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1 Introduction

Let f(x) be a 27- periodic continuous function. Let S,,(f; ) denote the n-th
partial sum of its Fourier series at x

f(z) ~ % + Z(am cos mx + by, sinmz)

m=1

and let w(d) = w(d, f) denote the modulus of continuity of f.
Let A := (apy) (k,n =0,1,...) be a lower triangular infinite matrix of
real numbers and let the A-transform of {S,(f;z)} be given by

Toa(f) i=Toa(f;2) = anpSk(fiz) (n=0,1,...).
k=0
The deviation

[Toa(f) = fll = sup [T a(f;z) — f(z)|

0<z<2m

was estimated by P. Chandra [3] and [4] for monotonic sequences {a,j}-
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2  Xhevat Z. Krasniqi

Years later, these results are generalized by L. Leindler [9] who considered
the sequences of Rest Bounded Variation and of Head Bounded Variation.

A sequence ¢ := {c,} of nonnegative numbers tending to zero is called of
Rest Bounded Variation, or briefly ¢ € RBV'S, if it has the property

o0
Z len, — ent1] < K(c)em,

n=m

for all natural numbers m, where K(c) is a constant depending only on c.
A sequence ¢ := {c¢,} of nonnegative numbers will be called of Head
Bounded Variation, or briefly ¢ € HBV'S, if it has the property

m—1

Z len, — ent1] < K(c)em

n=0

for all natural numbers m, or only for all m < N if the sequence ¢ has only
finite nonzero terms, and the last nonzero term is cy.

Chandra’s results are proved by L. Leindler replacing monotonicity con-
dition with ¢ € RBV S or c € HBV S.

Later on, B. Wei and D. Yu [12] have generalized Leindler’s results, and
thus Chandra’s results, without assumptions that c € RBV Sorc € HBV'S.
They verified there that Leindler’s results are consequences of their results.
Before we recall those results we shall suppose that

n

g >0, Y app =1, (1.1)
k=0
and w(t) is such that
/ﬂt_Qw(t)dt: O(H(u)), (u—07), (1.2)
where H(u) > 0, and
/tH(u)du =O(tH(t)), (t—07). (1.3)

B. Wei and D. Yu’s results read as follows:

Theorem 1.1 Let (1.1) hold. Suppose that w(t) satisfies (1.2). Then

I Toa(F) = £ = 0<w<w/n> 0y |Aank|H<w/n>)-

k=0

If, in addition, w(t) satisfies (1.8), then
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Approximation of continuous functions by generalized deferred Voronoi-Nérlund 3

IToa(f) = fll = O(Z |Aank|H(i Beul) ).

k=0 k=0
ITwa(f) — £ = 0(2 AanuH(w/n)).
k=0

Theorem 1.2 Let (a, ) satisfies (1.1). Then
[ Tn,a(f) = £l
n k+1 n n
= (’)(w(ﬁ/n) + Z k1 w(n/k) Z Ay + Zw(ﬂ'/k) Z |Aanﬂ|>.
k=1 pn=0 k=1 n=k
Now we recall some further generalizations of the above results.
For an arbitrary sequence {b,} we denote
A;)nbn,m = bn,ma Ayl—nbn,m = Ambn,m = bn,m - bn,m—i—l

and
AV b =0 (A0 ), v=1,2,3,... .

Theorem 1.3 [7] Let (an 1) satisfies conditions

n
ank >0 and Zank =
k=0

1
ﬁ, ’I"E{l,2,} (14)

Assume that w(t) satisfies condition (1.2). Then
IT5a(F) = £l = O (/) + 3 G (/) ).
k=0
If, in addition, w(t) satisfies (1.3), then
||Tn,A( f” (ZGnkr <ZGnk;r>>v
k=0
and
ITa() - 1 = (ZGW (n/n)).
where Gpp.r = 25:1 |Aanil, B€{1,2,...} and 7 denotes the integer part

of T
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Theorem 1.4 [7] Let (an ) satisfies (1.4). Then
[Tn,a(f) = 1l

k+1 n

-0, (w(ﬂ/n) + Y kT /R)Y an+ Y w(m/k)> GW> (1.5)
k=1 p=0 k=1 =k

For our further investigation let a := (a,,) and b := (b,,) be sequences of
non-negative integers with conditions

anp <b,, n=12... (1.6)
and
lim b, = +oo0. (1.7)
n—oo

The deferred Cesaro mean (see [1]) determined by a and b is defined as

Sa, 41+ Sa, 42+ + Sbn

D, = Db := —
n n

where (S,,) is a sequence of real or complex numbers.

Since each D! with conditions (1.6) and (1.7) satisfies the Silverman-
Toeplitz conditions, each transformation Dg is regular. It also should be
noted that D involves transformation of deferred terms of (S,,), except the
case when a,, = 0 for all n. Moreover, D} _; is the identity transformation
and D{ is the well-known (C, 1) transformation. The interested reader can
be found in [1] some fundamental properties of transformation D?.

Recently, the authors of [6] have introduced some a deferred transfor-
mation with conditions (1.6) and (1.7). Indeed, let (p,) be a sequence of
positive real numbers. Then it is written

b
1
DZNn(f,.%’) = pba—an—1 Z Db, —mSm (f; ),
0 m=a,+1
where
b,—a,—1
[ S
m=0
The transformation is regular under condition (1.6) and (1.7) (see [6],
p. 13), and it is called the deferred Voronoi-Norlund means, denoted by
(DN, p). Note that, in the special case, when b, = n and a,, = 0 for all n >
0, the transformation DN, (f;z) gives the classical well-known Voronoi-
Nérlund means (transformation). Moreover, for p,, = 1 for all n > 0, it
leads to the deferred Cesaro means

Di(fiz) =
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of Sy (f;z).

We also note here that, if b, = n, a,, = 0, and p,, = 1 for all n > 0 for this
transformation, then it coincide with the Cesaro means (C, 1). In particular
case of this, when a, = 0, (b,) is a strictly increasing sequence of positive
integers with bg = 0 and p, = 1, then they give us the Cesaro submethod
which is obtained by deleting a set of rows from the Cesaro matrix, see for
details in [2].

The aim of the present paper is to estimate the quantity || DN, (f) — f|
which is not included in the above mentioned theorems. Also, we shall show
that some new results, which are consequences of ours as a special case, as
well as those that already has been proved previously.

We emphasize here that throughout of this paper we write u = O,(v)
if there exists a positive constant C', depending on r, such that v < Cuv,
and we assume that all transformations under consideration are regular
transformations even in the cases when they are not written explicitly.

2 Helpful lemmas

To prove the main results we need some lemmas.

Lemma 2.1 [3] If (1.2) and (1.3) hold then

w/n
/0 w(t)dt = O (n*H(m/n)).
Lemma 2.2 [4] If (1.2) and (1.8) hold then
/ ()t = O (FH() . (r — +40).
0

Lemma 2.3 For any sequence (p,), n = 0,1,2,... of non-negative num-
bers, it holds uniformly in 0 < t < m, that

- 1
Z Db, —m, SIL <k + 2> t
m=a,+1
T b,
B OT( D, Phmt % > (25—l )), (2.1)

m=an+1 k=1 i=1

where T denotes the integer part of § andr € {1,2,...}.
It also holds that

r

b 1 1 bn .
> phmsin <k+ 2) t=0, (t >y (|A:npbnm|)> . (2.2)

m=a,+1 m=a,+1 i=1
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6 Xhevat Z. Krasniqi

Proof. At first, we denote

bn

1 t
ASJ’n (t) = Z Pbv,—m sin <’I’)’L + 2) tsin 5

m=s

Then, for a, + 1 < s < b,, we clearly have

As,bn (t)
1 b,—1
=5 [pb _scos(st) Z Ay, —m cos(m + 1)t — po cos(by, + 1) ]
m=s
b,—1
1 < 1 t
2 [pb _scos( st Z ANmDb,, —m COS <m + 2) tcos§
m=s
bl 1 t
+ Z DmPp, —m Sin <m + 2> tsin 5~ Po cos(by, + l)t}
m=s
1 bl t
=5 [pb _s cos(st) Z A Db,, —m COS (m + ) t cos 5~ Po cos(b, + 1)t]
m=s
b,—2
1
+2—2 {Ampb _s cos(st) Z Ampb _mcos(m + 1)t — Ap,p1 cosb t]
m=s

In the same way, doing this transformation r—times, we obtain

As,b71 (t)
1 bl 1 t
=3 [pbn_s cos(st) 7;9 AnDb, —m COS (m + 2) t cos 5~ Do cos(by, + l)t}
b,—2
1 2
+22{Ampbn_s cos(st) —ZAmpbn_m cos(m + 1)t — Ap,p1 cos bnt} +-
m=s

b,—r
2T[AT Db, —s cos(st) ZA P, —m cos(mA1)t—A""1p,. 1 cos(byA+2—r) },

m=s

where r € {1,2,... }.
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7

Whence,

|As,bn (t) |
b,—1

1
2|: Pb,—s + Z ‘Ampb —m| +p0]

m=s
b,—2

|:|Ampb —s‘ + Z ‘Ampb —m| + Ampl|:| +oe

m=s

b,—r
1 n
v 185 ]+ 3 18l + ]

b, b
1 1
= 5 |:pbn—s + Z |Ampbn—m:| + ? |:|Ampbn—5 + Z |A72npbn—m|:| o

m=s

+2r |:|AT 1pb —s| + Z |Ampb —m|:|

m=s

m=s

because we agree with convenient

—p1:0, Al(—pl)zo,...,AT 1( pl) 0.

But since (p,) is a sequence of positive numbers, then the following in-

equalities

bn
Db, —s < Z mpbn—m|a
m=s

b by
|Aspbn—s| < Z ’A?npbn—m‘ PR |A§71pbn—s‘ < Z ‘A;npbn—m|(23)
m=s m=s

hold true for a,, + 1 < s < b,.
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Now by (2.3) and taking into account that b, > 7, we have

|Aa, +1,, (1)]

r
S Z Pb,—m +

m=a,-+1

-
S Z DPbv,,—m

m=a,+1

bn b, bn,
+0O, (1 <n;r | Ampb, —m| + T; |A72npbn7m| + -+ n; | A Pb, —m] ))
T b, r
:Or< Z pb,Lm+1ZZ(|Ainpb,Lm|)>a

m=a,-+1 k=1 i=1

bn 1
Z Db, —m, SID (m + 2) t
m=r

where O, depends only on r.
This completely proves (2.1).
Similarly we have

b
1 n
a1 01 = O (3 (st 3 Bl )

m=a,+1
b,
+< |Ampbnfanfl| + Z |A3npbnfm’ )
m=a,—+1
b,
+o (}Azzlpb,,,,a,,,1| + Y AT Ppem] )))
m=a,-+1
1 bn, r 4
“o, (t DY <|A:npbn_m|>) ,
m=a,+1 i=1

which completes (2.2), and with this, the proof of the lemma.
O

Remark 2.1 If we take r = 1, b, = n, a, = 0 for all n, and (p,,) is non-
decreasing sequence, then Lemma 2.3 reduces to the Lemma (5.11) proved
in [10].

3 Main Results

At first, we prove the following.

44



Approximation of continuous functions by generalized deferred Voronoi-Nérlund 9

Theorem 3.1 Assume that w(t) satisfies condition (1.2). Then

IDYNu(f) = £ (3.1)
bnpbn—an—l TPb, —a,—1 . TPb, —a,—1
=0, ( Pé’"_a"_l w Pgn—an—l + 2(an, bp;r)H 7])3"_%_1 .

If, in addition, w(t) satisfies (1.3), then

DN = 71 = O (Qanbuir)E (2enbin)) ) (32)

and
IDE NG (f) = /] i (3-3)
=0, <<£21:21:11> b (b, — an) + 1) 2(an, bp;m)H (Eb:__;:__f) )
where
. b, T .
2(an, bp;r) = T 1)Pgnian71 m:zan:ﬂ ZZ:; |A§npbn,m| .

Proof. First we set

fle+t) + flz—t) - 2f(z)

Gu(t) = 9 )

Next, we can write

DYN,(f;2) — f(x)
by

2 i A . 1
= 7T(Pg"_%_1)/0 b (1) (2 sin 2) > Po—msin (m + 2) tdB.4)

m=a,-+1
By (3.4) we have

TPby —ap—1

2 pbn—an—1 ™
IDENL()) = FIl € == / P / = )+ Taf).
mhr e B
pynen
(3.5)
Since,
1 o 1
Phr—an—1 Z anmsin(m+2> t‘gbnt,
PO m=a,+1
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10 Xhevat Z. Krasniqi

then by Lemma 2.2 we obtain

Pbp—ap—1

pin=an=1 bn —Qp— TPb,, —a,—
nm =0 [ woa =0, ( e, ( Ii”bia”l)
0 0

(3.6)
Moreover, by (2.2) and (1.2) we have

Jg(n) O (Pb p— Z Z |Ampb —m’ >/”"T-‘bn—an_1 t_2w(t)dt

m=a,+1 i=1 3" ap—1

. TPb,, —a,—1
= OT (Q(an,bn,T)H (}W)) . (37)

Now (3.1) follows from (3.5)—(3.7).
Further, taking into account that

(2% T
™ .
Q(apn,by;r) = g E AL Db, —m
(an> b 7) o(2r — 1) Bl [ Ao, |

m=a,+1 i=1

x n
< 2+22+...+2’" L =T,
we get
b 2 2(an,bn;r) T
[ DaNu(f)—fIl < ba1</ +/ > := Bi(n) + Ba(n).
i 0 2(an,bn;r)

(3.8)
It is obvious that

b
- 1
| 5% i (ot 1) < e

m=a,+1

Thus, by Lemma 2.2 we have

Bi(n) = O,(1) /Og(a”’b"’r) o (t)dt = OT(Q(an,bn;r)H(Q(an,bn;r)>>.

(3.9)
Now, using (2.2) and (1.2) we obtain

Bl = O, (1A% Py, —m t2w(t)dt
2(n) (Pb g Z Z| mPb.-m]) Q(anbusr) < )

m=a,+1 i=1

- OT(Q(ambn;r)H(Q(an,bn;r))>. (3.10)
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From (3.8), (3.9), and (3.10) follows (3.2).
Now we prove (3.3). Applying Lemma 2.1 we find that

Tpn—gnt b0y 0 1)? o
B = 0) [ war = 0, | et gy (Tt
0 (an—(ln—l) Pon n
0

Since pp, —m = 0 for m > by, then it implies

pb_]SZIApb —m| < Z Z}A P, —m|

m=a,+1 i=1

for j =a,+1,a, +2,...,b,, and hence

l=—— b, anfl Z Db, —J

0 j=a,+1
b, —an,
Pb Zan—1 Z Z | AP, —m]
m=a,+1 i=1
ie. -
$2(an, bp; 1) = .
(@, bni7) 202" — 1)(by — an)
Subsequently,
2
Ti(n) = O | | 2ozl ) b, (b, — ) Qan, bosr) H | oezte=l) )
P P
(3.11)
Therefore, by (3.5), (3.7), and (3.11), the relation (3.3) is proved.
The proof is completed.
O
Our second main result is the following:
Theorem 3.2 Let (1.2) and (1.83) be satisfied. Then
Db, —a,— T™Pb, —a, —
IDSNA(f) = fll = Or{b_a_ll lbnw (b_a_11> (3.12)
P phran
Pgn—a"—l
Pby —an—1 - Jj+1
Py () X e
Jj=1 J m=a,+1
P(z];n—an—l
Pbp—an—1 b, T
+ < ) > |Ahp, —m\]}
J=1 m=j i=1
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Proof. According to (2.1) and the monotonicity of w(t), we have

b
1 g @z (t) - . 1
Jo(n) < 72Pé’”7a"”*1 /anianil n Z Poo—msin { m + 5 tdt

Pgu*"'n.*l m=a,+1
pbn—an—1
-1
1 onan 7
=0 et 2 / tlw(t)
0 j=1 =
b, r
S(PORTNEED ) iy
m=a,+1 m=7 =1
Pg,ﬁanfl
. Pby—ap—1 Jj+1
—an—1
ofes| S e (5) X e am
=1 m=a,+1

pbn—an—1

Pop—an—1

S (5) Sk |}

7j=1 m=j i=1

Combining (3.5), (3.6), and (3.13), we get (3.12).
The proof is completed.

4 Corollaries of the main results

Now let us see corollaries which derive form Theorem 3.1. If (p,,) is non-de-
creasing sequence and r = 1, then

bn
s TPb,—an—1
Q(anv b’l’L7 1) = 2an7an*1 Z (pbnfm - pbnfm71> = 2Pb,,,7an71 .
0 m=a,+1 0

So, we have the following.

Corollary 4.1 Assume that w(t) satisfies condition (1.2), (pn) is nonde-
creasing sequence, and r = 1. Then

Py, —a, —1 TPb,, —a,—1 TPb, —a,—1
et (e () oo () )|

If, in addition, w(t) satisfies (1.3), then
b _ TPb,, —a,—1 TPb, —a,—1
HDaNn(f) - f” =0 (Pé)"—a”_l H < P(l))n—an—l ))

48
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and

IDeN(f) = £l

2
Py, —a,—1 TPb, —a,—1 TPb, —a,—1
=0 <<Pgn—an—1) bn (b, — an) + 1) Pgn—an—l H < Pgn—an—l ) :

If we take p,, = 1 for all n, then the generalized deferred Voronoi-Norlund
transformation D®N,,(f;z) reduces to the deferred Cesaro mean

1
Di(fiw)=p—— D Smlf;a),
n an m=a,-+1
and -
2an,bp; 1) := )
(an; b3 1) 2(by, — ay)

and there from we can write the following corollary.

Corollary 4.2 Assume that w(t) satisfies condition (1.2). Then

b _ by, s m T
||Da(f) _fH =0 |:bn _anw <bn _an> + bn, —GnH (bn _an>:| .

If, in addition, w(t) satisfies (1.3), then

b B T 7T
iD= i=0 (2o (50 )).

IIDZ(f)—fI—O( a +1) il H( Ul )

and

bp — an b —an

It is known in [1] that

(C,1) ¢ DY if and only if ; bn_ _ 0(1).
n — Qn

Subsequently, if we take p, = 1 for all n, and assuming that ; b_"a =0(1),
then we obtain:

Corollary 4.3 Assume that w(t) satisfies condition (1.2) and bnb_"an =0(1)
for all m. Then

by el T T T
e B R A e |
If, in addition, w(t) satisfies (1.8), then

Dk - =0 (=t (= ))-
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Let us suppose that F is a subset of N and consider F as the range of a
strictly increasing sequence of positive integers, say F = (A(n))$°. Following
[2] the Cesaro sub-method C) is defined as

An)
1
(C)\LL‘ )\7; ,...),

where () is a sequence of a real or complex numbers. Whence, C'y -transfor-
mation yields a sub-sequence of the Cesaro transformation (C, 1), and there-
fore it is regular for any A. In fact, C-transformation is obtained by deleting
a set of rows from Cesaro matrix.

The case of C\-transformation is also included in the generalized deferred
Voro-noi-Nérlund transformation DY N, (f;x). Namely, it is sufficient to we
take in it p, = 1 and a,, = 0 for all n, and thus,

Dg(f;x) = Ca(f;)
and therefore we have the next corollary.

Corollary 4.4 Assume that w(t) satisfies condition (1.2). Then

nmu>1ﬂ=op(;)+;H<iﬂ.

If, in addition, w(t) satisfies (1.3), then

|D&ﬂ—fn=o(;H<;)).

The interested reader (see [13], p.80) can find the following transformation

+k—1 _ _ n n
DZ_1 = On,k — (1 + %) On+k—1— %O—n—lv

which is called First Delayed Arithmetic Mean. It is also known that
(C,1) € D=1 if and anly if % =0O(1) as k — oo with n.
Taking k = 2n, the condition % = O(1) is satisfied, and then the first

Delayed Arithmetic Mean takes the form

_ 1
D?fill = On2n = 5 (303n—1 - Jn—l) >
which is called the Second Type Delayed Arithmetic Mean (see [11], p. 566).
The degree of approximation of continuous functions f by Second Type
Delayed Arithmetic Mean of partial sums of their Fourier series is given in
next corollary.

50



Approximation of continuous functions by generalized deferred Voronoi-Nérlund 15

Corollary 4.5 Assume that w(t) satisfies condition (1.2). Then

lowan(f) = F1=0 o (52) + 5.1 (55)]

If, in addition, w(t) satisfies (1.8), then

lonen(F) =71 =0 (5 (5:))

Also, if we take b, = n and a, = 0 for all n > 0, then the generalized
deferred Voronoi-Norlund mean reduces to the classical Voronoi-Norlund
mean, and therefore Theorem 3.1 implies:

Corollary 4.6 Assume that w(t) satisfies condition (1.2), (pn) is nonde-
creasing sequence, and v = 1. Then

IN) = fl=0 |t (e (k) o ()]

If, in addition, w(t) satisfies (1.3), then ([5], [9])

B TPn—1 Pn—-1
INn(f) = fll=0 ( P 1 ( Py >)

and

2
NPn—1 TTPn—1 TPn—1
N, —fll=0 +1 H < ) .
|| n(f) f” (( P’n,—l > ) Pn—l Pn—l
Moreover, if we take p, = 1, b, = n and a, = 0 for all n > 0, then the
deferred Voronoi-Norlund mean reduces to the classical Cesaro mean, and

Theorem 3.1 also implies:

Corollary 4.7 Assume that w(t) satisfies condition (1.2) and r = 1. Then

ot = =0 (w(Z) + 2a (2))]

If, in addition, w(t) satisfies (1.3), then

™

low(r) = fll=0 (FH (7).

Remark 4.1 All results presented here having used condition, (p,) is a
nondecreasing sequence, can be replaced by condition (p,) € RBV S with
K(c)=1.
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Note, that similar corollaries with Corollaries 4.1- 4.7 can be derived from
Theorem 3.2. Based on their importance, we write only few of them. Indeed,
as we saw above, if we take b, = n and a, = 0 for all n > 0, then the
generalized deferred Voronoi-Norlund mean reduces to the classical Voronoi-
Norlund mean, and therefore Theorem 3.2 implies:

Corollary 4.8 Let (1.2) and (1.3) be satisfied and r = 1. Then

npn—1 TPn—1
N, —fll=0
IM(8) = 1= O | Sty (Tt )
Pr_1 Prn_1
P Pn—1 T Jj+1 Pn—1 o
-1 .
_'_PL Z J w <> Z Pn—m + Z w ) pn—j] .
n—1 J — — ]
J=1 m=1 j=1
If we take p, = 1 for all n, and assuming that % = O(1), then we
obtain:

Corollary 4.9 Let (1.2) and (1.3) be satisfied. Then
DY) — f| = O, T
I8 - £1 {w (=)

) lj—lm L)+ (b - 1>]w (%) }

Jj=1

If we take b, = 3n — 1 and a, = n — 1, in Corollary 4.9, then we get:
Corollary 4.10 Let (1.2) and (1.3) be satisfied. Then

Han,%(f) — £l
2n

=Or{w (%) —i—%z ljl(j+2—n)+(3n—j—2)]w <j> }

5 Conclusions

Since the time of Bernstein and Jackson, approximations of periodic and
continuous functions by trigonometric polynomials took place in the unit
of approximation theory. This is owing to periodicity and continuity of the
functions. Approximations of such functions has been realized, in different
norms and particularly in sup-norm, by various transformations of partial
sums of their Fourier series (see [3]-[5] and [7]-[9], [12]). In many interest-
ing results we have encounter various type of conditions on the considered
transformations (belonging various classes of the real sequences).
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Here, in this paper we have proved some new results pertaining to the
degree of approximation in sup-norm of periodic continuous functions by
regular generalized deferred Voronoi-Norlund transformations. In particu-
lar, these transformation can be reduced to the deferred Cesaro means, to
the classical Voronoi-Norlund transformations, and several others. The re-
sults obtained here can be taken, not only as counterparts of some earlier
results proved by others, but also as their significant generalizations. Among
others, our results include the degree of approximation of periodic continu-
ous functions in terms of modulus of continuity by the Second Type Delayed
Arithmetic Mean of partial sums of their Fourier series.
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