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On Lj;-biharmonic Lorentzian hypersurfaces in Einstein
spaces

Firooz Pashaie

Abstract A well-known conjecture of Bang Yen-Chen says that the only biharmonic sub-
manifolds in the Euclidean space are minimal ones. The conjecture was proved by Chen
in the case of surfaces in 3-dimensional Euclidean space. In this paper, we consider an ex-
tended version of Chen’s conjecture (namely, Li-conjecture) on Lorentzian hypersurfaces

of the pseudo-Euclidean space Ef (i.e. the Einstein space). A hypersurface = : M} — Ef
is called Ly-biharmonic (for k = 0,1,2) if it satisfies the condition Lix = 0, where Ly is
the linearized operator associated to the first variation of (k4 1)-th mean curvature vector
field on Mf Since Lo = A, the matter of Li-biharmonicity is a natural generalization of

biharmonicity. On any Lx-biharmonic Lorentzian hypersurface in E{ with distinct princi-
pal curvatures, assuming Hj to be constant we get that Hjy41 is constant. Furthermore,

we show that Lj-biharmonic timelike hypersurfaces in Ef with constant Hy, (under some
additional hypotheses) are k-minimal.
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1 Introduction

In PDE-theory, biharmonic maps play role as solutions of 4-order strongly el-
liptic semilinear equations. In differential geometry, the variational problem
associated to the bienergy functional on the set of Riemannian metrics on a
domain has given rise to the biharmonic stress-energy tensor. Also, bihar-
monic Bezier surfaces is studied in computational geometry. From physical
point of views, biharmonic surfaces in the Euclidean 3-space appear in the
theory of elastics and also in fluid mechanics. The matter of biharmonic
maps is interested by a well-known conjecture of Bang-Yen Chen (in 1987)
which says that biharmonic submanifolds in the Euclidean space are mini-
mal. Chen himself has proved his conjecture on surface in Euclidean 3-space.
Later on, Dimitri¢ showed that any biharmonic hypersurface in E™ with at
most two distinet principal curvatures is minimal [8]. In 1995, Hasanis and
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Vlachos proved an extension of Chen’s result to the hypersurfaces in Eu-
clidean 4-spaces [9]. In 1998, F. Defever studied another version of Chen’s
conjecture on the hypersurfaces of E* [7]. In 2013, Akutagawa and Maeta
[1] proved the Chen conjecture under some additional hypotheses. On the
other hand, Chen had found a good relation between the finite type hyper-
surfaces and biharmonic ones. The theory of finite type hypersurfaces is a
well-known subject interested by Chen (for instance, in [5,6]) and also L.J.
Alias, S.M.B. Kashani and others. In [10], Kashani introduced the notion of
Li-finite type Euclidean hypersurfaces. One can see main results in Chapter
11 of Chen’s book [5].

The linearized operator Lj (containing the special case Lo = A) on a
(pseudo-) Euclidean hypersurface stands for the linear part of the first vari-
ation of its (k+1)-th mean curvature (see, for instance, [2,11,15,16,18]). By
definition, we have Ly(f) = tr(Pyo V2f) for any f € C°(M), where P, de-
notes the k-th Newton transformation associated to the second fundamental
from of the hypersurface and V2f is the hessian of f. Recently, in [14], we
have studied on the Lg-biharmonic spacelike hypersurfaces in Minkowski
4-space E7. In this paper, we study on Lj-biharmonic Lorentzian hypersur-
faces in B} with three mutually distinct principal curvatures and constant
mean curvature.

2 Preliminaries

Firstly, some preliminaries are recalled from [2,11,12] and [13]-[17]. The 4-
dimensional Minkowski space, denoted by Ef, is the real vector space R*
equipped with the scalar product < z,y >:= —x1y1 + E?Zsz-yi, for every
r,y € R* Any nondegenerate hypersurface M? of Ef, can be endowed
with a Riemannian or Lorentzian induced metric of index p = 0 or p = 1,
respectively. Our study will be on Lorentzian hypersurface of E, determined
by an isometric immersion z : M7 — Ef. The symbols V and V stand for
the Levi-Civita connection on M; and Ef, respectively. For every tangent
vector fields X and Y on M, the Gauss formula is given by

VxY = @XY-I— <S8X,Y >n,

where n is a (local) unit normal vector field on M and S is the shape operator
of M relative to n. Every non-zero vector X € Ef is called time-like, light-
like or space-like if < X, X > is negative, zero or positive, respectively. Also,
the vector 0 is spacelike by definition.

Definition 2.1 For a 3-dimensional Lorentzian vector space V3, a basis
B := {e1,e2,e3} is said to be orthonormal if it satisfies < e;, e; >= 62'(55 for
i,7 = 1,2,3, where ¢, = —1 and ¢; = 1 for i = 2,3. As usual, 65 stands
for the Kronecker function. The basis B is called pseudo-orthonormal if it
satisfies < e1,e; >=< eg,e0 >=0, < ej,e0 >= —1 and < ¢;,e3 >= 5;3, for
1=1,2,3.
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As it is well-known, the shape operator of the Lorentzian hypersurface
M3, as a self-adjoint linear map on the tangent space of M3, can be put
into one of four possible canonical matrix forms, usually denoted by I, I1,
IIT and IV. In the cases I and IV, with respect to an orthonormal basis of
the tangent space of Mj, the matrix representation of the induced metric

on M3 is
-100
G]. = 0 0
001

and the shape operator S of M; can be put into matrix forms

A O 0O kK A0
Blz(oxzo> and B4:(A~0>, (A#£0)

0 0 As 0 O0n

o= o

respectively. For the cases Il and III, using a pseudo-orthonormal basis
of the tangent space of M3, the induced metric on M; has matrix form

010
Gy= (100
001

and the shape operator S of M; can be put into matrix forms

k00 k 00
BQ: 10 and B3: 0 w1 |,
00X -10k

respectively. In case I'V, the matrix B4 has two conjugate complex eigen-
values k & ¢\, but in other cases the eigenvalues of the shape operator are
real numbers.

Remark 2.1 In the cases II and III, one can substitute the pseudo-
orthonormal basis B := {e1,es,e3} by orthonormal basis B := {é1, €2, e3}

where € := %(61 + e3) and & = %(el — €3). Therefore, we obtain new
matrix representations B, and B; (instead of By and Bg, respectively) as
P O k0
Bz = ( -1 k-1 0) and Bg = 0 K —V2/2
0 0 A ,g ,g K

After these changes, to unify the notations we denote the orthonormal basis
by B in all cases.

Notation: According to four possible matrix representations of the shape
operator of M;, we define its principal curvatures, denoted by unified no-
tations k; for ¢ = 1,2, 3, as follow.

In case I, we put k; := A;, for i = 1,2, 3, where \;’s are the eigenvalues of
B.

In case I, where the matrix representation of S is By, we take k; := K
for i =1,2, and k3 := .

In case 111, where the shape operator has matrix representation B3, we
take k; ;==K for ¢t =1,2,3.
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Finally, in the case IV, where the shape operator has matrix representa-
tion By, we put k1 = kK + i\, ke = kK — i\, and k3 1= 1.
The characteristic polynomial of S on M3 is of the form

3 3
Q) =TIt =) = S (-1 5,57,

i=1 j=0
where, sg := 1, 51 = Z?zl Kj, Sg i= Zl§i1<i2§3 Ki ki, and S3 := K1Kak3.
For k = 1,2, 3, the k-th mean curvature Hy, of M is defined by Hy, = (Tl)sk.
k
When Hy, is identically null, M7 is said to be (k — 1)-minimal.

Definition 2.2 (i) A timelike hypersurface x : M7 — Ef, with diago-
nalizable shape operator, is said to be isoparametric if all of its principal
curvatures are constant.

(ii) A timelike hypersurface z : M7 — E{, with non-diagonalizable shape
operator, is said to be isoparametric if the minimal polynomial of its shape
operator has constant coefficients.

Remark 2.2 Here we remember Theorem 4.10 from [12], which assures us
that there is no isoparametric timelike hypersurface of E{ with complex
principal curvatures.

The Newton transformation on the hypersurface, Py : x(M) — x(M), is
defined by

]30:[7 Pk:SkI—SOPkfl, (k':1,2,3), (21)

where, I is the identity map. The explicit formula P = Zfzo(—l)isk_isi
(where SO = I) gives that, P is self-adjoint and it commutes with S (see
[2,15]).

Now, we set

k

pig = (1) (Goy) Hy—irh. (1<j<3 1<k<3) (2.2)
=0

Corresponding to the four possible forms B; (for 1 < i < 4) of S, the Newton
transformation P; has different representations. In the case I, where S = By,
we have P; = diag|p1j, o5, p3;5), for j =1,2.

When S = B; (in the case IT), we have

K+A— % -3 0 (k=X =3Ix o
P = REA+LE 0 ], P, = N k+bro .
0 2k 0 0 w2

In the case 111, we have S = Bs, and

o N=
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V2 2 _ 1 1 V2
2k 0 =257 K" =3 —3 gk
P1: 0 2k g B PQ— % n2+% gm

In the case IV, S = By,

k+mn =X 0 KN —An 0
P1: A kK+mn O 5 P2: An km 0 .
0 0 2k 0 0 w2422

Fortunately, in all cases we have the following important identities, similar
to those in [2,15].

tT(Pl) == 6H1, tr(Pg) - 3H2, tT(Pl o S) == 6H2, t’I“(PQ e} S) == 3H3, (23)
trS? = 9H? —6H,, tr(Py0S?) = 9H, Hy—3Hz, tr(Py0S?) = 3H, Hs. (2.4)

The linearized operator arised from the first variation of the (j + 1)th mean
curvature of M denoted by L; : C*°(M) — C>°(M) is defined by the formula
L;i(f) := tr(Pj o V2f), where, < V2f(X),Y >=< VxV/f,Y > for every
X,Y € x(M). For a Lorentzian hypersurface x : Mj — Ef, with a chosen
(local) unit normal vector field n, for an arbitrary vector a € Ef we use the
decomposition a = a’ + a¥ where a’ € TM is the tangential component
of a, a 1 TM, and we have the following formulae from [2,15].

V<za>=al, V<na>=-Sal Lix=6Hn, Loz =3Hsn (2.5)

Lln = —3VH2 — 3[3H1H2 - Hg]l’l,

LQII = —VHg - [SHng}n,

Liz = 6[2P2VHy — 9H,V Ho] + 6[L1 Hy — 9H1 Hj + 3Ho Hs|n,
Lir = —9H3V Hjz + 3(LyHs — 3H, HI)n.

(2.6)

(2.7)

Assume that a hypersurface x : M} — EY satisfies the condition Lz = 0 for
an integer k € {0, 1,2}, then it is said to be Lg-biharmonic. In the case k = 0,
we have Ly = A and Lgp-biharmonicity is the same ordinary harmonicity
which has been studied in [3,4]. By equalities (2.7), a hypersurface z : M} —
Et is Ly-biharmonic if and only if it satisfies two following conditions:

(i) LyHy = 3(3H,H? — HyHs3) = Hotr(S? o Py),

. 9 (2.8)
(ZZ) PQVHQ = §H2VH2

Also, x : M — E{ is La-biharmonic if and only if it satisfies two following
conditions:

(i) LoH3 = 3H,H2 = H3tr(S* o Py), (ii) HsVHs = 0. (2.9)
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The structure equations of Ef are given by

4
dw; = Zwij A wy, wij + wji = 0, (2.10)
j=1
4
dwi]- = Zwil A wij. (2.11)
=1

With restriction to M, we have wy = 0 and then,

3
0= dw4 = Zw“ N Wi. (212)

=1

By Cartan’s lemma, there exist functions h;; such that

3
W45 = Z hijw]‘, hij == hji. (2.13)
J=1
This gives the second fundamental form of M, as B = ) hjjwiwjes. The
1,7
3
mean curvature H is given by H = £ 3 hy;. From (2.10) - (2.13) we obtain
i=1
the structure equations of M as follow.
3
dw; = Zwij A wj, wij + wji = 0, (2.14)
j=1
3 138
dwij = Zwik ANwgj — 5 Z Rijklwk N wy, (2.15)
k=1 k=1
for i,j = 1,2,3, and the Gauss equations
Rijii = (hihj — hahji), (2.16)

where R;ji; denotes the components of the Riemannian curvature tensor of
M.
Let hjjj, denote the covariant derivative of h;;. We have

3 3 3
dhij = Z hijrwr, + Z hyjwir + Z hikwijk.- (2.17)
k=1 k=1 k=1

Thus, by exterior differentiation of (2.13), we obtain the Codazzi equation
hije = higj. (2.18)

Now we recall the definition of an Li-finite type hypersurface from [10],
which is the basic notion of the paper.
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Definition 2.3 An isometrically immersed hypersurface x : M{ — E{ is
said to be of Ly-finite type if x has a finite decomposition x =Y ;- x;, for
some positive integer m, satisfying the condition Lyx; = B;x;, where , B; € R
and x; : M3 — E} is smooth maps, fori = 1,2,--- ,m, and xq is constant
point. If all B;’s are mutually different, M™ is said to be of Li-m-type. An
Li.-m-type hypersurface is said to be null if for at least one i (1 < i < m)
we have B; = 0.

3 Examples

For instance, we see some examples of Li-biharmonic Lorentzian hypersur-
faces in Ef.

Example 3.1 Assume that Cj(r) be the product Si(r) x E' C Ef where
r > 0. It has another representation as

Cf(r) = {(yly '~-7y4) S Eil| — ’y% —|—y§ —|—’y§ = 7‘2}’

having the spacelike vector field n(y) = —%(yl, Y2,¥s3,0) as the Gauss map.
Clearly, it has two distinct principal curvatures k1 = ko = %, kg = 0, and
the constant higher order mean curvatures Hy = 2r', Hy = r 2 and

Hs = 0. One can see that L3z = 0 and Lz # 0 for k =0, 1.

Ezample 3.2 Assume that C3(r) be the product Si(r) x E? ¢ E? where
r > 0. It has another representation as

C3(r) = {(y1, - va) € BY| — v +y3 =12},

having the spacelike vector field n(y) = —%(yl, Y2,0,0,0) as the Gauss map.
Clearly, it has two distinct principal curvatures x; = %, ko = k3 = 0, and
the constant higher order mean curvatures H; = i, and Hy = H3 = 0. One

can see that Lz # 0 and Liz =0 for k = 1,2.

Ezample 3.3 Let C3(r) be the product E? x S'(r) C L® where r > 0. It can
be represented as

C’f("”) = {(1117 ...,y4) c Eﬂyi +y§ — 7“2},

with the Gauss map n(y) = —%(O, 0,0,y4,ys). It has two distinct principal

curvatures k1 = kg = 0, kK3 = %, and the constant higher order mean

curvatures Hy = 4—1T, and Hp = 0 for kK = 2,3. So, also, one can see that

Liz #0and Lz =0 for k =1,2.
Example 3.4 Consider the pseudo-sphere

S{(r) ={(y1, ..., ya) € Ef| — v +y3 +v35 +yi = r*},
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(for r > 0) with the Gauss map n(y) = —2I(y1,y2,¥3,y4). It has three
principal curvatures K1 = Ko = K3 = % and constant higher order mean
curvatures Hy = %k, for k = 1,2,3. So, one can see that Lix # 0 for
k=0,1,2.

4 Li-biharmonic Lorentzian hypersurfaces of E}

The next lemma can be proved by following a similar one in [18].

Lemma 4.1 Let M3 be a timelike hypersurface in Ef of type I with princi-
pal curvatures of constant multiplicities. Then the distribution of the space of
principal directions corresponding to the principal curvatures is completely
integrable. In addition, if a principal curvature be of multiplicity greater than
one, then it will be constant on each integral submanifold of the correspond-
ing distribution.

Theorem 4.2 Let k be a nonnegative integer less than 3. There is no Ly-
biharmonic Ly-finite type Lorentzian hypersurface of the Minkowski 4-space.

Proof. Assume that = : M7 — E{ be an Lg-biharmonic Ly-finite type
Lorentzian hypersurface of E{. By assumption, the map z has a finite de-
composition as

rT=x0+T1+ -+ T, (4.1)

where m > 1, Lpzg = 0 and Liz; = \;x; for nonzero distinct eigenvalues
A1y ..y A of Ly By operating L; on both sides of equality (4.1), we obtain

0=Lix=Az1+ -+ X\, Zm, (4.2)

for s = 2,3,4,.... Since A1,..., A, are distinct eigenvalues of Ly, system
(4.2) is impossible. Then, the claim is proved.
O

4.1 Lg-biharmonic hypersurfaces with shape operator of type I

Proposition 4.3 Let k be a nonnegative integer less than 3 and x : M3 —
Et be an Lg-biharmonic connected orientable timelike hypersurface with
shape operator of type I having three distinct real principal curvatures and
constant k-th mean curvature. Then, the (k + 1)-th mean curvature of M
has to be constant.

Proof. Assuming Hy, 1 to be non-constant, we consider the open subset U =
{p e M} : VH, | (p) # 0} of M}. By the assumption M} has three distinct
principal curvature, then, with respect to a suitable (local) orthonormal
tangent frame {ej, ea, e3} on M, the shape operator S has the matrix form
By, such that Se; = \;e; and then, Pje; = p; je; for i =1,2,3 and j = 1,2.
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In the case k = 0, the main claim is proved in [3,4]. We prove the claim in
3
the cases k = 1, 2. Using the polar decomposition VHy 1 = > €;e;(Hyy1)es,

=1
from conditions (2.8)(ii) and (2.9)(ii) we get

ei(H) (12 — 3 H) = 0, (4.3)

in the case k = 1, and ¢;(H2) = 0 in the case k = 2, for i = 1,2, 3. So, there
is nothing to prove in the case k = 2. We continue proof in the case k = 1.
Each point of & has an open neighborhood on which we have e;(Hs) # 0 for
at least one i. So, without loss of generality, we can assume that e;(Hz) # 0
and then we have p119 = gHQ, (locally) on U, which gives AgA3 = %HQ.
Now, we prove three simple claims.

Claim 1: 62(H2) = 63(H2) =0onU.
If ex(Hs2) # 0 or e3(Hz) # 0, then by (4.3) we get 19 = poo = %Hg or
Hi2 = M3,2 = %HQ, which give )\3()\2 — /\1) =0 or )\2(/\1 — /\3) = 0. But,
since \;’s are assumed to be mutually distinct, we get A3 = 0 or Ay = 0,
which gives Hy = 0 on U. The result is in contradiction with the definition
of U.

Claim 2: e2(A1) = ez(A1) =0 on U.
Since H assumed to be constant on M, we have ea(A1) = ea(3H — A1 —A2) =
—ez(A1) — e2(A2). On the other hand, from two recent results ex(Hz) = 0
and AoA3 = %HQ we get 62()\1)\3) + 62()\1)\2) = 62(3H2 — %HQ) = 0, which
gives A1ea(Ag + A3) + (A2 + Az)eaA; = 0, and then we have

)\162(3H — /\1) + ()\2 + /\3)62/\1 = /\162(—/\1) + (/\2 + )\3)62/\1

= (=M1 + A2+ A3)e2 A = 0.

Therefore, assuming es(A1) # 0, we get Ay = Ao + A3 which gives the
contradiction

62(>\1) = 62()\2 + )\3) = 62(3H — )\1) = —62()\1).
Consequently, ea(A1) = 0.
Similarly, one can show ez(A1) = 0. So, Claim 2 is confirmed.

Claim 3: e2(A3) = e3(A2) =0 on U.
Using the notations

3
Veej = ngek, (i,j =1,2,3), (4.4)
k=1

and the compatibility condition V., < e;,e; >= 0, we have

wh =0, wl+wp =0 (i,j,k=123) (4.5)
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and applying the Codazzi equation (see [13], page 115, Corollary 34(2))
(Vv S)W =VwS)V, (W, W € x(M)) (4.6)
on the basis {e1, €2, e3}, we get for distinct 4,7,k = 1,2,3
(@) () = (N = Aj)w]

2 B) (N = A)wl = Ok = Al (4.7)

Also, by a straightforward computation of components of the identity
Ve, S)ej — Ve, S)e; =0
for distinct i, 7 = 1,2, 3, we get [e2, es](Hz2) =0 and

1 _ 1 2 _ .3 _ 1 _
Wiy = Wiz = Wig = Wy = wig =0,

e(Me) 5 e(A3) 5 es(A) 3 ea(Ns)
Wa1 = A=A w31 = M — A Wa3 = Xs — Ay W3z = Xo — s’

Therefore, the covariant derivatives Ve, e; simplify to V¢, e = 0 for k =
1,2,3, and

(4.8)

e1(A2) e1(A3) e1(A2)
Vezel = )\11_2A2 627 v6361 = All—:;:ge?” v6262 = A;—il 617
e2(A3) e3(N2)
V@ = 5 vez = )
A W Ve R Ve (4.9)
A A
v6363 = 61( 3) e+ 62( 3)

PYRE VAL A VS VS

Now, the Gauss equation for < R(ez,e3)e1, e2 > and < R(ea,e3)er, e3 >

show that
es 61()\2) _ 63()\2) 61()\3) _ 61()\2) ’ (410)
AL — Ao A3 — X \ A1 — A3 A — X

o < e1(As) ) _e2(Ng) ( ei(A3)  ei(N2) ) ' (4.11)

M—X3/) A=Az \A—A3 A — o

Also, the Gauss equation for < R(eq,ez)er, es > and < R(es, eq)er, ez >
give the following relations

e1(A2) er(h2) \? e1(A3) e1(N3) \°
el<>\1—>\2>+<)\1—>\2 R UV W Rl Gy 148

(4.12)
Finally, we obtain from the Gauss equation for < R(es, e1)es, e3 > that
e2(A3) > e1(A3)e2(As)
e = . 4.13
! <>\2—)\3 (A3 = A1)(A2 — A3) (4.13)

10
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On the other hand, we consider the condition (2.8)(¢¢) which (using Claim
1) gives

61()\2) + 61()\3)

—pi1eier(Ha)+ (/J'Z,l/\z W 13,1 N — A

> 61(H2)*9H22(H*%>\1) =0.

(4.14)
Differentiating on both sides of (4.14) along es and e3 (by using (4.10)
and (4.11), respectively) we obtain

(02 ) (Al alel) g

A A A A
o (1Q8) ) _ es(ha) (erlde)  ea(ds) (4.16)
A3 — A\ A3 — A2 \ A1 — Ay A1 — A3

Using (4.9), we find that

61()\2)
€9.
Ao — A

le1, e2] = (4.17)

Applying both sides of the equality (4.17) on /6\12(_/\)2\3’ using (4.15), (4.12),
and (4.13), we deduce that

e2(A3) ( e1(A3) I e1(A2) ) —0. (4.18)

A2 = A3 \ A3 — A1 A1 — Ao
(4.18) shows that ea(A3) =0 or

61()\3) _ 61()\2)
A3 — A1 A — A

(4.19)

From equation (4.19), by differentiating on its both sides along e; and
applying (4.12), we get A2 = A3, which is a contradiction, so we have to
confirm the result e3(A3) = 0.

Analogously, using (4.9), we find that [e;, e3] = f\;(_)‘izeg. By a similar
manner, we deduce
e3(A2) [ e1(N2) n e1(As) \ _ 0, (4.20)
)\3—>\2 )\2—/\1 )\1—)\3

and one can show that e3(A2) necessarily has to be vanished.
Hence, we have obtained e3(A3) = e3(A2) = 0 which, by applying the
Gauss equation for < R(es, e3)eq, e3 >, gives the following equality

61()\3)61(/\2)
(A3 = A1) (A2 — A1)

= o). (4.21)

11
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Finally, using (4.12), differentiating (4.21) along e; gives

61()\3) 61()\2) -
A2 A3 <)\3 W + = =0, (422)

which implies A2 A3 = 0 (since we have seen (i;(i\f\z + %) # 0). There-

fore, we obtain Hy = 0 on U, which is a contradiction. Hence Hj is constant
on M?3.
O

Theorem 4.4 Let k be a nonnegative integer less than 3 and x : M3 — Ef
be an Li-biharmonic connected orientable timelike hypersurface with shape
operator of type I having three distinct real principal curvatures and constant
k-th mean curvature. Then, it is k-minimal.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1, by
assumption H; is assumed to be constant and then, by Theorem 4.3 it is
proved that Hy has to be constant. We claim that Hs is null. If Hs # 0, by
using (2.8)(i) we obtain that Hj is constant. Therefore, all of mean curva-
tures H; (for i = 1,2, 3) are constant, which means that M? is isoparametric.
By Corollary 2.7 in [12], an isoparametric Lorentzian hypersurface of case
I in the Einstein space has at most one nonzero principal curvature, which
contradicts with the assumption that, three principal curvatures of M are
assumed to be mutually distinct. So Hy = 0 and M7 is 1-minimal.

In the case k = 2, if H3 # 0, by using (2.9)(#) we obtain that Hj is
constant and by (2.9)(¢), H; is null. Therefore, all of mean curvatures H;
(for i = 1,2,3) are constant, which means that M; is isoparametric. By
Corollary 2.7 in [12], an isoparametric Lorentzian hypersurface of case [
in the Einstein space has at most one nonzero principal curvature, which
contradicts with the assumption that, three principal curvatures of M are
assumed to be mutually distinct. So Hz = 0 and M7 is 2-minimal.

O

Proposition 4.5 Let k be a nonnegative integer less than 3 and x : M} —
Et be an Ly-biharmonic connected orientable timelike hypersurface with
shape operator of type I which has exactly two distinct principal curvatures
and constant k-th mean curvature, then its (k 4+ 1)-th mean curvature is
constant.

Proof. By assumption, M} has two distinct principal curvatures A\; and Ao
of multiplicities 1 and 2, respectively. Defining the open subset U of M} as
U:={peM;:VH],  (p) # 0}, we prove that U is empty. Assuming U # 0,
we consider {eq, eq,e3} as a local orthonormal frame of principal directions
of S on U such that Se; = Aje; for i = 1,2, 3. By assumption, we have

)\1:)\2:)\, )\3:[1,.

12
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Therefore, we obtain
fi2 = oo =Mty 3o =A%, 3Hy=\+2\u. (4.23)

In the case k = 1, by condition (2.8)(ii), we have
9
Py(VHy) = S HyVHy. (4.24)

Then, using the polar decomposition

3
VH; = Zei < VHsy,e; > e, (4.25)

i=1

we see that (4.24) is equivalent to

9
€ < VHs, e; > (/,LLQ — §H2) =0
on U for i = 1,2,3. Hence, for every i such that < VHs,e; ># 0 on U we
get
9
Hi2 = §H2 (426)

By definition, we have VHs; # 0 on U, which gives one or both of the
following states.

State 1. < VHy,e; ># 0, for i = 1 or i = 2. By equalities (4.23) and
(4.26), we obtain

9 2 1
A= S(GA+ A2
p=5(5Au+ 3%,
which gives
3
A2p + §>\) =0. (4.27)

If A =0 then Hy = 0. Otherwise, we get = —2X, Hy = —3 A2,
State 2. < VHj,e3 ># 0. By equalities (4.23) and (4.26), we obtain

1
(7)\/'6 + 7)‘2)7

=z
3 3

2
which gives

A3+ %A) = 0. (4.28)

If X =0 then Hy = 0. Otherwise, we have = —3 X, Hy = 22,
Both states requires the same calculation, so we consider for instance
State 2.

13



14 Firooz Pashaie

By Lemma 4.1, let us denote the maximal integral submanifold through
x € U, corresponding to A by U (). We write

3 3
d\ = Z )\,iwi d,u = Z MWy, (4.29)
i=1 Jj=1

Then, Lemma 4.1 implies that A ; = X2 = 0. We can assume that A > 0 on
U, then we have (in State 2)

~1
p=-5Ar<0. (4.30)

From (2.17), we obtain

3
Z hijkwk = (5ijd)\j + (>\i — )\j)wij, (4.31)
k=1

for 4,5,k = 1,2,3. Here, we adopt the notational convention that a,b,c =
1,2.
From (4.29) and (4.31), we have

higk = ha1, = 0,
haab - 07 ha(l3 = )‘,37 (432)
h3za =0,  hzzz = pg3.

Combining this with (2.18) and the formula
3 3 3
Z hasgiw; = dhqs + Z hiswia + Z haiwiz = (A — p)was,
i=1 i=1 i=1

we obtain from (4.30)

W3 = ——We = —Wg. (4.33)

Therefore we have
2
dws = nga A wg = 0.
a=1

Notice that we may consider A to be locally a function of the parameter
s, where s is the arc length of an orthogonal trajectory of the family of the
integral submanifolds corresponding to A. We may put ws = ds.

Thus, for A = A(s), we have

A= Asds, Az =N(s),

14
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so from (4.33), we get

e 3 ON(s)
a3 )\—,LL a ) a-

(4.34)

According to the structure equations of Ef and (4.34), we may compute

2 2

. 6\

(1) : dwes = E Wap N\ Wp3 + Waa A Wy = <) E Wap N wWp — Awg A ds,
b=1

3 6\ 6\’ 6
(i) : dwes = d{mwa} = (”) ds N\ wg + <7)\

6N\ /6M\2 6N\ <
_{_<7A> +<7A> }W“Ad”(? )ZW“”A““"
b=1

. oye . .. N/ 2
Comparing equalities (4.35)(¢) and (4.35)(i7), we get (%) - (67>)‘\) —Ap =0,
which, by combining with (4.30), gives

<67f\/>/ - <i§)2 - <_61> A =0. (4.36)

Defining function §(s) := (ﬁ)? for s € R, from (4.36) we get " =

(2) 87 , which, by integrating, gives (8)% = —B% + c, where c is the
constant of integration. The last equation is equivalent to
2 2
(V)2 = — <g> Mte <;> AT (4.37)

Now, in order to compare two sides of condition (2.8)(%), we need to compute
Ve, VH; and Py(e;) for i = 1,2,3. From (4.27) we have VHy = g\ es,
which by using (4.34), gives

4 4 8
Ve, VHy = ANV, e5 = §AT,\’ngb(ea)eb = -5 Ne,,
o (4.38)
4 4
Ve, VHz = Ve, (ANes) = §X263 + g 'es.
By using (4.23) and (4.30), we compute P;(e,) and Pj(es).
b) b)
Pl(el) = *)\61, P1(62) = *)\62 P1(63) = 2)\63. (439)

6 6

15



16 Firooz Pashaie

From (4.38) and (4.39), we get

-1 N2 9 N2 2
L Hy = 6H, ( 0X) + (V) + 3)(’) ) (4.40)

21\ 3A

From (2.8)(i), we have Ly Hy = Hatr(S? o P1) = 2Hy %5 A3, Using also (4.40)
one obtains

-5 2 33
MW (14— )N =220 =0. 4.41
+< T3 > 12 (441)
On the other hand, the equality (4.36) is equivalent to
13 ., —7
M = ZNT 4+ A 4.42
7 + 36 ( )
Now, substituting (4.42) and (4.41), we obtain
15,5 191,
— —\*=0. 4.4
- AT+ 36 A*=0 (4.43)

From equations (4.37), (4.43) and (4.27), we get that Hs is locally constant
on U, which is a contradiction with the definition of ¢. Hence Hs is constant
on M.

By a similar discussion, one can get the same result in State 1.

In the case k = 0, the main claim is proved in [3,4]. In the case k = 2,
from condition (2.9)(ii) we get e;(H2) = 0 for i = 1,2, 3, which means that
there is nothing to prove.

O

Theorem 4.6 Let k be a nonnegative integer less than 3 and x : M3 — Ef
be an Li-biharmonic connected orientable timelike hypersurface with shape
operator of type I which has exactly two distinct principal curvatures and
constant k-th mean curvature, then it is k-minimal.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1, by
assumption H; is assumed to be constant and then, by the last proposi-
tion, it is proved that Hs has to be constant. We claim that Hs is null. If
Hy # 0, by using (2.8)(i) we obtain that Hj is constant. Therefore, all of
mean curvatures H; (for i = 1,2, 3) are constant, which means that M; is
isoparametric. By Corollary 2.7 in [12], an isoparametric Lorentzian hyper-
surface of type I in the Einstein space has at most one nonzero principal
curvature, which contradicts with the assumption that, three principal cur-
vatures of M are assumed to be mutually distinct. So Hy = 0 and M} is
1-minimal.

In the case k = 2, if H3 # 0, by using (2.9)(#4) we obtain that Hj is
constant and by (2.9)(¢), Hy is null (i.e. 26 + u = 0). Therefore, all of
mean curvatures H; (for i = 1,2, 3) are constant, which means that M; is
isoparametric and by Corollary 2.7 in [12], it can have at most one nonzero
principal curvature, then we get y = —2x = 0, which contradicts with the

16



Ly -biharmonic Lorentzian hypersurfaces 17

assumption that, two principal curvatures of M are assumed to be mutually
distinct. So Hz = 0 and M7 is 2-minimal.
O

4.2 Li-biharmonic hypersurfaces with shape operator of type I

Proposition 4.7 Let k be a nonnegative integer less than 3 and x : M3 —
E} be an Li-biharmonic connected orientable timelike hypersurface with
shape operator of type II which has exactly two distinct principal curva-
tures and constant k-th mean curvature, then it’s (k4 1)-th mean curvature
18 constant.

Proof. Suppose that, Ha be non-constant. Considering the open subset U =
{p € M : VH2(p) # 0}, we try to show U = (). By the assumption, with
respect to a suitable (local) orthonormal tangent frame {e1, e2, e3} on M, the

shape operator S has the matrix form Bo, such that Se; = (k+ %)el — %62,
Sey = %61+<K/—%)62, Ses = Aes and then, we have Pre; = (H—%))\eﬁr%)\ez,

Pres = —1Xe1 + (k+ 3)Aes and Pres = r2es.
When k = 0, the result is derived from [3,4]. In the case k = 1, by
3
condition (2.8)(i7), using the polar decomposition VHs = > €;e;(Ha)e;, we
i=1
get
. 1 9 A
(Z) 6161(H2)[(I€ — 5)/\ — §H2] = 6262(H2)§
(i1) eses(H)[(k+ S)A — 2Hs] = —eres (o) >
622 2 2 2 2] — 6:I. 1 2 27 (444)
9
(iii)  eses(Ho)(k? — §HQ) =0.

Now, we prove three simple claims.

Claims: e1(Hz2) = e2(Hz) = e3(Hz2) =0 on U.
If e;(Hs) # 0, then by dividing both sides of equalities (4.44)(7,4i) by
e1e1(Hs) we get

. 1 9 6262(H2) A
- 2, = 202U A
(@) (r =5 =5 = e () 2
6262(H2) 1 9 A (445)
S20\12) SN ZHy = -2
6161(H2)KK/+ 2) 2 2} 27
which, by substituting () in (i7), gives (1 +u)? = 0, where u := Zifggz;

Then A = 0 or u = —1. If A = 0, then we get Hy = 0 from (4.45)(z).

17



18 Flirooz Pashaie

Also, by assumption A # 0 we get u = —1 which gives KA = %Hg, then
(3K + 4X) = 0 and finally kK = —3) (since k = 0 gives Hy = 0 again).
Hence, we have Hy = %/ﬁ)\ = 72%)\2 and H, = fg)\, and since H; is
assumed to be constant, Hy has to be constant and we have e;(Hz) = 0,
which is a contradiction. Therefore, the first claim is proved. The second
claim (i.e. ea(Hz2) = 0) can be proven by a similar manner.

Now, if e3(Hz) # 0, then by (4.44)(iii) we get k2 = 3 Ho, then r(k+6X) =
0, which gives k = 0 or k = —6A. If kK = 0, then Hy = 0, and if kK = —6A
then since H; = —13—1)\ is assumed to be constant, we get that Hs is constant
and then e3(H2) = 0. Which is a contradiction, so we have e3(Hz) = 0.

In the case k = 2, from condition (2.9)(ii) we get ¢;(H3) = 0 for i = 1,2, 3,
which means that there is nothing to prove.

O

Theorem 4.8 Let k be a nonnegative integer less than 3 and x : M3 — EY
be an Li-biharmonic connected orientable timelike hypersurface with shape
operator of type 11 which has exactly two distinct principal curvatures and
constant k-th mean curvature, then it is k-minimal.

Proof. When k = 0, the result is derived from [3,4]. When k& = 1, by as-
sumption H; is assumed to be constant and then, by Proposition 4.7 it is
proved that Hy has to be constant. We claim that H, is null. Since the
shape operator is of type I, there exist two possible cases as:

Case 1: Mi has a principal curvature s of multiplicity 3;

Case 2: M7 has two principal curvatures x and A of multiplicities 2 and 1,
respectively.

In Case 1, we have H; = x, Hy = k? and Hz = x3. By (2.8)(i), we have
3HyH2 = HyHs, which gives x® = 0, and then Hy = 0.

In Case 2, we have Hy = §(25 + ), Hy = §(xk? + 2kA) and Hs = k%)
We assume that Hy # 0 and continue in two subcases as follow. Since
Hy # 0, then k # 0 and by using (2.8)(i7) we obtain that Hs is constant.
Therefore, all of mean curvatures H; (for ¢ = 1,2,3) are constant, which
means that M? is isoparametric. By Corollary 2.7 in [12], an isoparametric
Lorentzian hypersurface of type I in the Einstein space has at most one
nonzero principal curvature, so we get A = 0. Then H; = %n, H, = %/@2
and Hs = 0, hence, by (2.8)(7), we get x = 0, which contradicts with the
assumption of this case. Therefore Hy = 0.

When k = 2, from condition (2.9)(ii) we get e;(H3) = 0 for i = 1,2,3,
which implies that Hj is constant. Assuming Hjz # 0, by condition (2.9)(i)
we get Hy is null (i.e. 26 + p = 0). Therefore, all of mean curvatures H;
(for i = 1,2,3) are constant, which means that M; is isoparametric and
by Corollary 2.7 in [12], it can have at most one nonzero principal cur-
vature, then we get © = —2k = 0. This contradicts the assumption that,
two principal curvatures of M are mutually distinct. So Hz = 0 and M3 is
2-minimal.

O
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Ly -biharmonic Lorentzian hypersurfaces 19

4.3 Lg-biharmonic hypersurfaces with shape operator of type I11

Proposition 4.9 Let k be a nonnegative integer less than 3 and x : M3 —
Ef be an Ly-biharmonic connected orientable timelike hypersurface with
shape operator of type II1I which has constant k-th mean curvature, then
it’s (k + 1)-th mean curvature is constant.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1,
suppose that, Hy be non-constant. Considering the open subset U = {p €
M : VHZ(p) # 0}, we try to show U = (). By the assumption, with respect
to a suitable (local) orthonormal tangent frame {e1, es, €3} on M, the shape

operator S has the matrix form Bg, such that Se; = :‘i€1+§63, Ses = keg—

geg, Ses = —@el—geg—i—ﬁeg and then, we have Pye; = (k2 —1)e;—3e2—

glieg, Prey = %61 + (K2 + %)62 + gﬁeg and Pres = gﬁel + gHSQ + K2es.
3
Using the polar decomposition VHs = > €e;(Ha)e;, from condition

(2.8)(ii) we get =

(i) exes (Ha) (K2 — %) - %Hz] + %EQeQ(HQ) + gegeg(ﬂg)n o,
9

(ZZ) _?16161(.[’[2) + 6262(H2)[(:‘12 + %) - 5H2} + gt?g@g(Hg)Ii = 0, (446>

(ZZZ) 6161(H2) 2

2 2 9
K —l— 6262([’[2)\2»/{ —l— 6363(H2)(I€2 — §H2) = 0,

Now, we prove three claims.

Claims: e1(Hz) = ea2(Hz) = e3(Hz2) = 0 on U.
If e1(Hz) # 0, then by dividing both sides of equalities (4.46)(3,4i,4ii) by
e1e1(Hs), and using the identity Hy = k2 in type I11, we get

(1) —%—gn2+%m+ 5 ugk = 0,
) _71 + ul(% - 552) + ?uzn =0, (4.47)
(vi1) 7{& + gum - 5’{:2>U2 =0,

where uj := % and ug = :‘zfggzg, which, by comparing (i) and (i7),

gives k2(u; — 1) = 0. If K = 0, then Hy = 0. Assuming x # 0, we get
u; = 1, which, using (4.47)(ii7), gives ug = 0. Substituting u; = 1 and
uz = 0 in (4.47)(i), we obtain again x = 0, which is a contradiction. Hence
e1(Hz) = 0.

19



20 Firooz Pashaie

Therefore, using the result e;(Hs) = 0, the system of equations (4.46)
gives

(Z) 16262(}]2) + gégeg(Hg)li =0,

2
(ii) EQeQ(HQ)(% - ;,f?) + gegeg(ﬂm =0, (4.48)

V2 7
(441) 6262(H2)7/€ - 6363(H2)§I€

Comparing parts (i), (#7) and (iii) of (4.48), we get kea(Hz2) = 0 and
ke3(Hz) = 0, hence, using (i), gives ea(Hz2) = 0. Then, the second claim
(i.e. e2(Hz) = 0) is proved.

Now, using the results e;(Hz) = ea(Hz) = 0, we get kez(Hz) = 0, which,
using Ho = k2, implies ke3(k?) = 0 and then e3(k®) = 0, and finally
€3 (Hg) =0.

In the case k = 2, from condition (2.9)(ii) we get ¢;(H2) = 0 fori = 1,2, 3,
which means that there is nothing to prove.

2=0.

O

Theorem 4.10 Let k be a nonnegative integer less than 3 and x : M7 —
E} be an Li-biharmonic connected orientable timelike hypersurface with the
shape operator of type I11 which has constant k-th mean curvature. Then,
it is k-minimal. Furthermore, all of mean curvatures of M3 are null.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1,
by Proposition 4.9, the 2-th mean curvature of M; is constant, which, by
(28)(1), giVQS L1H2 = 9H1H22 — 3H2H3 = 0, and then 3H1H22 = HQHg,
which, using H, = k, Hy = x? and H3 = &3, gives k°> = 0, and then
H,=Hy=H3=0.

In the case k = 2, by Proposition 4.9, the 3-th mean curvature of M}
is constant, which, by (2.9)(i), gives L1 Hs = 3H{H2 = 0, which, using
H, =k, Hy = k% and H3 = x3, gives k7 = 0, and then H; = Hy = H5 = 0.

O

4.4 Li-biharmonic hypersurfaces with shape operator of type IV

Proposition 4.11 Let k be a nonnegative integer less than 3 and x : M3 —
E} be an Li-biharmonic connected orientable timelike hypersurface with
shape operator of type IV which has constant k-th mean curvature and a
constant real principal curvature. Then, its 2-th and 3-th mean curvatures
are constant.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1,
suppose that, Hy be non-constant. Considering the open subset U = {p €
M : VH3(p) # 0}, we try to show U = ). By the assumption M; has

20



Ly -biharmonic Lorentzian hypersurfaces — 21

three distinct principal curvature, then, with respect to a suitable (local)
orthonormal tangent frame {e1, es, €3} on M, the shape operator S has the
matrix form By, such that Se; = ke; — Aea, Ses = Aey + keq, Sez = nes
and then, we have Prey = kney + Aneq, Paeg = —Ane; + kneg and Preg =
(k? + \?)es.
3
Using the polar decomposition VHs = > €e;(Ha)e;, from condition

(2.8)(ii) we get =

(i) exer(Hy)(kn — §H2) — exea(Ho)M,
(i7) eze2(Hz)(km — gHQ) = —ere1(H2) M, (4.49)

9
(le) 6363(H2)(K)2 + )\2 — §H2) =0.
Now, we prove some simple claims.
Claim 1: 61(H2) = 62(H2) =0onU.
If e(H2) # 0, then by dividing both sides of equalities (4.49)(¢,4i) by
e1e1(Hs) we get

(1)  rn— gH2 = EQZQEgQ; 7;
. €ze2(Ha) 1 19 2 (4.50)
(44) m(’“] - §H2) = —An,

which, by substituting () in (:4), gives An(1+ (%)2) =0, then An = 0.
Since by assumption A # 0, we get 7 = 0. So, by (4.50)(¢), we have Hy = 0.
Similarly, if ea(Hz2) # 0, then by dividing both sides of (4.49)(i, i) by

6262(H2) we get

. e1e1(H: 9
() A 1 2)(Fm— SHa) = A,
6262(H2) 2 (4 51)
i) k- 2m, = —aal) '
2 6262(H2) ’

which, by substituting () in (:3), gives An(1+ (%)2) =0, then An = 0.

Since by assumption A # 0, we get n = 0. So, by (4.51)(ii), we have Hy = 0.
Claim 2: e3(Hz) =0 on U.

If e3(Hz) # 0, then from equality (4.49)(iii) we have k* + \? = 3 Hy, which

gives k% + A2 = —6kn, where n = 3H; — 2k and 1 and H; are assumed

to be constant on U. So, k is also constant on U, and then, we obtain

Hy = ’7414317 = %/{2 —4H,k and Hz = —6kn? = —6K(3H; —2k)? are constant

21



22 Firooz Pashaie

In the case k = 2, from condition (2.9)(ii) we get ¢;(H2) = 0 fori = 1,2, 3,
which means that there is nothing to prove.
O

Theorem 4.12 Let k be a nonnegative integer less than 3 and x : M3 — EY
be an Li-biharmonic connected orientable timelike hypersurface with shape
operator of type IV which has constant k-th mean curvature and a constant
real principal curvature. Then, it is k-minimal.

Proof. When k = 0, the result is derived from [3,4]. In the case k = 1, by
Proposition 4.11, the 2-th mean curvature of M; is constant, which gives
L1Hy = 0. Then, by (2.8)(i), we have 9H1H3 — 3HyH3 = 0, which gives
(Tn — 4k)K2n? = 0.

Now, if 7n = 4k, then from % + \? = —6kn we get 3—71,%2 + X2 =0, and
then x = A = 0, which gives Hy = Hz = 0. Also, if k7 = 0, then we have
Hy = Hy = 0.

In the case k = 2, from condition (2.9)(ii) we get ¢;(H2) = 0 fori = 1,2, 3,
which means that there is nothing to prove.

O
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