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Abstract In this paper, we show that two («, 3)-metrics, namely, Z-Shen’s square metric
and Kropina metric have same Douglas tensor if and only if both are Douglas metrics
and find some relations to characterize projective change between them on a manifold.
Moreover, we consider this projective change when Z-Shen’s square metric satisfies some
curvature properties.
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1 Introduction

The projective change of Finsler metrics is an delightful topic to study in
Finsler geometry. The projective relation is said to be trivial if the corre-
sponding sprays are equal. Two Finsler metrics F' and F' on a manifold M
are said to be projectively related if every geodesic of the first is also a
geodesic of the second and vice versa. The projective changes between two
Finsler spaces have been studied by many authors [[13], [20], [10], [11], [9],
4], [1] and [14]]

In 1929, L. Berwald constructed an example of a projectively flat Finsler
metric of constant flag curvature K = 0, on unit ball B™ given by

(VA PIWP + (w9 + (o.0))’
(0~ P2 /T Pl T w0

Here |- | and (,) denote the standard Euclidean norm and inner product,
respectively on R".

F(z,y) = (z,y) € TR".
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Z. Shen introduced a (a, §)-metric called square metric given by F =

(@+B)® 14 i interesting to note that Berwald metric is a special case of
Z. Shen’s square metric. Z. Shen and G. Civi Yildirim [17] classified this
special (o, 8)-metric under the restriction of projectively flatness and con-
stant flag curvature. Recently in [21], L. Zhou proved that a square metric
with constant flag curvature must be projectively flat and hence classified
all projectively flat square («, 8)-metrics.

Kropina metric was first introduced by L. Berwald in connection with
a two-dimensional Finsler space with rectilinear extremal and was investi-
gated by V. K. Kropina [5]. Kropina metrics are non-regular Finsler metrics.
Kropina metrics are simplest non-trivial Finsler metrics with many interest-
ing application in physics, electron optics with a magnetic field, dissipative
mechanics and irreversible thermodynamics [18]. Also, they have interest-
ing applications in relativistic field theory, control theory, evolution and
developmental biology.

A crucial result related with the projective change was given by Rapcsidk’s
paper [13]. He proved a necessary and sufficient condition of projective
change. In 1984, H. Park and Y. Lee [11] studied projective changes be-
tween a Finsler space with (o, 3)-metric and the associated Riemannian
metric. S. Bacsé and M. Matsumoto [1] in 1994, considered the projective
changes among Finsler spaces with («, 8)-metric. In [16] projective change
between two Randers metrics is studied and it is obtained that two Randers
metrics are projectively related if and only if the corresponding Riemannian
metrics are projectively related and they have the same Douglas tensor. In
2009, N.-W. Cui and Y. Bing Shen [4] studied projective change between

Z. Shen square metric F' = M and a Randers metric and in 2011, M.
Zohrehvand and M. M. Rezaii [22} studied projectively related Matsumoto
metric and a Randers metric.

In this paper, we study projective change between Z-Shen’s square metric
and Kropina metric.

2 Preliminaries

Let M be an n-dimensional smooth manifold. Denote T, M, the tangent
space of M at x. The tangent bundle T'M is the union of tangent spaces,
TM := U,ep TeM. We denote clements of TM by (x,y), where z = (z)
be a point of M and y € T,, M called supporting element. We denote T'My =
TM \ {0}.

Definition: A Finsler metric on M is a function F' : TM — [0, 00) with
the following properties:
(i) F' is smooth on T' My,

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM and
1 92F?

(iii) the Hessian of %2 with element g;; = 5575, is positive definite on

TMs,.
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Projective change between two metrics with curvature properties 3

The pair F" = (M, F) is called a Finsler space of dimension n. F' is called
fundamental function and g;; is called the fundamental tensor of the Finsler
space F".

For a given Finsler metric F = F(x,y), the geodesic of F are characterized
locally by a following system of second order differential equations [2]

d?xt , dx
26 (2,2 ) =
72 +2G (x, dt> 0,
where G = G'(z,y) are called the spray coefficients of I, given by
L a 2 2
G = Zgl {[F ]mmyl ym B [F ]xl} :

In Riemannian geometry, two Riemannian metrics a« and & are projec-
tively related if and only if their spray coefficients are given by [4]

Gl = G5+ Aty (2.1)

where A = A(z) is a scalar function.

A Finsler metric F' on M is said to be projective to F if there exists a scalar
function P(z,y) on TM\ {0}, homogeneous of degree one in y, such that

G' =G+ P(z,y)y, (2.2)

where G* and G are the spray coefficients of F' and F respectively.
A Finsler metric is called a projectively flat metric if it is projectively related
to a locally Minkowskian metric.

In 1972, M. Matsumoto [8] introduced («, 3)-metrics. By definition, an
(a, B)-metric is a Finsler metric expressed in the following form,

F = = —
0o(s), s="
where @ = /a;;(x)yys is a Riemannian metric and 3 = b;(z)y’ is a 1-form
satisfying ||Bz|| < bo, Y& € M. It is well known that F' = a¢(s) is a regular
(a, B)-metric iff the function ¢(s) is a positive C*° function with |s| < bg
satisfying [2]

B(s) — s (s) + (B2 — s2)p (s) >0, |s| <b< by (2.3)

In this case the metric tensor induced by F' is positive definite.
Let

1 1
rij =5 (b +bj) s sy = 5 (i — bjia)

where b;; means the coefficients of the covariant derivative of 8 with respect
to a. Clearly 3 is closed if and only if s;; = 0.
An (a, B)-metric is said to be trivial if r;; = s;; = 0. Furthermore, we denote

i._ ik i, ik
TS = AT, SG = a’ Sky,
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S e e ]
Too = TijY y]7 Ti0 ‘= rz]ij
— J - i
s;:=bjs;, 5o = sy,
- i17 - j
ri=rb't, sio = sijy’

The relation between the spray coefficients G' of I and geodesic coefficients
G?, of a are given by [15]

G' = Gl + aQsl + {—2Qasy + ro0} {¥b' +Oay'}, (2.4)
where ) . .,
o__ 9 —s(@ +6¢)
20 ((¢ — s¢') + (02 — s2)¢")’
= 7¢/
Q e
1 ¢

T 200 50) + (P - )d
The tensor D := Déklai ® dr? @ dz¥ ® da! is called Douglas tensor where,

; 3 .1 aGm
= gy (g ) .

A Finsler metric is called Douglas metric if the Douglas tensor vanishes
([4], [19]). The Douglas tensor is projective invariant [12]. Since the spray
coefficients of a Riemannian metric are quadratic forms. It can be easily
seen that for Riemannian metric Douglas tensor vanishes, which shows that
Douglas tensor is a non-Riemannian quantity. The fundamental fact is that
all Berwald metrics must be Douglas metrics.

Here we use quantities with a tilde to denote the corresponding quantities
of the metric F. Now, we enumerate the Douglas tensor of an (a, 3)-metric.
Let

G' = Gl + aQsh + ¥ {—2Qaso + oo} V. (2.6)
Then (2.4) becomes
G' =G+ 0{-2Qasy + o0} "y,

Clearly, if sprays G* and G* are projective equivalent then, they have same
Douglas tensor. Denote

T' = aQsh + ¥ {—2Qasg + o0} b'. (2.7)
Differentiating equation (2.7) with respect to y™, we have

Ty = Q'so +¥ a (% — 5%)[roo — 2Qauso] + 2¥[ro — Q' (b% — 52)s0 — Qssg).
(2.8)
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Projective change between two metrics with curvature properties 5

The equation (2.6) can be rewritten as G* = G%, 4+ T*. By (2.5), we have

y 03 ; 1 0G™ , ; 1 1™ |
Di = 5777
Oy Oy~ oy

a_n+18ymy Cn+10oym

A i 1 arm
Oyl oyk oyl n+10ym ’
The Douglas tensor of an («, 3)-metric is given by
. 93 . 1 o1T™
DYy)y=——-—|T" - —y . 2.9
TR Dyd Ok oyt < n+1dym > (2.9)

Thus, if F and F have the same Douglas tensor, i.e. D;.kl = ngl. From (2.5)
and (2.9), we get

o3 L 1 .
_— T —-T" — 0 —Tmy'| = 0. 2.1
OyI Oyk oy { n+ 1( v )Y ] 0 (2.10)

Then there exists a class of scalar functions H! = H (), such that

i i 1 m i\, i i

where H{, := Hij(z)y’y", T' and T,% are given by the relations (2.7) and
(2.8) respectively

3 Projective change of the two metrics

In this section, we consider on the projectively related two («, 8)-metrics,

_ (a+6)2

namely Z. Shen square metric F’ and Kropina metric F= %2

For Z. Shen square metric (a+5 ) , one can prove by (2.3), that F' is a reg-
ular Finsler metric if and only if |Bz|l < 1 for any z € M. The geodesic
coefficients are given by (2.4) with

2
= 3.1
Q= (31)
B 1—-2s
© 14202 — 352’
1

/S —

1+ 2b% — 352
For Kropina-metric F = %2, one can see that F' is not a regular («, (5)-
metric, but the relation ¢(s) — s¢'(s) + (b* — s2)¢"(s) > 0 is still true for
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|s| > 0.
The geodesic coefficients are given by (2.4) with
~ 1
=—— 3.2
0=y (32
62,
b2
~ 1
W - —=—.
202
For simplicity, we assume in this paper that A := ﬁ
Lemma 3.1 [7] Let F = %; be a Kropina metric on an n-dimensional

manifold M. Then
(1) (n > 3) Kropina metric F with b* # 0 is a Douglas metric if and only if

1
Sik — be (bisk - bksl) . (33)

(2) (n =2) Kropina metric F is a Douglas metric.

Since the Douglas tensor is a projective invariant, we have

Proposition 3.2 Let F = % be a Z. Shen square metric and F=a
be a Kropina metric on a manifold M with dimension n > 3, where a and &
are two Riemannian metrics, B and B are two non-zero 1-forms. The Finsler
metrics F and F have same Douglas tensor if and only if both are Douglas
metrics.

Proof. The sufficiency is obvious, we just need to prove the necessity.
Suppose that F' and F have the same Douglas tensor on an n-dimensional
manifold M when n > 3. Then D;kl = D;kl’ which implies that (2.11) holds.
Putting equation (3.1) and (3.2) in equation (2.11). Hence, we obtain

Ala®+ Bia® +Clat+ Dia3+ Eia? + Fia + HY  A'a2? + B!

—— —H!,, (34
Iod+Jot+ Kad3 +La?2 + Ma+ N 2023 00> (3.4)

where ' '

At =2 (14 26%) [(1+2b%)sh — 2b'so] ,

B’ := (14 2b%) [b'roo — 2y’ (r0 + s0)] ,

C”" =—0 [(1—|—}2b2) (biroo+12586—2)\yim) - (IQBbi+2)\yi+28)\yib2) 50] ,
D' :=—p (6’ (bQTOO — Bro— ﬁSo) + 3b'rg0]

E' .= 3p2 [65256 + Bb'rog + 2Ay° (b2r00 — Bro — 5630)] ,

Fi' = GAyiﬂ?’Too,

H' := —6\y' B0,
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Projective change between two metrics with curvature properties 7

Ii=—(1+20%)%, J:=p5(1+2?)7,
W= 682 (1+420%), L:=—68%(1+2?),
X =984 N =98,

and

Al = 23] — '3,

B = B2\ (7o + 50) — Boo)

Here A := n—_lH Further, (3.4) is equivalent to

(A" + B'a® + C'a* + D'a® + E'a® + F'a+ H') (252/5’)
+ (Aiaﬁ + B”) (Io® + Ja* + Wa? + La® + Xa + N)

= Hy, (2525) (Ie® + Ja* + Wa® + La® + Xa + N) .

(3.5)
Replacing y' by —y/ in (3.5) yields
(~Ala®+ Bla® — Cla* + D'a® — Fla® + Fla — H') (~253)
— (A'@* + BY) (1a° ~ Ja* + Wa® — La® 4 Xa — N)
= Hiy (~28°8) (10® — Ja* + Wa® — La® + Xa — N) .
(3.6)
Adding (3.5) and (3.6), yields
(A"aS+C'a*+FE'a®+H') (213%) +(Ja' + La® + N) ([11'&2 + E}i)
=H}, (21323) (Ja*+La®+N).
(3.7)

Again, subtracting (3.6) from (3.5), yields
(B'a® + D'a® + Fla) (20%8) + (Ia® + Wa® + Xa) (A'a* + B')
= Hiy (20°5) (1a® + Wa® + Xa)
That is,
(B'a* + D'a® + F') (20%8) + (Ia* + Wa? + X) (A'a* + B')

= Hi, (2525) (Ia* +Wa? + X).  (3.8)
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From equation (3.8), we can see that (flidQ + Bl) (Ia* +Wa? + X) can
be divided by 3. Again, A'a? (Ia* + Wa? + X) also can be divided by f.
Since 8 = up, then A2 Io? can be~diyideg by 3. Because f3 is prime with
respect to a and &, therefore A= b%5) — b3 can be divided by 3. Hence,
there is a scalar function ¢*(z) such that

b25 — b5, = B (3.9)
Contracting (3.9) by §; := a;;u/, we obtained ¢'(g;) = —3¢. Since g is
arbitrary vector, we get ¢'(z) = —3'. Then we have
. . 5.
Sij = 5*2 [bis]- - bjsi] ) (3.10)
provided, b2 # 0. ) )
Thus, by Lemma (3.1), F = %2 is a Douglas metric. Since F' and F have

the same Doug}as tensor, both of them are Douglas metrics. )
When n =2, F = %2 is a Douglas metric by Lemma (3.1). Thus F' and F'
having the same Douglas tensor means that they are all Douglas metrics.

This completes the proof of proposition (3.2).
Now, we are in the position to state the following Theorem.

Theorem 3.3 Let F = % and F = %2 be two (o, B)-metrics on a

manifold M with dimension n > 2, where o and & are two Riemannian
metrics, B = by and B are two non-zero collinear 1- forms. Then F' is
projectively related to F' if and only if the following relations hold:

(i)

L 1 . - . .
Gl =G+ [oﬂs + Foobz} — a2+ by,

(ii)

b; =7 [(1+2b%)ai; — 3bib;]
(iii) 3ij = 2 [Ez@j - gjgz} ,
where T = 7(x) is some scalar function, by; denote the coefficients of the
covariant derivatives of B with respect to a and b* := ab;, b := ||8||a and
0 = 0;y" is a 1-form on M.

(a+8)?

Z-Shen’s square metric F' = == is a Douglas metric if and only if
bi; = 7l(1 + 20%)aij — 3b;bj] holds for some scalar 7 = 7(z) [6]. It is

known that Kropina metric F = % is a Douglas metric if and only if

~ 1 7 ~ 7 ~
Sij = 1372 [biS]‘ — bjsi] .

N

R
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Projective change between two metrics with curvature properties 9

Corollary 3.4 Let F = % and F = %2 be two (a, B)- metrics on a

manifold M with dimension n > 2, where o and & are two Riemannian
metrics, B = biy' and B are two non-zero collinear 1- forms. Then F' is

projectively related to F if and only if they are Douglas metrics and the
spray coefficients of a and & have the following relation

. . 1 . - . .
Gl =i+ 5 [@251 + foobz} — a2V + 0y, (3.11)

where b’ := dijgj, 7 = 7(x) is a scalar function and 0 = 0;y" is a 1-form on
M.

Proof of Theorem 3.3
First, we prove the necessity. Since Douglas tensor is an invariant under
projective change between two Finsler metrics. If F' is projectively related
to 15, then they have the same Douglas tensor. By proposition (3.2), we
obtain that F' and F are both Douglas metrics. It has been proved in [7]

that Kropina metric F' = %2 is a Douglas metric if and only if

- 1. -
Sij = = [biSj - bjsi] . (3.12)
It is well known that Z-Shen’s square metric F' = LZB s a Douglas metric
if and only if
bi\j =T [(1 + 2b2)aij — 3bibj] , (3.13)

for some scalar function 7 = 7(z), where b;; denote the coefficients of the
covariant derivatives of 8 with respect to «. In this case, 3 is closed. Plugging
(3.13) and (3.1) into (2.4) yields

Gl =G +7(a—2B)y" + T (3.14)
On the other hand, plugging (3.12) and (3.2) into (2.4) yields
~ . ~ . 1 o L o 27 Bt
G' = Gg — ﬁ |:—C¥28 + (280y" — Toob") + (ngy 1 . (3.15)

Since F' is projectively related to F again, there is a scalar function P :=
P(z,y) on TM\ {0} such that

Gt =G+ Py (3.16)
From (3.14), (3.15) and (3.16), we have

P—T(@—QB)—B% (50 + Fg“f)

, L | . .
v =Gl Ghtrah - [5251 + foobﬂ .

(3.17)
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The Right-hand side of the above equation is a quadratic form in y. Then
there exists a one form 6 = 6;(x)y* on M such that,

P—1(a—28) — b% <§0 + ’;2025) — 0. (3.18)

Then, we have

1

Gl =GL + —=
20>

[@251' + fvooif} — a2 + By, (3.19)

From (3.12), (3.13) and (3.19), we complete the proof of the necessity.
Conversely, plugging (3.13) into (2.4) with (3.1) yields (3.14). Plugging
(3.12) into (2.4) with (3.2) yields (3.15). From (3.14) and (3.19) we have

i __ i . i 5 ~i S
G'=Gz+0+71(a—28)]y" + Pyl (a ' + Toob ) : (3.20)

Putting the value of G% from equation (3.15) to equation (3.20), we get

L 1 2513 ,
G'=G+|0+7(a—28) + o2 <2§0 + ’;jgﬁﬂ y'. (3.21)
From equation (3.16), we get
1 27003
P=0+71(a—28)+ e (250 + 7;‘336) . (3.22)

i.e. F is projectively related to F' . We complete the proof of theorem (3.3).

4 Projective change with curvature properties

Berwald curvature tensor of a Finsler metric F' is defined by
B:= ;kldmj ® 0; @ da* @ da!,

i 983G [ i :
where Bjkl = apoyiay = [G }yjy,cyl and G* are the spray coefficients of F.

A Finsler metric F is of isotropic Berwald curvature if
;‘kl =c (ijykéli + ijyzé,i + Fykyl(s;' + ijykylyi) s

where ¢ = ¢(z) is a scalar function on M [2].

The mean Berwald curvature tensor is defined by E := E;; dz'®dx?, where
o l 82 aGm _ l

E’ T 20yt 0y <8ym> - QBranij'

A Finsler metric is said to be of isotropic mean Berwald curvature if
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Projective change between two metrics with curvature properties 11

E;j = "Hc(x)Fyuy, where ¢ = ¢(z) is a scalar function on M [14]. Clearly,
the Finsler metric of isotropic Berwald curvature must be of isotropic mean
Berwald curvature.

A Finsler metric F is said to have isotropic S-curvature if S = (n+1)c(x)F
for some scalar function ¢(z) on M [2].
N.W. Cui proves the following

Lemma 4.1 [3] For metric F = a + ¢S + k%, where € and k # 0 are
constants on an n-dimensional manifold M, the following are equivalent:
(i) F is of isotropic S-curvature, that is, S = (n+ 1)c(z)F’;

(it) F is of isotropic mean Berwald curvature, E = "Lc(z)F~'h;

(#ii) F has vanished S-curvature, that is, S = 0;

(i) F is a weak Berwald metric, that is, E=0;

(v) B is a Killing 1-form of constant length with respect to «, that is, rog =
so = 0, where ¢ = ¢(x) is a scalar function.

The lemma (4.1) is valid for F = (@+5)° when we put e =2 and k = 1.

«
In present section, we suppose that F' = (a+h)* has some curvature prop-

[0
. . . o ~2 . . . o (a+ﬁ)2
erties. Kropina metric F' = % is projectively related to F. For F' = ==~

of isotropic S-curvature, we have the following

Theorem 4.2 Let F = % and F = %2 be two (o, B)-metrics on a man-

ifold M with dimension n > 2, where a and & are two Riemannian metrics,
B = by and B are two non-zero 1-forms. Suppose that F' has isotropic S-
curvature. Then F is projectively related to F if and only if the following
conditions hold:

(i) Gi, = G + o5 [aﬂgi + fooif’] + 0y°,

(i) B is parallel with respect to «, that is, b;

i =0
(iit) 55 = E% [l;léj - Iajéz} , where by; denote the coefficients of the covariant

derivatives of B with respect to a and b := @b;, b= ||B||a and 0 = O,y is
a 1-form on M.

Proof. From Theorem (3.3) the sufficiency is obvious. For the necessity,

again from Theorem (3.3) we have that if F' is projectively related to F,
then

bi\j =T [(1 + 2b2)ai]‘ — 3bibj] ,

for some scalar function 7 = 7(x). Contracting the above equation with Y
and g7 yields

roo = 7 [(1 + 2b%)a? — 347 . (4.1)

T
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By Lemma (4.1), if F has isotropic S-curvature, then rop = sg = 0.
Plugging rgg = so = 0 in equation (4.1), we get

(14 20%)a? — 382 =0,
provided 7 # 0. That is
(1 + 2[)2)6Lij - Sbibj =0.

Contracting the above equation with a%/, gives n + (2n — 3)b? = 0, which
is not possible. Therefore 7 = 0, which is not possible as n > 2, putting in
Theorem (3.3), we complete the proof.

We know that the Finsler metric of isotropic Berwald curvature must be
of isotropic mean Berwald curvature. Thus, by Lemma (4.1), assuming that
F has isotropic Berwald curvature, we immediately obtain the theorem

Theorem 4.3 Let F = % and F = %2 be two (o, B)-metrics on a man-

ifold M with dimension n > 2, where o and & are two Riemannian metrics,
B = by’ and B are two non-zero 1-forms. Suppose that F has isotropic
Berwald curvature. Then F is projectively related to F if and only if the
following conditions hold:

(i) Gi, = Gi + L [oﬂs + fooél} + 0y,

(i4) B is parallel with respect to o, i.e. b; =0,

(iii) 3ij = 2 [Ez@j - Z’jgz} ;
where b;; denote the coefficients of the covariant derivatives of 3 with re-
spect to o and b' := &ijl;j, b:=||B|la and 0 = 0;y" is a 1-form on M.

Theorem 4.4 Let F = % be projectively equivalent to F=2 gnd F
B

has isotropic Berwald curvature. Then F' has isotropic Berwald curvature if
and only if F' has isotropic S-curvature.

Proof. Suppose F' has isotropic Berwald curvature, then F' has isotropic
mean Berwald curvature. Thus, by Lemma (4.1), F is of isotropic
S-curvature. This proves necessary condition for proving sufficiency. Since F’
and F are projectively equivalent, (2.2) holds. Suppose that F' has isotropic
S-curvature S = (n + 1)c(z)F. By Lemma (4.1), we have F' is of isotropic
mean Berwald curvature, that is, F;; = nTHCFyiyj.

Given that F' has isotropic Berwald curvature, then
B;'kl = E (ijykéf + ijyz (5]2 + Fyky15; + ijykyl,yz> 5

where ¢ = é(x) is a scalar function on M. Hence, by the definition of the
mean Berwald tensor, it follows from (2.2) that cFyi,i = ¢Fyiyi + Pyiyi,
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which gives that
CFyiyjyk = Eﬁyiyjyk + Pyiyayk‘.
Now we have
Bt = ﬁ
jkl Oy Dyk oyl

= B;kl + (Pyjyk(sg + f)yjyz(S;—c + Pykyl(sj' + Pyjykylyi)
=c (ijykéli + ijyl5]ic + Fykyz(S;- + ijykylyi)

+ (Pyjykéli + Pyjyzéz + Pykyz(5§ + Pyjykylyi)

=cC (ijyk(sz; + ijy’dlif + Fyk;yz(sé + ijykylyi) .

This implies that F' has isotropic Berwald curvature. We complete the proof.
By the above methods, we could obtain the theorem

Theorem 4.5 Let F = % be projectively equivalent to F=% gnd F
B

has isotropic Berwald curvature. Then F has isotropic Berwald curvature if
and only if F has isotropic S-curvature.

Acknowledgements The second author express his sincere thanks to the Government
of India, DAE (Department of Atomic Energy), Mumbai for funding as NBHM (Na-
tional Board for Higher Mathematics) Post Doctoral Fellow, which reference number is
2/40(18)/2015/R & D-11/9092, dated July 08, 2015.

References

1. BAcso, S.; MATSUMOTO, M. — Projective changes between Finsler spaces with (o, f3)-
metric, Tensor (N.S.), 55 (1994), no. 3, 252-257.

2. CHERN, S.S.; SHEN, Z. — Riemann-Finsler geometry, Nankai Tracts in Mathematics,
6. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ (2005).

3. Cui, N\W. — S-curvature of some (a, )-metrics (Chinese), Acta Math. Sci. Ser. A,
26 (2006), no. 7, 1047-1056.

4. Cui, N.W.; SHEN, Y.B. — Projective change between two classes of («, 8)-metrics,
Differential Geom. Appl., 27 (2009), no. 4, 566-573.

5. KroriNA, V.K. — On projective Finsler spaces with a metric of some special form
(Russian), Naucn. Dokl. Vyss. Skoly, Fiz.-Mat. Nauki, 2 (1959), 38-42.

6. L1, B.; SHEN, Y.B.; SHEN, Z. — On a class of Douglas metrics, Studia Sci. Math.
Hungar., 46 (2009), no. 3, 355-365.

7. MATSUMOTO, M. — Finsler spaces with (a, 3)-metric of Douglas type, Tensor (N.S.),
60 (1998), no. 2, 123-134.

8. MATSUMOTO, M. — The Berwald connection of a Finsler space with an («, 8)-metric,
Tensor (N.S.), 50 (1991), no. 1, 18-21.

9. MaTtsuMoTO, M.; WEL, X.Z. — Projective changes of Finsler spaces of constant cur-

vature, Publ. Math. Debrecen, 44 (1994), no. 1-2, 175-181.

10. Mu, F.; CHENG, X. — On the projective equivalence between (a,B)-metrics and
Kropina metrics, Differ. Geom. Dyn. Syst., 14 (2012), 105-116.

11. PaARk, H.S; LEE, I.Y. — Projective changes between a Finsler space with (a, 3)-metric
and the associated Riemannian space, Tensor (N.S.), 60 (1998), no. 3, 327-331.

79



14

Bankteshwar Tiwari, Manoj Kumar

12.

13.
14.
15.
16.
17.
18.
19.
20.

21.
22.

PARk, H.S.; LEE, I.Y. — On projectively flat Finsler spaces with («, B)-metric, Com-
mun. Korean Math. Soc., 14 (1999), no. 2, 373-383.

RAPCSAK, A. — Uber die bahntreuen Abbildungen metrischer Riume (German), Publ.
Math. Debrecen, 8 (1961), 285-290.

SHEN, Z. — On projectively related Finstein metrics in Riemann-Finsler geometry,
Math. Ann., 320 (2001), no. 4, 625-647.

SHEN, Z. — Differential geometry of spray and Finsler spaces, Kluwer Academic Pub-
lishers, Dordrecht (2001).

SHEN, Y.; YU, Y. — On projectively related Randers metrics, Internat. J. Math., 19
(2008), no. 5, 503-520.

SHEN, Z.; YILDIRIM, G.C. — On a class of projectively flat metrics with constant flag
curvature, Canad. J. Math., 60 (2008), no. 2, 443-456.

SHIBATA, C. — On Finsler spaces with Kropina metric, Rep. Mathematical Phys., 13
(1978), no. 1, 117-128.

TiwARI, B.; KUMAR, M. — On Finsler space with a special (o, B)-metric, J. Indian
Math. Soc. (N.S.), 82 (2015), no. 3-4, 207-218.

Tiwari, B.; KuMaRr, M.; PrajapraTi, G.K. — On the projective change between two
special Finsler spaces of (c, B)-metrics, An. Stiing. Univ. Al I. Cuza Iasi. Mat. (N.S.),
62 (2016), no. 2, vol. 3, 891-900.

ZHOU, L. — A local classification of a class of («, B)-metrics with constant flag curva-
ture, Differential Geom. Appl., 28 (2010), no. 2, 170-193.

ZOHREHVAND, M.; REZAIl, M.M. — On projectively related of two special classes of
(a, B)-metrics, Differential Geom. Appl., 29 (2011), no. 5, 660-669.

Received: 25.IV.2019 / Revised: 01.X.2019 / Accepted: 18.X1.2019

AUTHORS

BANKTESHWAR TIWARI,

DST-Centre for Interdisciplinary Mathematical Sciences,
Institute of Science,

Banaras Hindu University,

Varanasi-221005, India,

E-mail: banktesht@gmail.com

MAaNOJ KuMAR (Corresponding author),

Department of Mathematics,

Institute of Applied Sciences and Humanities,

GLA University,

Mathura-281406, India,

E-mail: mvermamath@gmail.com, manoj.kumargla@gla.ac.in

80





