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On dual Horadam quaternions

Nayil Kilic

Abstract In this paper, we define the dual Horadam quaternions and investigate some
of their properties, we describe the relations between dual Horadam quaternions and the
other dual quaternios (dual Fibonacci, dual Lucas, dual Pell, dual Pell-Lucas, dual Jacob-
sthal and dual Jacobsthal-Lucas quaternions). Also, we give Binet’s formula, generating
function and Catalan’s identity of dual Horadam quaternions.
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1 Introduction

The quaternions were defined by W. R. Hamilton in 1843. Quaternions are
used in many fields such as computer graphics, computer vision, animation
and eurospace. The quaternions are a number system which extends to the
complex numbers. Any f quaternion number consists of four real coefficients
and the set of all quaternions is defined by

Q=1{f= fo+ fii+ faj + f3kl|fo, 1, f2, f3 € R} (1.1)

where i, j and k are the standard orthonormal basis in R®. The quaternion
multiplication is defined by the following rules;

2=2=kr=-1
ij=—jk=%k, jk=—-kj=1, ki=—ik=j.

This demonstrates that the multiplication of quaternions is not commuta-
tive. If two quaternions are f = fo + fii + foj + fsk and f = fo + fi i +
f2'j + f3'k, then the addition and subtraction of them is

fErf=otfo)+(ALEh)i+ (ot fo)i+ (fs£fs)k
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2 Nayil Kilic

and the multiplication is

= fofo — (AF + fofo + fsfs) +i(fofi + fifo + fofs — faf2)
+3(fofo + fofo + fafi — fifs) +k(fofs + fafo + fife — fofi)

The conjugate of the quaternion f is denoted by f and defined as
f=fo— fii— f2j — f3k

Clifford extented the real numbers to the dual numbers in 1873. A dual
number d is the form

d=a+ea* (1.2)

where a,a* € R, ¢ is the dual unit, € # 0 and €2 = 0. Dual numbers form
two dimensional commutative algebra over the real numbers. Let @ be the

set of dual quaternions. A dual quaternion ¢ can be defined in a similar way
to the dual numbers, as follows

g=q+eq" (1.3)
where ¢ and ¢* are quaternions and ¢ is the dual unit. If ¢ = ag + a1i +
azj + ask and ¢* = ag + a1 i +az j + as k then the dual quaternion ¢ can
be written as

G=q+eq" = (ap +eag) + (a1 + a1 )i + (ag +eaz )j + (as + cas )k

Now, the dual quaternion ¢ consist of a scaler part and a vector part given
by

S,j = ag + 80/0/ = Sq + ESq*

Vi= (a1 +ear )i+ (az +cas’)j + (as +eas )k = Vg + €V
respectively.

If § = g+ eq* and p = p + ep* are two dual quaternions then the addi-
tion and subtraction is given by

pPEg=pEq+e(p’£q")
and multiplication is given by

pq = pq+e(pg” +p*q)
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On dual Horadam quaternions 3

where p = ag 4+ a17 + QQj —}—/agk, p/* = aol/ +aii+asj+as'k, g=>bo+bii+
boj + bsk and ¢* =bg + b1 1+ by j+ b3 k.
The conjugate of p = p + ep* is defined by

p=D+ep*
=ag—ait — CLQj - CLSk + 8(&0/ - al/Z' - CLQ,j — aglk)
= (ao +eag ) —i(a1 +ear’) — jlaz +eaz’) — k(as +eas’)

In [5] Nurkan and Giiven defined the dual Fibonacci quaternion and

the dual Lucas quaternion and they investigated some of their proper-
ties. Szynal-Liana and Wloch in [7] introduced Jacobsthal quaternions and
Jacobsthal-Lucas quaternions and they described their properties. Horadam
[3] studied the Fibonacci and Lucas quaternions. In [6], Swamy gave the re-
lations of generalized Fibonacci quaternions. In 2016, Yiice and Aydin [8]
studied the generalized dual Fibonacci quaternions. Also in [9], Yiice and
Aydin redefined the dual Fibonacci quaternions, they investigated the rela-
tions between the dual Fibonacci and the dual Lucas quaternions.
In this paper, we introduce dual Horadam quaternions and prove some of
their properties. Also, we give Binet’s formula, generating function, Catalan
identity, Cassini identity and d’Ocagne identity of dual Horadam quater-
nions.

2 Horadam Sequence

In [4] Horadam introduced the following sequence
{wn} = A{wn(a,bip,q) : wn = pwn_1 + qun_2,wo = a,wy = b,n > 2} (2.1)

where w,, is called as the nth Horadam number.
Let A and 7 denote the roots of the characteristic equation 2 —pzr —q =0

of the recurrence relation (2.1). Then A = w and y = VI V;)Q—Hq
Note that:
Aty=p, My=-¢ and \—7vy=+/p*+iq (2.2)
The Binet formula for Horadam sequence is given by
NA™ — K™
wn:i’y where N =0b—ay and K =05b-—al. (2.3)

A=n

By the recurrence relation and Binet formula for Horadam sequence, we
have
1
wn = = {b(\" =7") +ag(\" " = ")}
-7

which is another Binet formula for Horadam sequence.
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Remark 2.1 Consider Eq (2.1);

elf p=1,¢=1,a=0and b=1, the Fibonacci sequence is obtained,
elf p=1,¢=1,a=2and b=1, the Lucas sequence is obtained,

elf p=2,¢g=1,a=0and b=1, the Pell sequence is obtained,

elf p=1,¢g=2,a=0and b=1, the Jacobsthal sequence is obtained,
elf p=1,¢g =2, a =2 and b = 1, the Jacobsthal-Lucas sequence is
obtained,

elfp=2 ¢g=1,a=2and b =2, the Pell-Lucas sequence is obtained.

Hence, the Horadam sequence is the generalization of sequences above.

3 Dual Horadam Quaternions
In [3], Horadam defined complex Fibonacci numbers as follows
Cp=Fy,+iFp, i*=-1

where F), is the nth Fibonacci number. Halici, in [1], introduced the nth
complex Fibonacci quaternion by

Rn:311+i3n+17 i2 =-1

where §, = Fp + iFpt1 + jFhy2 + kFphy3 is the nth complex Fibonacci
quaternion. The nth dual Horadam number is defined by

Wy, = Wp + EWnt1

where € is the dual unit and € # 0, €2 = 0. Here w, is the nth Horadam
number.
The nth dual Fibonacci quaternion is defined by

g\‘: = gn + 53n+1

Here §w = F,+iFn1+ ) Fhyo+kF, 13 is the nth Fibonacci quaternion, i, j, k
are standard orthonormal basis in R? which satisfy the following properties

i2:j2:k2:—1
ij=k=—jk,  jk=1=-kj, ki=j=—ik.

With the same idea we can define dual Horadam quaternions; The nth dual
Horadam quaternion is defined as

H, = Hy + cHp 1 (3.1)
Here,

H, = wy + iwp41 + jwpto + kwpys (3.2)
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is the nth Horadam quaternion, w,, is the nth Horadam number i, j, k are
standard orthonormal basis in R? which have the following properties

2o 2o g2 =

The dual Horadam quaternion If{vn can be represented as

f:’I\; = (wn + eWny1) + (Wnt1 + eWny2)i + (Wnt2 + ewny3)j (3.3)
+ k(wn+3 + swn+4).

By using dual Horadam numbers, we have

H,, = Wy, + Wyt 1 + jnio + kints (3.4)

The scaler and the vector part of the dual Horadam quaternion I/-EL are given
by

Si[vn = Wp + EWn+1,

Vi = (Wpt1 + ewpi2)i + (Wnto + eWnts)j + (Wnts + cWpia)k

respectlvely Thus, the dual Horadam quaternion Hn is given by H, =
S+ Vi

Let Hn = H +eH,11 and Rn = R, +¢cR,+1 be two dual Horadam quater-
nions. Then the addition and subtraction of them is defined by

H, + R, = (H, + Ry) + e(Hps1 £ Ry i), (3.5)
the multiplication of them is given by
HnRy = (HyRy) + €(HnRyt1 + Hyi1Ry) (3.6)

where H,, = wy, + W1 +jwn+2 + kwn+3> Hn—i—l = Wpy1+ an+2 +]wn+3 +
kwn 4, Ry = wn +itwn g1+ jwnto +kwnys and Ry = wnyt +iwngs +
JWnts + kwn+4 are Horadam quaternions.

The conjugate of the dual Horadam quaternion H,, is given by

Hy = Wy, — iy 41 — jWnta — knys
= (wp, + eWpt1) — (Wpt1 + EWnt2) — j(Wnt2 + EWpts)
— k(wp43 + ewpya)
= Sﬁ; —

The norm of ff; is given by

Nf{‘; =H,H, = (wn + 5wn+1)2 + (wn+1 + 5wn+2)2 + (wn+2 + 5wn+3)2

+ (wn+3 + 5wn+4)2.
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Theorem 3.1 Let El be a dual Horadam quaternion. For n > 1 the fol-
lowing relations hold

(i) Hotz = pHyy + qHy,
(ii) H, + H, = 2@,
(i) Wy — Wpi1 — jWnt2 — kWyis = Hy + eHyy1 = Hy,

P __ 3
=0

Proof. (i) By using the equation (3.1), we have

pHpp1 + qﬁ = p(Hn—H + 5Hn+2) + Q(Hn + 5Hn+1)
=pHui1+ qHp + e(pHpt2 + q¢Hni1)

From the Egs. (3.2) and (2.1), we obtain

pHyi1 + qHy + e(pHpt2 + qHp11)

= PWnt1 + PWnt21 + PWnt3] + PWntak + qun + qn 17 + qWni2]

+ qun i3k + € [pwnio + Pwnisi + pwniaj + pwnysk + qun g1 4 qwpoi
+ qun3J + qupiak]

= (pwn+1 + qwn) + (pwn+2 + qwnJrl)i + (pwn+3 + qwn+2)j

+ (PWnta + qunt3)k + e[pwnta + Quny1 + (PWnt3 + qQny2)i

+ (Pwnya + quny3)j + (pwn+5 + qwn+4)k]

= Wnt2 + Wit 3t + Wnyaf + Wnisk + e(Wnis + Wniai + Wnys) + Wniek)
=Hpio+eH, i3

= Hn+2-

(74) From the definition of conjugate of dual Horadam quaternion and Eq.
(3.4), we obtain the result.
(#i7) By the definitions of dual Horadam numbers and dual Horadam quater-
nions, we have the result.
(iv) By using the definition of dual Horadam quaternions and the definition
of conjugate of dual Horadam quaternions, we get the result.

O

An easy computation gives the proof of the following proposition.
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On dual Horadam quaternions 7

Proposition 3.2 Let e; =i, ea = j and es = k. For u > 0, the following
identities hold:
3

. —~2 _
(2) H, = 2wu2 - HyH, + 2{5(wuwu+1 - Zwu+lwu+1+l)
=1
3
=+ Z[wuwu+l + wu+1wu+l5]el}v
=1
—2 . 3
(i4) H, =2w,” — H,H, +2{e(wawus1 — Y Wuritup141)
=1
3
= [wuibars + waprwarigler},
=1
o —~ 9 ] 9 - 3
(u3t) H, +H, =4w,” —2H,H, + 4w, wy 1€ — 4¢ Z Wy Wyt 141
=1
—~9 =2 3
(iv) H, —H, = 4Z[wuwu+l + Wy 1 Wyt 1E]€)-

dual Lucas, dual Jacosthal, dual Jacobsthal-Lucas, dual Pell and dual Pell-
Lucas quaternions, respectively.

Now, we will express the following theorem which is about Binet formula;

Theorem 3.3 Let f-Ivn be a dual Horadam quaternion. For n > 0, the Binet
formula for this quaternion is given by

o, [NAN(1 4+ Ae) — K47 (1 4 7¢)] (3.7)

where A\=1+Xi + X2 + X3k, y=1+~vi+~%+~+k, N =0b—ay and
K=b—al\ B

Proof. In [2], Halici gave the Binet formula for Horadam quaternion by

1
H, = ——[NA\" — K" 3.8
A77[ A 77"] (3.8)

where A =14+ Xi+ A% + Xk, y=1+~i+~% +7°k, N =0b—ayand
K =b-—al
So it can be written

1
Hyiq = E[NA)\"“ — Kyy™t] (3.9)
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Thus, by using the Eqs. (3.1), (3.8) and (3.9), we obtain
H\;L = Hn + €Hn+1

1 €
= [NAM\" — K4y + ——[NAN"T! — Ky tt
o N2 77" A_7[ A "]

1
- m[NA)\”(I + Ae) — Kyy" (1 +ve)].
O

In the Eq. (3.7), if we put a = 0,b = 1,p = 1 and ¢ = 1, we obtain the
Binet formula for dual Fibonacci quaternion as follows:

1 n n
Fn = E[AA (1+Xe) =" (1 +e)]

which is given in [5]. Here A = % and v = 1_2—\/5

In the Binet formula for dual Horadam quaternion, if we take a = 2,b =
1,p =1 and ¢ = 1, we get the Binet formula for dual Lucas quaternion
Ln = AN (1 + Xe) + 9y (1 + ~ve) which is given in [5]. Here A = % and

Y= 172

1S

In the following table we give the Binet formula for dual Fibonacci, dual
Lucas, dual Jacobsthal, dual Jacobsthal-Lucas, dual Pell and dual Pell-
Lucas quaternions.

Remark 3.1 The results of Theorem 3.3 are given in the following table
(Table 1):

Table 1 Binet formulas for dual quaternions.

Du. Qu wm (a, b; p, q) N K A ~ Binet Formulas

Du. Fi wm (0,1, 1, 1) 1 1+2x/5 1—;/5 _ A%m(1+%5)\;gyvm(l+75)
Du. Lu wm (2,131, 1) V5 V5 14v5 1-v5 Cm = AAT (1 + X&) + vy ™ (1 + ve)
Du. Jac wm (0, 1; 1, 2) 1 1 2 _1 = A*"L(lJrAs);lw’”(lers)
DulJL wm (2,151, 2) 3 -3 2 —1 im = AN (14 Ae) + 4™ (1 + ve)
Du Pe wm (0,1;2, 1) 1 1 143 1-v3 P = A*""<1+>\52);%v"”<1+ws>
DuP L wim (2,2;2,1) 2V2 —2V2 14+ V2 1-V2 Pm = AN (1 4+ Xe) + vy (1 + ve)

Theorem 3.4 The generating function of dual Horadam quaternion is

_ Ho+ (H, — pHy)t

h(t
*) 1— pt — qt?

(3.10)

108



On dual Horadam quaternions 9

Proof. The generating function for the dual Horadam quaternion is
e —
t)=> Hyt" (3.11)
n=0

Now, we multiply both sides of Eq. (3.11) with —pt and —qt? respectively.
Then, we obtain

(1—pt —pt?)h(t) = Ho + (H, — pHo)t + (Hy — pHy — ¢Hy)t> + (Hs — pHy —
qH )t +

Employing Theorem 3.1 (i), we get h(t) = Hot (L —plo)t.

1—pt—qt?

d
Theorem 3.5 Let H be the nth term of the dual Horadam quaternion
sequence ( n), for n > 1 the Cassini identity for Hn s given as

— 2 NK(—q)" (1 +pe) My — 72\
7 (—9) (A pe) [Ayy — 7AN]
—7

(3.12)

Proof. Using the Binet formula for dual Horadam quaternions, we get

—_~ —~ 2

Hy 1Hp1 — Hy,
1

(=)

X {NIN"TH (1 4+ eX) — K" T (1 +ev)}

2{NM" Y14eX) = K" (1+ev)}

_ {;{N)\)\”(l +eX) — Kyy"(1 +€7)}}

NK)\n_l n—1
_(A_Jé{—Xw%r+dxr+m0—mua1+mm1+a)

+ A (1 +eA) (1 +e7) + Ay (1 +ey)(1 + 5)\)}

NK(=¢)" (1 + pe) [My — 1A)]
A—7 .

O

Theorem 3.6 The exponential generating function for the dual Horadam
quaternion s

> H, NA(L+eXN)e™ — Ky(1 +ev)er®

S Tryr =S — . (3.13)
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Proof. Using the Binet formula for dual Horadam quaternions, we have

0 fTS o oo (NAX(L4eX) — Ky (1 4e7), g8
s=0 s=0
NA(L+eN) o s¢° K7 1+67
= )\S—
A—7 g s! Zo
N)\(l +eX)eM — Ky(1+ 6’7)67y
A=

O

Theorem 3.7 For w € Z*, v € N, the generating function of the dual

Horadam quaternion Hy, s

H +q Ho s
~ —py — qy?

Proof. From (3.7) and (2.2), we have

NI (1 4+ e)) — Kyy“ (1 + &)

iHv+qu:Z[ e ly*

N(14eX)A\ i K(1+e7)17"
———) ) ——————> (W)’
)\_’7 v=0 )\_7 v=0
N1+ eI (1 —vy) — Ky(1+ey)y"(1 = Ay)

L=y = Ay + My?)

—
>¢
\2
~—
—~ —~

B 1 {N L+ eN)AN — K(1 4 ey)yy*
1 —py —qy? A7
N4 eI\ — K(1 4 ey)yyet
ol A 1}
-
H, + qyHa
1—py—qy*

O

We next give a Theorem for the dual Horadam quaternions. The proof of
theorem can be done by using Binet formula for H,.

Theorem 3.8 For u > 0, the following identities hold:

A T o = NA(14+Ae)y—K7y(14+7e)A
(i) 3 Hi= (Mo~ Hur = all, | oalmeRy),
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N -~ — NA(1+Xe)y2 =Ky (147e) A2
(i) l;)Hm = W(Ho — Houto + ¢*Hoy — | pe— ]),

B =~ — NA(14+Ae)y—Kr(147e)X
(iii) IX%HQZ—lZW(Hl—HmH-Fszuq—i—q[ A(14+2e)y—Ky(147e) ]>

A=y
Theorem 3.9 ”Catalan’s identity” For u,t € Z such that t <u . Then

—— —  —2 NK(14ep)(—q)" A — )Myt — yAN]
Hu—tHu+t -H, = B) — — .
p°+4q

(3.15)

Proof. Employing (3.7) and (2.2), we obtain

e~ —~—— —~2

Hy Hyyy — Hy,
[N(L4eM)A™ A — K(1+ey)yy"]
(A—7)?

X [N (14 eANHN = K(1+e7)y7" "]
[N(1 4+ AN — K(1+ ey)ry]?
(A=7)?

—NK[1+e(A+7) XAy = NK[1 4 e(X +7)]y" tA A
(A=7)?
. NE[1+ e+ M + NE[L+ (A +7) 7 AN
(A=7)?
NE(1+4ep)(—q)" " (A — ") A" — AN
p? +4q

Theorem 3.10 7d’Ocagne’s identity” For uw € Zt and v € N such that
v>u+1. Then

NE(L+ep)(=q)" AN = Ay "]

Hu-l—lﬁ’; - ff;Hvﬂ = py—

(3.16)

111



12 Nayil Kilic

Proof. Employing the Binet formula for dual Horadam quaternions and Eq.
(2.2), we have

HyiiHy — HyHoypo

NA(L+ XAt — Kyt (1 4+ ev), NA(1+ X)X’ — Ky (1 +¢e7)

= [ X — [ A — ]
NA1 4 XA — K7 (14 e7); NA(L + eA)A" — K97 TH(1 + )
B [ A—7 ] [ A—7 }
_ NK(1+ep)(=@)" [MQAN"™" = X977 ™") + 727" = 7 AN
- (A=7)?
~ NEK(1+4ep)(—q)*[pAN"" — Ay
A—7 ’
O
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