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Abstract In this paper, we study &2 Z-pseudo-slant warped product submanifold of a nearly para-
cosymplectic manifold M. The necessary and sufficient condition is obtained for the distributions al-
lied to the characterization of a 22%-pseudo-slant submanifold being integrable and totally geodesic

foliation. In addition, we have defined &?Z%-pseudo-slant warped product submanifold of M and gave

some illustrations. Finally, we extracted the constraints for a submanifold of Mtobea P R-pseudo-
slant warped product of the form F X ¢ Ny .
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1 Introduction

The warped product submanifolds of a pseudo-Riemannian manifold served as a
fruitful platform in exploring, identifying and to solving problems in mathematical
physics, especially in different models of spacetime, black holes, Ricci flow and
Hamiltonian spaces (c.f. [1,8,13,17,23]). In [20], Bishop and O’Neill initiated the
theory of warped product submanifold as a generalization of pseudo-Riemannian
product manifolds. The study has attained momentum when Chen [9] introduced
the geometric depiction of warped product CR-submanifolds in Kahlerian mani-
fold N through differential point of view and proved the non-existence of proper
warped product CR-submanifolds in the form N, x ¢N7 such that N7 is a holo-

morphic submanifold and N, is a totally real submanifold of N.

Apart from warped product submanifolds, there is a major generalization of both
holomorphic and totally real submanifolds, called slant submanifolds. Chen began
the concept of slant submanifolds in complex geometry [10]. Later on, slant and
semi-slant submanifolds in contact Riemannian geometry are studied by Lotta and
Cabrerizo, respectively [6,7,19]. Since then several geometers have contributed
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many important characterization to the geometry of warped product slant subman-
ifolds in an almost contact, complex and lorentzian manifolds (c.f., [12,24,25]).
This geometric setting may not found suitable in mathematical physics particu-
larly, in the theory of space time and black holes, where the metric is not neces-
sarily positive definite. Thus, the geometry of warped product slant submanifolds
with indefinite metric became a topic of investigation. Recently, Chen-Munteanu,
brought our attention to the geometry of #Z%-warped products in para-Kihler
manifolds [11]. Motivated by the work of [11], the authors have studied &%-
warped product in paracontact manifold which can be viewed as the counterpart
of para-Kéhler manifold [22].

This paper is organized as follows. In Sect. 2, the basic informations about al-
most paracontact metric manifolds, nearly paracosymplectic manifold and slant
submanifold are given. Sect. 3 concerned with % -pseudo-slant submanifold of
anearly paracosymplectic manifold M. The integrability and totally geodesic folia-
tion conditions for the distributions involved with the definition are drawn. In Sect.
4, we define &2 Z-pseudo-slant warped product submanifold M and investigate the
existence and nonexistence results for such submanifolds of M. Further, we give
some examples of a &% -pseudo-slant submanifold of the form F x ¢ N, , where F
is anti-invariant and N, is proper slant submanifold of a nearly paracosymplectic
manifold M. Finally, we derive the necessary and sufficient condition for a sub-

manifold of M to be a P Z-pseudo-slant warped product and product of the form
F x f N?L .

2 Preliminaries
2.1 Almost paracontact metric manifolds

A (2n+ 1)-dimensional smooth manifold M is said to have an almost paracontact

structure (@, &, 1), if there exist on M a tensor field @ of type (1,1), a vector field
&, and a 1-form 1 satisfying

p*=I1d-n®&, nE)=1 2.1)

where Id is the identity transformation and the tensor field ¢ induces an almost
paracomplex structure on the distribution D = ker(n), that the eigen distributions
D* corresponding to the eigenvalues +1 have equal dimensions 7. From the equa-
tion (2.1), it can be easily deduced that

=0, Noe=0 and rank(@)="2n. (2.2)

If the manifold M has an almost paracontact structure (@, &,7) and admits a non-
degenerate pseudo-Riemannian metric g on M such that

g(X,Y) = —g(oX,0Y)+n(X)n(Y), (2.3)
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where signature of g is necessarily (n+ 1, n) for any vector fields X and Y; then
the quadruple (¢, &,n,g) is called an almost paracontact metric structure and the
manifold M equipped with paracontact metric structure is called an almost para-
contact metric manifold [21,26]. With respect to g, 1 is metrically dual to &, that
is

8(X, ) =n(X). 24
With the consequences of Egs. (2.1), (2.2) and (2.3) we deduce

for any X,Y € ['(TM). Here I'(TM) is the tangent bundle of M. Finally, the fun-
damental 2-form & on M is given by

g(X,9Y) = (X,Y). (2.6)
Forany X,Y € I' (TIVI ), the covariant derivative of tensor field ¢ is defined as
(Vx@)Y = Vx@Y — @VyY, 2.7

where V is Levi-Civita connection on M.

Definition 2.1 Forall X,Y € I' (TZ\7I ) an almost paracontact metric manifold
M(p,&,m,8) is called [14, 15, 18].

e nearly para Sasakian if
(VX@)Y +(Vy@)X =25(X,Y)& + ((X)Y +n(¥)X).

e paracosymplectic if the forms N and ® are parallel with respect to the Levi-
Civita connection V on M, i.e.,

V=0 and V& =0.
e nearly paracosymplectic if ¢ is Killing, i.e.,
(Vx@)Y + (Vy @)X =0 2.8)
or equivalently,
(Vx@)X = 0. (2.9)

Following Blair [4,5] we can write:

Proposition 2.2 On a nearly paracosymplectic manifold the vector field & is
Killing.
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2.2 Geometry of slant submanifolds

Let M be a submanifold immersed in a (2n + 1)-dimensional almost paracontact
manifold M; we denote by the same symbol g the induced non-degenerate metric

on M. If I'(TM) denotes the tangent bundle of submanifold M and I"(TM*) the
set of vector fields normal to M then Gauss and Weingarten formulas are given by
respectively
VxY = VyxY +h(X,Y), (2.10)
Vx{ = —AX +ViC. (2.11)
forany X,Y € I'(TM) and { € ['(TM™"), where V is the induced connection, V- is

the normal connection on the normal bundle I (T M), h is the second fundamental
form, and the shape operator A, associated with the normal section ¢ is given by

g(AX,Y) =g (h(X,Y),0). (2.12)
If we write, for all X € I'(TM) and { € I'(TM) that

OX =1tX +nX, (2.13)
ol =1'C+n'C, (2.14)

where tX (resp., nX) is tangential (resp., normal) part of @X and ¢'{ (resp., n'{)
is tangential (resp., normal) part of @{. Then the submanifold M is said to be
invariant if n is identically zero and anti-invariant if t is identically zero. From
Egs. (2.5) and (2.13), we obtain that

g(X,tY) = —g(tX,Y). (2.15)

The mean curvature vector H of M is given by H = %trace h. A submanifold M is
said to be [11]

e fotally geodesic if its second fundamental form vanishes identically.

e umbilical in the direction of a normal vector field { on M, if A = old, for
certain function 6 on M, here such ¢ is called a umbilical section.

o fotally umbilical if M is umbilical with respect to every (local) normal vector
field.

Let JxY be the tangential and .#xY be the normal part of (%X @)Y then
(Vx@)Y = FY + MY, VX,Y € [ (TM). (2.16)
For later use we can verify the property of 7, given by

g(FxY.N) = —g(Y, FxN), 2.17)
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VX,Y,N € I'(TM). On a submanifold M of a nearly parcosymplectic manifold, by
Egs. (2.8) and (2.16), we have

IKxY + KX =0, (2.18)
NxY + M X =0, (2.19)

forany X,Y e I'(TM).
Following the notion of slant submanifold in [2,7], we give the following defini-
tion:

Definition 2.3 Let M be an isometrically immersed submanifold of an almost pa-
racontact manifold M(@,&,1,g) and ), be the non-degenerate distribution on

M. Then D), is said to be slant distribution of M if there exists a constant AL > 0
such that

2=2(1d—n©E), giX.Y)=—g(X,1¥)

for arny nonzero vectors X,Y € ®, at p € M and not proportional to &,. Here, A
is a slant coefficient of M.

Remark 2.1 Itis important to note that the invariant and anti-invariant immersions
with slant coefficient A = 1 and A = 0 respectively. A slant immersion which is
neither invariant nor anti-invariant is called a proper slant immersion.

3 P % -pseudo-slant submanifolds

In this section, we define % -pseudo-slant submanifolds of an almost paracon-
tact pseudo-Riemannain metric manifold and derive characterization results for the
same.

Definition 3.1 Let M be an isometrically immersed submanifold of an almost pa-
racontact metric manifold M (¢,&,m,8) such that the characteristic vector field
E eI'(TM). Then M is said to be a P ZR-pseudo-slant submanifold if it is fur-
nished with a pair of non-degenerate orthogonal distribution (9,9, ) satisfies
the following conditions:

(i) TM=D'39;0 <& >,
(ii) the distribution ©* is anti-invariant under @, i.e., 9(®*) C I'(TM)* and
(iii) the distribution © is slant distribution with slant coefficient A.

We say that a P R-pseudo-slant submanifold is proper if D+ # {0}, ®; # {0}
and A #0,1. A P R-pseudo-slant submanifold is said to be mixed totally geodesic
ifh(X,Z)=0forallX c'(D;)and Zc T'(D+ @ < & >).

Now, we can give the following important corollary as a straight forward conse-
quence of the definition of slant submanifold of an almost paracontact manifold:
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Proposition 3.2 Let M be a slant submanifold of an almost paracontact metric
manifold M(¢,&,1n,g) with & € I'(TM). Then

g(l‘X,tY):)yg((pX,(pY), 3.1
forany XY € I'(D,).

Proof. Since g(tX,tY) = —g(X,1*Y) = —Ag(X,9?Y) = Ag(@X, ¢Y). Therefore,
by the use of Eq. (2.3) and definition 2.3, we get Eq. (3.1). Eq. (3.2) follows from
Egs. (2.13) and (3.1). This completes the proof. O

Proposition 3.3 Let M be an immersed submanifold of an almost paracontact

metric manifold M(@,E.1,g) such that & € I (TM). Then for any X,Y € I'(D;),
we have

(i) 'nX = (1 -2)(X —n(X)&) and
(ii) n'nX = —ntX.

Proof. We have from Eq. (2.14) that onX = t'nX +n'nX. Then, taking inner prod-

uct with Y and applying Egs. (2.1) and (3.2) we derive the formula-(i). For formula-
(i1), we have from Eq. (2.13) and definition 2.3 that

OtX = 12X +mX = A(X —n(X)&) +mX. (3.3)
On the other hand, using Eq. (2.14) and formula-(i) it can be written that
onX =t'nX +n'nX = (1 -1)(X —n(X)&) +n'nX. (3.4)
From Egs. (3.3) and (3.4) we get orX + onX = (X —n(X)&) +mtX +n'nX.
Formula-(ii) can be achieved by employing Egs. (2.1) and (2.13) in previous ex-

pression. This completes the proof. O

Now, we give the necessary and sufficient condition for integrability and totally
geodesic foliation of distributions equipped with the submanifold M.

Theorem 3.4 Let M be a proper P R-pseudo-slant submanifold of a nearly para-
cosymplectic manifold M(@,&,1,g). Then the distribution D, is integrable if and
only if

218(%XY72) = g(Ameaz) +g(AntXYaz) - g(A(pZtY>X) - g(A(ptha Y)? (35)
foranyZ e T (D@ &) and X,Y € T'(Dy).
Proof. From the fact that & is Killing and Eq. (2.3), we have

g([X,Y],2) = —g(¢VxY,0Z) + n(VxY)N(Z) —g(VyX,Z).  (3.6)



P R-pseudo-slant warped product submanifold 7

Using Egs. (2.8) and (2.7) in Eq. (3.6), we obtain that

g([X.Y].Z) = —g(VxtY,9Z) —g(VxnY,9Z) — g((Vy9)X, 9Z) —g@x@.n

Applying connection property and Eq. (2.10) in equation (3.7), we get
8([X,Y],Z2) = —g(h(X,1Y),9Z) +g(Vx pZ,nY)
—8(VyoX —oVyX,0Z) —g(VyX,Z).

By the use of Egs. (2.1), (2.3), (2.13) and covariant differentiation of @, the above
expression reduces to

g([X,Y],Z) = 7g(h(X7tY)v(pZ) +g((%X(p)Z+ (p%XZ,nY)
— g(Vy(tX +nX),0Z) — 28(VyX,Z). (3.8)

Employing Eqgs. (2.14), (2.16) and the fact that structure is nearly paracosymplectic
in (3.8), we receive that

g([X,Y],2) = —g(h(X,1Y),0Z) — g(VxZ,t'nY +n'nY)
—g(h(Y,1X),0Z) — g(VyZ,I'nX +n'nX) —2¢(VyX,Z).  (3.9)
In light of proposiotion 3.3 and connection property, equation (3.9) yields
8(1X.Y],2) = —g(h(X.1Y),0Z) + (1 = A)g(VxY.Z) + g(VxZ,nY)
From above equation, we conclude that
24.8(VxY,Z) = —g(h(X 1Y), 9Z) + g(VxZ,ntY)
—g(h(Y,tX),0Z) + g(VyZ,ntX). (3.10)

By the virtue of Egs. (2.12) and (3.10), we obtain equation (3.5). This completes
the proof of the theorem. 0O

Theorem 3.5 Let M be a proper PR -pseudo-slant submanifold of a nearly para-
cosymplectic manifold M(9,&,1,g). Then the distribution (D+ @ &) defines a to-
tally geodesic foliation if and only if

forany Z,W € T (Dt @ &) and X € T (D).
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Proof. We have from Eq. (2.3) and the fact that X and & are orthogonal that
g(VZW.X) = —g(@VzW, X). (3.12)
Using Egs. (2.5), (2.13) and (2.7) in Eq. (3.12), we get
g(VZW,X) = —g(@V,W,iX) — g(@V;W,nX)
=—g(VzoW — (V20)W,1X) +g(VZW, onX). (3.13)
Employing Eq. (2.16) and Proposition 3.3 in (3.13), we obtain that
8(V2W,X) = g(V2iX, oW) +8((V2@)W.iX) + (1~ A)g(V2W.X)
- g(%ZW, ntX).

Above expression on using nearly paracosymplectic structure and Eq. (2.7) re-
duces to

g(VaW,X) = g(V2tX, W) — g(Vw@Z — oV Z,1X) + (1 — A)g(VZW,X)
— g(VW,neX). (3.14)
From above expression, we conclude that
Ag(VZW,X) = g(VztX, W) — g(Viw 0Z,1X) — g(VwZ, 12X + ntX)
— g(V W, ntX). (3.15)
By the use of Eq. (2.12) and the fact that n(X) = 0, we obtain from Eq. (3.15) that
Ag(V2W,X) = g(h(Z,1X), W) +g(h(W,1X), 9Z) — Ag(VwZ.X)
—2g(h(W,Z),mtX).

By the virtue of Eq. (2.12) the above expression yields (3.11). This completes the
proof of the theorem. O

4 P Z%-pseudo-slant warped product submanifolds

Let (B, gg) and (F,gr) be two pseudo-Riemannian manifolds and f be a positive
smooth function on B. Consider the product manifold B x F with canonical pro-
jections

n:BxF—B and o:BxF —F. “.1)

Then the manifold M = B X ¢ F' is said to be warped product if it is equipped with
the following warped metric

8(X,Y) = gp (n.(X),m.(Y)) + (f o 1)’gr (0.(X), 0.(Y)) 4.2)
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for all X,Y € TM and = stands for derivation map, or equivalently,

g=gp+fgr. (4.3)

The function f is called the warping function and a warped product manifold M
is said to be trivial if f is constant. In view of simplicity, we will determine a

vector field X on B with its lift X and a vector field Z on F with its lift Z on
M = B x ¢ F (see also [3,11,22]). Now, we recall the following proposition for the
warped product manifolds [3]:

Proposition 4.1 ForX,Y € I'(TB) and Z € I'(TF ), we obtain on warped product
manifold M = B X y F that

(i) VxY € ['(TB),
(i) VxZ = VX = X(In f)Z,

where V denotes the Levi-Civita connections on M.

For a warped product M = B x ¢ F', B is totally geodesic and F' is totally umbilical
in M [3].

Definition 4.2 A P Z%- pseudo-slant submanifold is called a &% -pseudo-slant
warped product if it is a warped product of the form: Ny X ¢ F or F Xy N, , where
F is an anti-invariant submanifold, N, is a proper slant submanifold of an almost

paracontact manifold M(, &, m, g) with slant coefficient A and f is a non-constant
positive function on the first factor. If f is constant then the product of the form:
F Xy N, or N x¢F is called &?%- pseudo-slant product.

In this section, we shall examine the existence and non existence of proper #Z%-
pseudo-slant warped product submanifolds of a nearly paracosymplectic manifold
when & € I'(TNy)or & e I'(TF).

Proposition 4.3 There doesn’t exist a P % -pseudo-slant warped product subman-

ifold M = N) X ¢ F of a nearly paracosymplectic manifold ]\7(([), &.,n,g) such that
the characteristic vector field & is tangent to F.

Proof. From Proposition 2.2 and Eq. (2.10) we have Vx& + (X, &) = 0. Compar-
ing tangential part and using Proposition 4.1 we obtain that X In f = 0. Thus f is
constant, since X € I'(TN,) is non null vector field. This completes the proof. O

Theorem 4.4 Let M = N) X ¢ F is a P Z%-pseudo-slant warped product subman-

ifold of a nearly paracosymplectic manifold M(@,E .1, g) such that & € T'(TNy).
Then M is a &% -pseudo-slant product if and only if the shape operator satisfies

AuzX = Aan,

foranyX € I'(TNy) and Z € I’ (TF).
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Proof. We can write Bsing Egs. (2.5), (2.12) and Gauss formula that
8(AnztX,Z) = —g(9VtX,Z). Now, previous equality in light of Egs. (2.7), (2.16)
and (2.17), simplifies to

2(AnztX Z) = —g(TyiX  Z) + 8(1°X V2 Z) + g(mX ,VZ).  (4.4)

Again using Eqs. (2.10), (2.17) and definition of slant submanifold in Eq. (4.4),
we obatin that

8(AztX,Z) = g(tX, T3Z) + Ag(X,V2Z) —An(X)g(éﬁzm+g<mx,h<z,z>>é
4.5)

Above equation, using connection property of V and fact that the manifold is nearly
paracosymplectic, & is Killing, reduces to

(AnztX,Z) = ~2Ag(VzX,Z) + g(nX,h(Z,Z)). 4.6)
By the use of Eq. (2.12) and Propostion 4.1 in Eq. (4.6), we get
g(h(iX,Z),nZ) = ~A(XIn[)g(Z,2) + g(nX h(Z,2)). @)

Further, interchanging X by tX and using fact #(Z, &) = 0, definition of slant sub-
manifold in above equation, we reach at

Ag(h(X,Z),nZ) = —A(tXInf)g(Z,Z)+ Ag(nX,h(Z,Z)). 4.8)
Then Eq. (4.8), using Eq. (2.12) can be written as
(tX lnf)g(Z7Z) = g(AnXZ _AnZXaZ)~ (49)

Thus, from above equation we complete the proof of the theorem, since X and Z
are non-degenerate vector fields. O

Remark 4.1 From Proposition 4.3 and Theorem 4.4, one can conclude that the
P %-pseudo-slant warped product submanifold of the form M = N, x s F

e does not exists when § € I'(TF),
e exists when & € ['(TN,).

Here, we present an example to support the above Remark 4.1 for the existence
of ZZ%-pseudo-slant warped product submanifold of the form M = Ny x ¢ F as
é S F(TNA).

Example 4.1 Let M =R x R, C R7 be a 7-dimensional manifold with the stan-
dard Cartesian coordinates (x1,x2,x3,y1,¥2,¥3,2). Define the nearly paracosym-

plectic pseudo-Riemannian metric structure (¢,&,1,g) on M by

I\ 9 (I _ a2 (3 P

g =Y (dx;)* =Y (dvi)*+ (dz)*, Vi€ {1,2,3}.

10
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Now, let M is an isometrically immersed smooth submanifold in %’ defined by
x(u,a,v,7) = (u,ucos o, usina, v, ki, k»,z) 4.11)

where kj,k; are constants and u € R, a € (0,7/2). Then the TM spanned by the
vectors

d 0 . d
Z,=—+cosQ— +sina——

ox1 dxo dx3’
. d d
Zo = —usin¢=— +ucosot=—, 4.12)
oxa 0x3
s 0,0
v = 3y1’ 7 — azv

where Z,,Zy,Z,,Z. € I'(TM). Using Eq. (4.10), we obtain that

d d . d
0(Z,) = =—+cosa=—— +sina—

I dy2 dy3’
(Z )—usinoci—i-ucosoci (4.13)
Pl 9y dy3’ '
d
0(Z,) = EE ¢(Z;) =0,

From Egs. (4.12) and (4.13) we can find that ® is a proper slant distribution de-
fined by span{Z,,Z,,Z.} with slant coefficient A = % and © is an anti-invariant
distribution defined by span{Z,} with dimension not equal to zero, where § = Z,
and 11(Z;) = 1. So, M turn into a proper & Z-pseudo-slant submanifold. Here, the
induced pseudo-Riemannian non-degenerate metric tensor g of M is specified by
g=8n, +f 2gr. Thus, M is a 4-dimensional Z2%-pseudo-slant warped product

submanifold of %’ with wrapping function f = u.

Now, we study the existence and non-existence of &% -pseudo-slant warped
product submanifold of the form F’ x ¢ N, of a nearly paracosymplectic manifold.

Proposition 4.5 There doesn’t exist a P X% -pseudo-slant warped product subman-

ifold M = F x y N, of a nearly paracosymplectic manifold M(@,E,m,8) such that
the characteristic vector field & is tangent to Nj.

Proof. The proof can be achieved by following the same step as in Proposition 4.3.
O

Here, we first give an example illustrating proper & Z-pseudo-slant submani-

folds of the form M = F x ¢ N, of a nearly paracosymplectic manifold M and then
prove an important lemma for later use.

11
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Example 4.2 Let M =R* x R, C R’ be a 5-dimensional manifold with the stan-
dard Cartesian coordinates (xj,x2,y1,y2,z). Define the nearly paracosymplectic

pseudo-Riemannian metric structure (@, &, 1,g) on M by

d d d d d d
g =Y (dx;)* =Y (dvi)* + (dz)?, Vie {1,2}.
Now, let M is an isometrically immersed smooth submanifold in %2> defined by

x; =vcosha, x, =vcoshf, y; = vsinha, y, = vsinh f,z = u, (4.15)

where v € R — {1}. Then the TM spanned by the vectors

0 d d
+ cosh B — +sinho¢=— + sinh f —

Z) = cosh
Lo %2 o vy’
8 d
Zr =vsinha—=—— 4 vcoshot—, (4.16)
o0x1 8 )2
Z sinh 3 J +vcoshf3 Z J
=y —+v — ==
3 8)62 8y2’ 4 327

where Z;,7,73,Z4 € I'(TM). Therefore from Eq. (4.14), we find that

¢(Z)) =sinhot— J —i—sth o —l—coshoc J +coshﬁ J

ox X1 8y 2
(Zy) = coshai—i- sinhozi 4.17)
plea)=v 9X1 Y 8y1’ '
0(Z3) = vcoshﬁ— +vsmhﬁ 0(Z4) =0.

From Eqs. (4.16) and (4.17), we obtain that ©, is a proper slant distribution
given by span{Z;,Z,,Z3} with slant coefficient A = % and © is an anti-invariant
distribution given by span{Z,} with dimension not equal to zero, where & = Z,
and ¢(Z4) = 0, and n(Z4) = 1. Therefore, M is a proper & %-pseudo-slant sub-

manifold of a nearly paracosymplectic manifold M. Here, the induced pseudo-
Riemannian metric tensor g of M is given by g = gr +f2ng' Hence M is a 4-

dimensional #%-pseudo-slant product submanifold of %> with f = v.

Lemma 4.6 IfM = F X s N; be a & %-pseudo-slant warped product submanifold

of a nearly paracosymplectic manifold M (9,&,m,8) suchthat & € I’ (TF) then for
all X tangent to N and Z tangent to F, we have

(@) 28(AuxX,Z) = g(ApzX 1X) + g(AnxZ,tX) — (ZIn f)A||X]||* and
(b) g(AnXZatX) = 2g(A(PZXatX) _g(AntXXaZ)'

12
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Proof. From Gauss formula and Eq. (2.12), we can write that
(AuxX,Z) = g(VzX — VX ,ntX). (4.18)

Using Egs. (2.13), (2.7), definition 2.3 and the fact that & is orthogonal to X, we
get

g(AuxX,Z) = g(VzX, 01X —1*X) = —g(V X, 1X) — g(VX,1*X)
= —g(Vz@X — (Vz)X,1X) — Ag(VzX X).

Above equation by applying definition of nearly paracosymplectic and Proposition
4.1 reduces to

e(AuxX,Z) = (V20X + (Vx@)Z,tX) — (ZIn f)A||X |- (4.19)

Therefore, again using Eqs. (2.13), (2.7) and Proposition 3.2 in (4.19), we obtain
that

2(AuxX,Z) = —g(VznX 1X) — g(Vx Z — 9V Z,1X)
= g(V1X,nX) — g(Vx@Z,1X) — g(VxZ, ptX). (4.20)

Employing Eqs. (2.13), (2.12), definition 2.3 and Proposition 4.1 in equation (4.20)
we find the formula-(a). For formula-(b): we have from Eq. (2.12) that

g(Aux1X,Z) = g(h(1X,Z),nX). @.21)

Applying Gauss formula, Eqs. (2.13) and definition 2.3, we find from above equa-
tion that

g(AnxtX,Z) = —g(QVz1X,X) + 1g(VzX ,X). (4.22)

Using Proposition 4.1, Eqgs. (2.7) and (2.8) in equation (4.22), we obtain that
g(AxtX,Z) = —g(Vz01X . X) — g((Vix)Z,X) + (ZIn HA||X|2.  (4.23)
Employing Eq. (2.7), definition 2.3 and Proposition 4.1 in equation (4.23), we get
g(AnxtX,Z) = —g(VzntX.X) — g(Vix9Z.X) + g(VixZ, pX). (4.24)

Again using Egs. (2.13), (2.12) and Gauss-Weingarten formula, we achieve from
equation (4.24) that

2¢(h(tX,Z),nX) =g(h(Z,X),mX)+g(h(tX,X),0Z) —g(VztX,tX). (4.25)
Equation (4.25) by the virtue of Proposition 4.1 and Eq. (3.1) reduces to

29(h(tX,Z),nX) = g(h(Z,X),ntX) + g(h(tX,X),Z) + (ZIn f)Ag(X , X).
(4.26)

Interchanging X by X and using definition 2.3, Proposition 4.1 in equation (4.26),
we have

28(h(X,Z),niX) = g(h(Z,1X),nX) +g(h(1X,X), 9Z) — (ZIn ))A[[X|]*. (4.27)
Thus, formula-(b) follows from Egs. (4.26), (4.27) and (2.12). O

13
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Lemma 4.7 If M = F X s N, be a %-pseudo-slant warped product submanifold
of a nearly paracosymplectic manifold M(@,E,m,g) such that & € I'(TF) then

e(xtX,Z) = g(AuxX,Z) — g(AnxZ,tX) (4.28)
for all X is tangent to N and Z is tangent to F.
Proof. By virtue of Egs. (2.10), (2.13) and (2.7), we obtain that
§(AxZ,1X) = g(1X, VziX) — g(1X, (Vz9)X) — g(1X, 9V 2X).
By use of Egs. (2.5), (2.16) and Proposition 4.1, the above equation reduces to
8(AnxZ,1X) = (ZIn f)g(tX 1X) — g(1X, 72X ) + g(@(1X),VZX).  (4.29)
Employing Eqgs. (2.3), (2.18), (3.1) and Gauss formula in Eq. (4.29), we have
g(AxZ,1X) = — (ZIn f)Ag(X,X) + (tX, T Z) + (X, VzX)
+2(AuxX,Z). (4.30)

In light of Proposition 4.1, Eq. (2.17) and definition of slant submaifold, Eq. (4.30)
yields Eq. (4.28). This completes the proof. [

Here, we prove:

Theorem 4.8 Let M = F Xy Ny is a % -pseudo-slant warped product subman-

ifold of a nearly paracosymplectic manifold M (9,&,n,8) with& € I'(TF). Then
M is a P R-pseudo-slant product if and only if FxtX is tangent to N,, for all
X eI'(TN)y) and Z e I'(TF).

Proof. From Egs. (2.5), (2.10), (2.12), (2.7) and (2.16), we have
8(AnzX ,1X) = g(VixX, 9Z) = §(TxX,Z) +8(¢X. Vix2).
From Gauss fromula and Egs. (2.13), (2.18), we obtain that
8(AnzX 1X) = —g(IxtX,Z)+ g(tX,VixZ) + g(AuxtX,Z).
Then, using Eq. (3.1) and Proposition 4.1, we get
g(AnzX,tX) = —(ZInfHdg(X,X) — g(IxtX,Z) + g(AnxtX,Z). 4.31)

Replacing X by X and, using Eqgs. (2.17), (2.18), definition of slant submaifold,
(3.1) in Eq. (4.31), we arrive at

g(AuzX 1X) = (ZIn )A||X||* + g(FxtX, Z) + g(Aux X, Z). (4.32)
Thus, from Egs. (4.31), (4.32) and lemma (4.28), we derive
2
g(Tx1X, Z) = S (ZIn )A[IX][*. (433)
Eq. (4.33) implies that, (Z1n f) = 0 if and only if JxtX is tangent to N, . Since,

X, Z are non-null vector fields and the fact that N, is proper slant submanifold.
This completes the proof. O

14
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Theorem 4.9 Let M = F Xy N, be a mixed totally geodesic & %-pseudo-slant

warped product submanifold of a nearly paracosymplectic manifold M (0,€,1m,8)
withE € I'(TF). Then M is a P %-pseudo-slant warped product submanifold, for
any X € I'(TN,) and Z e I'(TF).

Proof. From formula-(a) and formula-(b) of lemma 4.6, we obtain that
38(AuxX,Z) = 3g(ApzX,tX) — (ZIn f)A||X]|[*. (4.34)
Employing Eq. (2.12) in (4.34), we find that
3g(h(X,Z),nX) = 3g(AgzX ,1X) — (ZIn f)A][X|]*.

Since M is mixed totally geodesic, so we achieve from above equation that
1
g(ApzX,1X) = {(ZIn HA[IX|[*} (4.35)
This completes the proof of the theorem. 0O

Theorem 4.10 Let M — M be an isometric immersion of a PHR-pseudo-slant

submanifold M into a nearly paracosymplectic manifold M(®,&,n,g). Then M is
locally & %-pseudo-slant warped product submanifold M of the form F X s N, if
and only if shape operator of M satisfies

AuxZ —AgztX = —é(x)z(u)x, VZW el (D aé),Xel(D,), (4.36)

for some function [t on M such that Y (1) =0,Y € I'(D;,).

Proof. If M is a & Z-pseudo-slant warped product submanifold of a nearly para-

cosymplectic manifold M(@,&,7,g). Then from formula-(a) and formula-(b) of
lemma 4.6, we derive Eq. (4.36). Since f is a function on F, setting 4 = In f
implies that Y (i) = 0. Conversely, let us assume that M is &% -pseudo-slant sub-

manifold of M(¢,&,n,g) such that Eq. (4.36) holds. Taking inner product of Eq.
(4.36) with W and from theorem 3.5 we conclude that the integral manifold F of
(D @ &) defines totally geodesic foliation in M. Then by theorem 3.4, we find
that the distribution © is integrable if and only if

248(VxY,Z) = ¢(AurX, Z) + 8(AuxY,Z) — g(AgztY,X) — g(Agz1X,Y). (4.37)
From Eq. (2.12) and fact that 4 is symmetric in Eq. (4.37), we arrive at
248(VxY,Z) = ¢(AuyZ — ApztY, X) + 8(AuxZ — ApziX,Y) (4.38)
Eq. (4.36) yields by taking inner product with Y that

1
8(AuxZ —AgztX,Y) = —32(AZ(W)X.Y). (4.39)

15
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Now interchanging X by Y in Eq. (4.36) and taking inner product with X, we obtain
that

1
g(AuyZ—AgztY X) = —2g(AZ(W)Y,X). (4.40)

From Egs. (4.38)-(4.40) and symmetry of h, we conclude that

8 (X.7),2) =~ 3¢(Z(X,¥) = ~ 38X,V )g(Vi, 2).

This implies iy (X,Y) = — % g(X,Y)Vu, where hy is a second fundamental form of
9, in M and Vu is gradient of 4 = In f. Hence, the integrable manifold of ® is
totally umbilical submanifold in M and its mean curvature is non-zero and parallel
and Y(u) =0 for all Y € I'(®,). Thus, by [16] we achieve that M is a P%Z-
pseudo-slant warped product submanifold of a nearly paracosymplectic manifold

M(@,&,m,g). This completes the proof of the theorem. [
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