T] x
[0, +00)™, (A3) can be replaced by
F(t F
(A tim L0 oy, F@O

1im N72 = 11m N72 = O7
07 Y & e &
ensuring the existence of at least four distinct non-trivial solutions classical
the system (P{), in the case u = 0 for every A > \* where

1-K+c(1+K)DM n?

2¢2 tp ’
/ Pt ne)dt

t1

A*
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