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The Generalized order-m (k-Pell) numbers

Paula Catarino · Paulo Vasco

Abstract Considering the usual k-Pell numbers we define a new sequence which is called
Generalized order-m (k-Pell) sequence. Some properties of this sequence and a formula
for sums of k-Pell numbers are obtained. A generalized Binet’s formula and some identi-
ties involving this sequence are provided and also a combinatorial representation of the
Generalized order-m (k-Pell) number is deduced.
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1 Introduction

For a positive integer k, Catarino in [1] studied a generalization of the Pell
sequence, as well as in [2] and [3], where Catarino and Vasco studied gen-
eralizations of the Pell-Lucas and the Modified Pell sequences, respectively.
This generalization of the Pell sequence is defined by a recurrence relation
of second order given by

Pk,n+1 = 2Pk,n + kPk,n−1, (1.1)

with initial terms Pk,0 = 0 and Pk,1 = 1 and called by k-Pell sequence.
The idea in this paper is to consider a new generalization of the k-Pell

sequence using the idea of Er in [6], where the author has defined k sequences
of the Generalized order-k Fibonacci for some positive integer k. Also the
Generalized order-k Lucas sequence was studied in [14]. In the literature
several research has been dedicated to this kind of generalizations of some
sequences of positive integers, see, for example, [8], [9], [10], [11], [12], [13]
and [16], among others.
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The k-Pell sequence is a special case of a sequence which is defined as a
linear combination (see [7]), as follows:

an+m = c1an+m−1 + c2an+m−2 + · · ·+ cman, (1.2)

where c1, c2, . . . , cm are real constants. In [7], Kalman derives a number of
closed-form formulas for the generalized sequence by the companion ma-
trix method. Also in [11] the matrix method is used for the case of the
Generalized order-k Pell numbers.

Consider a matrix T of order m×m such that the first line is consisting
of the constants ci, i = 1, . . . ,m, the entries ti+1,i = 1, for i = 1, . . . ,m− 1
and the remaining entries are equal to zero. Also consider a matrix An =
(an, . . . , an+m−1)T associated with (1.2). It is easy to show that TAn =
An+1.

This paper is organized in the following way: in Section 2 we introduce the
Generalized order-m (k-Pell) sequence and some properties of such sequence
are investigated by the use of the respective companion matrix; in Section
3 we refer a generalized Binet’s formula and some identities involving this
sequence are provided; in Section 4, a formula for sums of k-Pell numbers
is studied and in the last Section we present a combinatorial representation
of the mth Generalized order-m (k-Pell) number.

2 The Generalized order-m (k-Pell) numbers and some properties

For positive integers m and k, we define m sequences called by Generalized
order-m (k-Pell) sequences of numbers which are defined by

P ik,n = 2P ik,n−1 + k
(
P ik,n−2 + · · ·+ P ik,n−m

)
(2.1)

for n > 0 and 1 ≤ i ≤ m, with initial conditions

P ik,n =

{
1 if n = 1− i
0 otherwise

, (2.2)

for 1−m ≤ n ≤ 0, where P ik,n is the nth term of the ith sequence.

In the following table we present a few Generalized order-m (k-Pell) num-
bers.
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n\m m=1 m=2 m=3
n\i i=1 i=1 i=2 i=1 i=2 i=3
n=−2 0 0 1
n=−1 0 1 0 1 0
n=0 1 1 0 1 0 0
n=1 2 2 k 2 k k
n=2 4 4+k 2k 4+k 3k 2k
n=3 8 8+4k 4k+k2 8+5k 6k+k2 4k+k2

n=4 16 16+12k+k2 8k+4k2 16+16k+k2 12k+6k2 8k+5k2

Table 1 The Generalized order-m (k-Pell) sequences for m = 1, 2, 3 and different values
of i, (1 ≤ i ≤ m).

Note that when i = 1 and m = 2, the Generalized order-2 (k-Pell) se-
quence {P 1

k,n} is reduced to the classical k-Pell sequence defined in (1.1).

The relation between the Generalized order-2 (k-Pell) sequence and the k-
Pell sequence is given by P 1

k,−1 = Pk,0, P
1
k,0 = Pk,1, P

1
k,1 = Pk,2, . . ., i.e.,

P 1
k,j = Pk,j+1, j ≥ −1. (2.3)

Also the sequence obtained for m = i = 1 coincides with a geometric
progression which the common ratio is equal to 2.

By definition of Generalized order-m (k-Pell) sequence, we can write the
following vector recurrence relation:




P ik,n+1

P ik,n
P ik,n−1

...
P ik,n−m+2




= T




P ik,n
P ik,n−1
P ik,n−2

...
P ik,n−m+1



, (2.4)

where T is a m ×m companion matrix, called by Generalized order-m (k-
Pell) matrix and given by

T =




2 k k · · · k k
1 0 0 · · · 0 0
0 1 0 · · · 0 0
0 0 1 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · 1 0



. (2.5)

We define a m-square matrix Bn = [bi,j ] in order to work with the m
sequences of the Generalized order-m (k-Pell) numbers, as follows:
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Bn =




P 1
k,n P 2

k,n · · · Pmk,n
P 1
k,n−1 P 2

k,n−1 · · · Pmk,n−1
...

...
...

...
P 1
k,n−m+1 P

2
k,n−m+1 · · · Pmk,n−m+1


 . (2.6)

It is easy to show that Bn = TBn−1 and that B1 = T . Then we have the
following result:

Lemma 2.1 Let T and Bn be matrices as stated in (2.5) and (2.6), respec-
tively. Then for all integers n ≥ 0

Bn = Tn.

Proof. Since Bn = TBn−1, then, by an inductive argument, we can write
that Bn = Tn−1B1. According the fact that B1 = T we obtain Bn = Tn, as
required.

ut

As a consequence of this lemma we have the following corollary:

Corollary 2.2 Let Bn the matrix defined in (2.6). Then

detBn =

{
2n if m = 1
(−k)n if m is even
kn if m is odd (m 6= 1)

(2.7)

Proof. By Lemma 2.1, detBn = det (Tn) = (detT )n. By the Laplace expan-
sion of the determinant of T with respect to last column, it is easy to get
the result required.

ut

Now we give some properties involving the Generalized order-m (k-Pell)
numbers.

Theorem 2.3 Let P ik,n be the nth term of the ith Generalized order-m (k-

Pell) sequence, with 1 ≤ i ≤ m. Then for l ≥ 0 and n ≥ 1 we have

P ik,n+l =
m∑

j=1

P jk,lP
i
k,n−j+1.

Proof. By Lemma 2.1, Bn = Tn and then Bn = Bn−1B1 = B1Bn−1 and,
generalizing, we can write Bn+l = BnBl = BlBn. Therefore, an element
of Bn+l is the product of a row of Bn by a column of Bl, and the result
required follows.

ut
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In the following result we present some relations involving the terms of
the Generalized order-m (k-Pell) sequence.

Lemma 2.4 For positive integers k and m and a natural number n the
following identities hold:

1. P 1
k,n+1 = 2P 1

k,n + P 2
k,n;

2. P 2
k,n+1 = kP 1

k,n + P 3
k,n;

3. P ik,n+1 = kP 1
k,n + P i+1

k,n , 3 ≤ i ≤ m− 1, m ≥ 4;

4. Pmk,n+1 = kP 1
k,n, m 6= 1.

Proof. Taking into account the definition of the matrix Bn, the identity
Bn+1 = BnT and the multiplication of matrices, these identities are easily
shown . For instance, the first identity is exactly the entry of the matrix
Bn+1 that is in first line and first column. By taking the product of the
first line of Bn with the first column of T we obtain the second member of
this identity and given that Bn+1 = BnT we immediately have the desired
result. Using a similar process we immediately get the other identities of
this Lemma.

ut

3 The Generalized Binet formula

In this section we present a generalized Binet’s formula and some identities
involving this sequence are provided.

From companion matrices, it is known that the characteristic equation of
the matrix T is

xm − 2xm−1 − k
(
xm−2 + xm−3 + · · ·+ x+ 1

)
= 0,

which is also the characteristic equation of Generalized order-m (k-Pell)
numbers. The following result will be used in the proof of theorems in this
section.

Lemma 3.1 The equation xm+1 − 3xm − (k − 2)xm−1 + k does not have
multiple roots for m ≥ 2, k ≥ 3.

Proof. Let f(x) = xm − 2xm−1 − k
(
xm−2 + xm−3 + · · ·+ x+ 1

)
and

g(x) = (x− 1) f(x)

= (x− 1)
(
xm − 2xm−1 − k

(
xm−2 + xm−3 + · · ·+ x+ 1

))

= xm+1 − 3xm − (k − 2)xm−1 + k
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Clearly, 1 is a root of g(x) but not a multiple root since m ≥ 2 and f(1) 6= 1.
Suppose that α is a multiple root of g(x) such that α 6= 0 and α 6= 1. Since
α is a multiple root, we have that

g(α) = αm+1 − 3αm − (k − 2)αm−1 + k

and
g′(α) = αm−2

(
(m+ 1)α2 − 3mα− (k − 2) (m− 1)

)
.

Thus g′(α) = 0⇔ (m+ 1)α2 − 3mα− (k − 2) (m− 1) = 0 since α 6= 0. Let
denote by ∆ = 9m2 + 4

(
m2 − 1

)
(k − 2). Hence the two roots of derivative

of g are given by

α1 =
3m+

√
∆

2 (m+ 1)
, α2 =

3m−
√
∆

2 (m+ 1)
.

We obtain that −g(α1) = αm−11

(
−α2

1 + 3α1 + (k − 2)
)
− k and −g(α2) =

αm−12

(
−α2

2 + 3α2 + (k − 2)
)
− k and if am,k = αm−11

(
−α2

1 + 3α1 + (k − 2)
)

and bm,k = αm−12

(
−α2

2 + 3α2 + (k − 2)
)
, then−g(α1) = 0 ⇔ am,k − k = 0

and −g(α2)=0⇔ bm,k − k = 0 for k ≥ 3, m ≥ 2.

However if we choose k = 3 and m = 2 we get α1 = 3+2
√
3

3 , α2 = 3−2
√
3

3

and a2,3 = 3+ 16
√
3

9 , b2,3 = 3− 16
√
3

9 . Hence a2,3 6= 3 and b2,3 6= 3, which is a
contradiction because we suppose that α is a multiple root for m ≥ 2, k ≥ 3.
Therefore, the equation g(x) = 0 does not have multiple roots.

ut
As a consequence of Lemma 3.1, the equation

xm − 2xm−1 − k
(
xm−2 + xm−3 + · · ·+ x+ 1

)
= 0

does not have multiple roots for m ≥ 2, k ≥ 3.
Let f(λ) be the characteristic polynomial of the Generalized order-m (k-

Pell) matrix T . Then f(λ) =λm−2λm−1−k
(
λm−2+λm−3+· · ·+λ+1

)
and

let λ1, λ2,
. . . , λm be the eigenvalues of the matrix T , which are distinct by Lemma
3.1.

Let V be the m-square matrix defined by

V =




λm−11 λm−21 λm−31 . . . λ1 1
λm−12 λm−22 λm−32 . . . λ2 1
λm−13 λm−23 λm−33 . . . λ3 1

...
...

...
...

...
...

λm−1m λm−2m λm−3m . . . λm 1



, (3.1)

which is a Vandermonde matrix and let cim be a m× 1 matrix
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cim =




λn+m−i1

λn+m−i2

λn+m−i3
...

λn+m−im



. (3.2)

Let V
(i)
j be a m-square matrix obtained from V by replacing the jth

column of V by cim. Considering these matrices in the following result we
present the generalized Binet formula for the Generalized order-m (k-Pell)
numbers.

Theorem 3.2 Let P ik,n be the nth term of the ith k-Pell sequence of Gen-

eralized order-m (k-Pell) numbers, for 1 ≤ i ≤ m. Then

P jk,n−i+1 =
det
(
V

(i)
j

)

det (V )
. (3.3)

Proof. The matrix T is diagonalizable since the eigenvalues of T are distinct.

Now we have
(
V T
)−1

TV T = D = diag (λ1, λ2, . . . , λm) as the matrix V T

is invertible. So we can write TnV T = V TDn. Taking into account Lemma
2.1 we have the following linear system of equations:





bi1λ
m−1
1 + bi2λ

m−2
1 + · · ·+ bim = λn+m−i1

bi1λ
m−1
2 + bi2λ

m−2
2 + · · ·+ bim = λn+m−i2

...
bi1λ

m−1
m + bi2λ

m−2
m + · · ·+ bim = λn+m−im

(3.4)

where Bn = [bij ] is the m-square matrix defined in (2.6) and so bij =

P jk,n−i+1 for each j = 1, 2, . . . ,m. Therefore the result easily follows.
ut

4 Sums of the Generalized order-m (k-Pell) numbers

In this section we present the sums of the Generalized order-m (k-Pell)
numbers and for a particular case we obtain also the sums of k-Pell numbers.
Let us consider Sn =

∑n−1
i=0 P

1
k,j . For m = 1 the sums of the Generalized

order-1 (k-Pell) is given by
Sn = 2n − 1 (4.1)

since in this case the sequence is a geometric progression as we have men-
tioned in Section 2.
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From now on consider m ≥ 2 and by the use of item 4 of Lemma 2.4 then
we have

Sn =
n−1∑

i=0

(
1

k
Pmk,i+1

)
(4.2)

=
1

k

(
n−1∑

i=0

Pmk,i+1

)
(4.3)

=
1

k

(
n∑

i=1

Pmk,i

)
(4.4)

Following what was the idea in [9] and in [16], let us consider the square
(m+ 1)× (m+ 1) matrices E and Wn defined by

E =




1 0 0 · · · 0 0
1
0
0 T
...
0




(4.5)

and

Wn =




1 0 0 · · · 0 0
Sn
Sn−1
Sn−2 Bn

...
Sn−m+1



, (4.6)

where T and Bn are the matrices given in (2.5) and (2.6), respectively.

Once more by item 4 of Lemma 2.4, we obtain that Sn = 1
k

(∑n
i=1 P

m
k,i

)
=

1
k

(
Pmk,n +

∑n−1
i=1 P

m
k,i

)
= 1

k

(
kP 1

k,n−1
)

+ Sn−1 = P 1
k,n−1 + Sn−1. Therefore

Sn = P 1
k,n−1 + Sn−1 (4.7)

and Wn−1E = Wn and by generalization we get that Wn = W1E
n−1.

Taking into account the fact that S−i = 0 for 1 ≤ i ≤ m and the definition
of the Generalized order-m (k-Pell) numbers, we conclude that W1 = E
and consequently Wn = En. Thus we obtain that Wn+1 = En+1 = EnE =
WnW1 = EEn = W1Wn and we conclude that the matrix Wn commutes
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with W1 and vice-versa. Therefore since Wn+1 = WnW1 then we obtain the
equality

Sn+1 = P 1
k,n + Sn (4.8)

and since Wn+1 = W1Wn we have that

Sn+1 = 1 + 2Sn + k

(
n−1∑

i=1

Sn−i

)
. (4.9)

Taking into account (4.8) and (4.9), we obtain

P 1
k,n + Sn = 1 + 2Sn + k

(
n−1∑

i=1

Sn−i

)
. (4.10)

For the particular case of m = 2 and i = 1 (case of the k-Pell sequence),
taking into account (2.3) the equation (4.10) gives

Pk,n+1 + Sn = 1 + 2Sn + kSn−1.

Hence Sn = Pk,n+1 − kSn−1 − 1 and then by (4.7) we obtain

Sn = Pk,n+1 − k
(
Sn − P 1

k,n−1
)
− 1.

Finally, by the use of the fact that kP 1
k,n−1 = Pk,n and some algebraic

calculation we obtain the formula of the sums of k-Pell numbers given in
Proposition 1 of [4] and Proposition 3, item 3 of [15].

5 Combinatorial representation of the Generalized order-m
(k-Pell) numbers

In this section we present a combinatorial representation of the mth Gener-
alized order-m (k-Pell) number. We shall use the companion matrix T given
by (2.5), the matrix Bn given by (2.6) and Theorem 3.1 of [5]. The idea is
the explicit formula for all elements in the nth power of the companion
matrix T given by Lemma 2.1.

Considering the entry bp,q of matrix Bn that is in the line p and column
q and recall Theorem 3.1 of [5], we have in our case:

Theorem 5.1

bp,q =
∑

(l1,l2,...,lm)

lq + lq+1 + · · ·+ lm
l1 + l2 + · · ·+ lm

×
(
l1 + l2 + · · ·+ lm

l1, . . . , lm

)
2l1kl2kl3 · · · klm ,

where the summation is over nonnegative integers satisfying l1 + 2l2 + · · ·+
mlm = n−p+q and the coefficient used above is defined to be 1 if n = p−q.

In particular for p = 1 and q = m we obtain the following corollary
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Corollary 5.2 For positive integers k, m, n, we have

b1,m =
∑

(l1,l2,...,lm)

lm
l1 + l2 + · · ·+ lm

×
(
l1 + l2 + · · ·+ lm

l1, . . . , lm

)
2l1kl2kl3 · · · klm ,

where the summation is over nonnegative integers satisfying l1 + 2l2 + · · ·+
mlm = n−1+m and the coefficient used above is defined to be 1 if n = 1−m.

Therefore taking into account (2.6), a combinatorial representation of the
mth Generalized order-m (k-Pell) number is provided.
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