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1 Introduction

Stochastic differential equations have many applications in science and en-
gineer, and, for this reason, these equations have been receiving much atten-
tion over the last decades (see, e.g., [1,3]). Also, in recent years, stochastic
differential equations driven by fractional Brownian motions (fBm), have
attracted much attention and there are only a few papers published in this
field (see, e.g. [1,3,16,32]). Boudaoui et al. [10] discussed the existence of so-
lutions to stochastic impulsive evolution equations with time delays, driven
by fBm with Hurst index H > %

Neutral differential equations arise in many areas of applied mathematics
and, for this reason, these equations have received much attention over the
last few decades. Some good literature for ordinary neutral functional dif-
ferential equations were considered for the first time by Mil'man and Myskis
[28] with impulsive effects and multiple delay of active research which culmi-
nated with the monograph by Halanay and Wexler [23]. Impulsive problems
arise also in various applications in communications, mechanics (jump dis-
continuities in velocity). A comprehensive introduction to the basic theory
is well developed in the monographs by Benchohra et al. [4], Graef et al.
[21], Laskshmikantham et al. [25]. The reader can also find a detailed and
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2 Tayeb Blouhi, Mohamed Ferhat, Mustapha Meghnafi

extensive bibliography in the previously mentioned books (see also Da Prato
and Zabczyk [14], Gard [18], Gihman and Skorokhod [19], Sobczyk [34] and
Tsokos and Padgett [35]). For example, a stochastic model for drug distri-
bution in a biological system was described by Tsokos and Padgett [35] to a
closed system with a simplified heat, one organ or capillary bed, and recircu-
lation of a blood with a constant rate of flow, where the heart is considered
as a mixing chamber of constant volume. For the basic theory concerning
stochastic differential equations see the monographs of Bharucha-Reid [5],
Mao [27], @ksendal [30].

More recently, Blouhi et al. [8] derived a set of sufficient conditions for exis-
tence results. Impulsive functional differential inclusions with multiple delay
with fractional Brownian motion are based on the following classical fixed
point theorem for contraction multi-valued operators we prove some exis-
tence results based on the nonlinear alternative of the Leary Schauder type
(in the convex case) fixed point in generalized metric and Banach spaces.
However, there are only few works that have been reported on the study
of stochastic differential inclusions with standard and fractional Brownian
motions [26]. Recently, Boudaoui et al. [10], Blouhi et al. [9] have discussed
the cases in which the right hand side can be either convex or nonconvex-
valued. The results are obtained by using two different fixed point theo-
rems for multi-valued mappings, more precisely, the technique is based on
a multi-valued version of Perovs fixed point theorem and a new version of a
nonlinear alternative of Leray Schauders fixed point theorem in generalized
Banach spaces.

More specifically, in this paper we are interested in proving the existence
of solutions for a system of stochastic impulsive differential inclusions with
multiple delay of the following type:

d(x(t) — h'(t, ze, p1)) € 2(t — Ty) + G (t, a4, yt))dt
flz(?dC’BHl (), t € Jt £t

+

S
B

Aly(t) = B2z y) € ( Dyt = T) + G2t e, ur) )t

+f2i(?1d°BH2 (t), t € J,t #1y (1.1)
z(th) — z(t)) = Ii(x(ty)), t=tx k=1,2,....m
y(t) —y(ty) = Ti(y(tx)),
x(t) = ¢(t) € Dg,,  te[-1,0]
y(t) =9¢(t) € Dx, te[-n0]
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Ezistence results for coupled systems 3

where n, € {1,2,...}, r = maxj<;<,, T; and with respect to a complete
probability space (§2, F, F;, P) furnished with a family of right continuous
and increasing o-algebras {F;,t € J} satisfying F; C F. The impulse times
ty satisfy 0 = tg < t1 <ty < ...,tm < b. As for y; we mean the segment
solution which is defined in the usual way, that is, if y(-, ) : [-7, b x 2 — R™,
then for any ¢ > 0, y(,-) : [-r,0] x 2 — R™ is given by:

y(0,w) =yt +0,w), for 6 € [-r,0], w € £2,

Here y;() represents the history of the state from time ¢t —r, up to the present
time ¢. Before describing the properties fulfilled by the operators fi g" and
I, I, we need to introduce some notation and describe some spaces.

Let Dr, be the following space defined by

Dg, = {qb: [-7,0] x 2 — R", |is continuous everywhere except for a
finite number of points; o(t;) and o(tf) with @(tx) = ¢(t;)},

endowed with the norm

0
16()lp,, = / (1) 2dt

-Tr

Now, for a given b > 0, we define

Dr, = {y: [-rb x 2 5> R", y, € C(Jy,R") for k=1,...m, yo € Dx,,
and there exist; y(t;) and y(t;) with y(tx) = y(t,), k=1,---,m,

and sup E(|y(t)]*) < oo
t€[0,b]

0
JICCRS!
endowed with the norm

1
lyllps, = llollps, + sup (Elly(s)|?)z,
0<s<b

where y;, denotes the restriction of y to Jx, = (tx_1,tk], K =1,2,--- ,m, and
JO = [—7’, 0}

Then we will consider our initial data ¢ € Dx, where J := [0,b]. Let h' :
JxDzr, x Dr, — R and f*: J — R™ are Carathéodory functions, G* : J x
Dr, xDr, — P(R™ for eachi = 1,2, and BHt = (B j =1,2...n)are a
cylindrical fractional Brownian motion with Hurst parameter H € (1/2,1)
defined in a complete probability space (£2,F,P), I = 1,2 and I, I €
CR",R") (k=1,... ,mg, and Axli—y, = 2(t)) — z(t;,), Aylie, = y(t) —
y(t; ). The notations y(t,) = hl;r& y(tp+h)and y(t, ) = hlggh y(tx—h) stand
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for the right and the left limits of the function y at t = tj, respectively.
It is obvious that system (1.1) can be seen as a fixed point problem:

d(=(t)—h(t,, z)) = (iz(t—Ti)—irG(t))dt+f(t)d°BH(s)7 te[0,b], t £,

Ax(t) —Ie(ty), t=tn k=1,2,....m
2(t) =¢(t) e Dy, te[-r0],
(1.2)
where

= [263]. aw= [y o] o= [ 1]

7 o ¢(t) o hl(taxtayt)

o(t) = |:¢(t):| h(t, z) = |:h2(t,$t,yt) .
Very recently, for h = 0, problem (1.1) was studied by Ferhat et al. [17]. In
the deterministic and single valued framework, the above system was used
to analyze initial value problems and boundary value problems for nonlinear
competitive or cooperative differential systems from mathematical biology
[29] and mathematical economics [24] which can be set in the operator form
(1.1).
Motivated by the previous works, in the present paper, it is interesting to
analyze the influence of impulsive effects, stochastic noise on a solution of
(1.1). Under suitable assumptions, to the best of our knowledge, there are
no results concerning coupled systems of impulsive functional stochastic
differential inclusions with non-convex case.
The paper is organized as follows. In Section 2 we recall some definitions
and facts which will be needed in our analysis. Section 3 we prove some
existence results based on a a multi-valued version type of Perov’s fixed
point theorem [31] and prove another result on the existence of solution in
a Non-convex case.

and

2 Preliminaries

In this section, we introduce some notations, and recall some definitions
and preliminary facts which are used throughout this paper. Actually we
will borrow them from [7]. Although we could simply refer to this paper
whenever we need it, we prefer to include this summary in order to make
our paper as much self-contained as possible.

2.1 Some results on stochastic integrals

In this section, we introduce notations, definitions and preliminary facts
that are used throughout this article.
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Let (£2,F,P) be a complete probability space with a filtration (F = F3)¢>0
satisfying the usual conditions (i.e., right continuous and Fy containing all
P-null sets).

For a stochastic process z(.,.) : [0,7] x 2 — R" we will write z(t) (or
simply & when no confusion is possible) instead of x (¢, w). SDEs with respect
to fBm have been interpreted via various stochastic integrals, such as the
Wick integral, the Wiener integral, the Skorokhod integral, and path-wise
integrals [11,19,33].

Definition 2.1 The fractional Brownian motion (BY(t)) with Hurst in-

dexr H is a centered self-similar Gaussian process BH = BH(t),t € RT on
(2, F,P) with the properties :

(i) BY(0) =0
(ii) E(BH(t)) = 0,t € RF;
(ii) E(BY(t)BH (s)) = %(|t|2H + |s]2H 4 |t — s|2H),t, s € Rt

For H = %, this is the usual Brownian motion.

Definition 2.2 The process (F(t),t > 0) is said to be ¢-differentiable if for
eacht € R, F(t) is ¢-differentiable and D®F : RT x Rt x 2 — R is jointly
measurable.

We recall some type of stochastic integration with respect to the fractional
Brownian motion (see for instance, [33]).
Let f: Rt — R' be Borel measurable and § < H < 1.¢ : R™ x RT — R
be given by
b(t,s) = H2H —1)|t — s|*172,t,s e RT,

Then we say that define
Li ={f: |f|3> = /1R+ /R+ F@&)f(s)o(t,s)dsdt < oo}.

If we equip L7 with the inner product

(f1, f2)p = /]R+ /}RJr f1(t) f2(s)o(t, s)dsdt

then Lé(R‘*) becomes a separable Hilbert space.
Let S be the set of smooth and cylindrical random variables of the form

= f(BH(T/Jl)a BH(¢2)a AR BH(dJn))?

where n > 1, f € Cp°(R™) (i.e., f all its partial derivatives are bounded),
¥; € H /H is a Hilbert space [2].
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6 Tayeb Blouhi, Mohamed Ferhat, Mustapha Meghnafi

The derivative operator D} of a smooth and cylindrical random variable F
is defined as the H-valued random variable:

DIF =" =2 ((BY BH o BE ().
t ; axz(( (w1)7 (1/}2)’ ) (’¢ ))1/}
Introduce the Malliavin ¢-derivative of F
DYF = [ ¢(t,v)DF Fdv

R+

Refer to [6, pp. 129 ff.] to obtain more details. The Wick product of two
random variables is denoted ¢. This product is important in the construction
of the stochastic integrals (of 1t6 type).

Definition 2.3 Let £(0,T) be the family of processes on [0,T] such that
F e £(0,T) if E|F|i < o0, F is ¢-differentiable, the trace of (D?Ft,s,t €
[0,T]) exists and

T
]E/ (D?F,)%ds < oo
0

and for each sequence of partitions (m,n € N) of [0,T] such that || — 0 as

n — +oo
n—1

t?—f—l 2
SB[ [ (DeFy - DIFs
i=0 &
and
E|F™ - F[}
tend to 0 as n — 400 where m, = {t{}, ...t} and F™ is the simple process

induced by T, .

The stochastic integral of F' € £(0,T) is constructed from Riemann sums
using the Wick product as

n—1
> Fro (B (tiyr — B (1))
=0

Definition 2.4 Let u(t) be a stochastic process with integrable trajectories.

(1) The symmetric integral of u(t) with respect to BH (t) is defined as the limit
in probability as € tends to zero of

1 T

2 J, u(s)(BH(S+6)—BH(3_€))d5

T
provided this limit exists in probability, and is denoted by/ u(s)d° B (s).
0
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(2) The forward integral of x(t) with respect to B is defined as the limit in
probability as € tends to zero of

1/0Tu(5)(BH(S+E)_BH(S))d5

€ €

T
provided this limit exists in probability, and is denoted by / u(s)d” B (s)
0

(3) The backward integral of u(t) with respect to BY is defined as the limit in
probability as € tends to zero of

T H(s —¢)— BH(s
1/0 u(s)(B( )—B ())ds

€ €

T
provided this limit exists in probability, and is denoted by / u(s)dt B (s)
0

Theorem 2.5 (See e.g. [6], Theorem 5.5.1) Let L4(0,T) of integrands is
defined as the family of stochastic processes u(t) on [0,T] such that u(t) €
L4(0,T) sz|u(t)|(2b < 00. Assume that u(t) is a stochastic process in L(0,T)
and satisfies

/ |IDEwu(t)||t — s|*72dsdt < oc.
(0,7] J[0,T]

Then the symmetric integral exists and the following relation holds:

T T T
u(s)d°B (s) = u(s) o dBH (s Py S .
/0 (s)d°B" (s) / <>dB<>+/O<Ds (W)ds,  (21)

where ¢ denotes the Wick product, % <H<I1

Remark 2.1 (See e.g. [6], Theorem 6.2.7) If u(t) € L4(0,T), the definition
of the forward and backward integrals with respect to fBm is as follows:

T T T
/0 u(s)dBH(s):/O u(s)odBH(s)—i-/O (D%u(t))ds (2.2)
and
T T T
u\s +pH S) = uls) <o H S ¢’LL S .
/0 (s)d* BH (s) / <>dB<>+/O<DS<t>>d (2.3)

The detailed proof of Lemma 2.6 can be found in the authors previous
work [37].
Lemma 2.6 Suppose that Z(s) is a stochastic process in L4(0,T), and
BH(t)(H > %) is a fractional Brownian motion. For any 0 < T < oo,
there exists a constant C(H,T), such that the following inequality holds

E(/OT Z(s)d°BH(s))2 < 20(H, T)E((/OT|Z(5)|2ds> FACT?  (2.4)

where C(H,T) = HT?H -1,

119
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2.2 Some results on fixed point theorems and set-valued analysis

For z,y € R", =z = (x1,...,Zn), ¥ = (Y1,---,Yn), by © < y we mean

x; < y; for all i = 1,...,n. Also || = (|z1],-..,|zn|) and max(z,y) =
max(max(z1,y1), .- ., max(zy, yn)). If ¢ € R, then z < ¢ means z; < ¢ for
eachi=1,...,n.

dl (xay)
Definition 2.7 A generalized metric space (X,d), where d(x,y):z( ),

dn(@,y)
is complete if (X, d;) is a complete metric space for everyi=1,...,n.

Definition 2.8 A square matriz of real numbers M is said to be convergent
to zero if its spectral radius p(M) is strictly less than 1. In other words, this
means that all the eigenvalues of M are in the open unit disc. (i.e. |A| <1,
for every A € C with det(M — X\I) = 0, where I denote the unit matric of
Myxn(R)).

Definition 2.9 A non-singular matriz A = (a;j)1<ij<n € Mnxn(R) is said
to have the absolute value property if

Al <1,

where
|Al = (laij])1<ij<n € Mnxn(R4).

Lemma 2.10 (See e.g.[36], Theorem 3.15.) Let M be a square matriz of
nonnegative numbers. The following assertions are equivalent:

(i) M is convergent towards zero;
(i) the matriz I — M is non-singular and

I-M)y'=I+M+M*+.. .+ M+ .. ;

(i1i) |\ <1 for every X\ € C with det(M — \I) =0
(iv) (I — M) is non-singular and (I — M)~! has nonnegative elements.

Some examples of matrices convergent to zero can be seen in [7].
Pu(X) ={y € P(X) : y closed },
Pp(X) ={y € P(X) : y bounded },
Pe(X) ={y € P(X) : y convex },
Pep(X) ={y € P(X) : y compact }.
Consider Hy : P(X) x P(X) — R} U {oo} defined by
Hg, (4, B))

Hy(A,B) = (H (A B)
d, )
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Let (X,d) be a generalized metric space with

dl(l‘ay)
d(z,y) = ( )
dn(,y)

Notice that d is a generalized metric space on X if and only ifd;, i =1,...,n
are metrics on X, Hy(A, B) = mazx {sup d(a, B),sup d(A4, b)} ,
a€A beB

where d(A,b) = inf,e 4 d(a,b),d(a, B) = infye g d(a,b). Then, (Py.a(X), Ha)
is a metric space and (Py(X), Hy) is a generalized metric space.

A multi-valued map F : X — P(X) is convex (closed) valued if F(y)
is convex (closed) for all y € X, F is bounded on bounded sets if F'(B) =
Uyep F'(y) is bounded in X for all B € P(X). F is called upper semi-
continuous (u.s.c. for short) on X if for each yo € X the set F(yo) is a
nonempty, subset of X, and for each open set U of X containing F(yo),
there exists an open neighborhood V of yy such that F(V) € Y. F is said to
be completely continuous if F'(B) is relatively compact for every B € Pp(X).

If the multi-valued map F' is completely continuous with nonempty com-
pact valued, then F' is w.s.c. if and only if F' has a closed graph, i.e.,
Ty — Ty Yn — Yuy Yn € F(zy) imply y. € F ().

A multi-valued map F' : J — Pgpo(X) is said to be measurable if for
each y € X, the mean-square distance between y and F(t) is measurable.

Definition 2.11 The set-valued map F : J x X x X = P(X x X) is said
to be L?-Carathéodory if

(i) t — F(t,v) is measurable for each v € X x X;
(ii) v — F(t,v) is u.s.c. for almost all t € J;
(iii) for each q > 0, there exists hy € L*(J,RT) such that

| F(t,v)||? := fesup I £11? < hy(t), for all |v||*> < q and for a.e. t € J.

(t,v)

and we say that a multi-valued operator G has a fixed point if there exists
x € X such that z € G(X).
Our proofs are based on the following classical fixed point theorem for con-
traction multi-valued operators proved by Covitz and Nadler in 1970 [13]
(see also Ouahab [22], Theorem 8.33).

Theorem 2.12 (See e.g. [22], Theorem 8.33) Let (X,d) be a generalized
complete metric space, and let F : X — Py(X) be a multi-valued map.
Assume that there exist A, B,C € Myxn(Ry) such that

Hq(F(z), F(y)) < Ad(z,y) + Bd(y, F(x)) + Cd(z, F(z))  (2.5)

where A+ C' converge to zero. Then there exist x € X such that © € F(x).
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3 Existence result

Let us start by defining what we mean by a solution of problem (1.1).
AC"(J,R") is the space of functions y : J — R"™ times differentiable whose
ith derivative, y(9, is absolutely continuous.

Lemma 3.1 Let f',h' : Dr, x Dy, — R™ be a continuous function and
g J =R i=1,2. Let I, I, € C(R",R") for each k =1,...,m and let
z,y € Dy, NUFZTAC (J,, RY) be a classical solution of the problem

2t =To) kg (@) A (DA B (1), Led b4,

=
h

d(z(t)-h" (z¢,y1)) =

7 1

I
Fa§

d(y(t=h> (e, yr)) y(t—T;)+g° (ft,yt))dt+f (t)d°B™2(t), ted, t#t;
( x(t

=1
Az (t) =£k( k), t=tx k=1,2....m
Ay(t) = Ti(y(tr)),
x(t) = ¢(t) € Dx,, te[-r0],
y(t) = d)( ) € D]:o le [_Tv 0]7
(3.1)
where 1 = max T; if and only if z is a solution of impulsive integral

1<i<n,
functional differential equation

Jf(t) = (b(t) € D]:ov te [ r 0]
2(t) = $(0) + 1 (e, 1) - ¢¢+z/¢
N t—T;
o nHy S
+Z/O x(s)ds—i—/o FU(s)d° B (s)

1=1

t
+/ g' (x5, ys)ds + Z I(z(ty)), for, t € Jya.e.w € £,
0 0<tp<t

(3.2)
and
y(t) = ¢(t) € Dg,, te[-r0]
y(t) = $(0) + h2(zr, ) ¢¢+Z/¢
N T
s)ds 2(s)d°BH2 (s
+;A vslds + [ P8 )
+/ g% (x5, ys)ds + Z Ii(z(ty)), for, t € Ja.e.w € 02,
0 0<t, <t
- (3.3)
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Proof. Let (z,y) be a possible solution of the problem (3.1). Then z|;_,; ) =
({E|[_r,t1]7y|[—r,t1]) is a solution to

T

d(l’(t)—hl(%t,yt)):(z l’(t—Tz‘)‘i‘gl(It,yt))dt‘i‘fl(t)doBHl(t)v teJ :=10,0].

=1

Assume that ¢ <t <tpy1, k=1,...,m. By integration of above inequality
yields

t1
27 -2 (0)~(h (x, vy )-h (6, 6) Z / <= Tydss | " (5)d B (s)
+ g (J)S,’ys)dS
/ t1— t1
z(t] )—z(0)—(h (:vtf,yt Z/ s)ds+ fl(s)doBHl(S)
ty
+ [ g'(zs,ys)ds
215 )21 )~ (2 )h sy ) =T (@ () Y / als)ds
i=1 1=+
to to
[ P e y) B (s) + / 9 (s, ys)ds.
t1 t1
More generally, for ¢, <t <t
T t—"T;
o) =t ) = (0 ) =W oy DTt [ als)ds
=17 tk—1—1:
tr tr
[ PedeBs) ¢ / 0 (o, ys)ds
tr—1 tr—1 ) o
x(t)—x(tk>—<h1<mt,y»—hl(t:,xtg,y@)):frk(w(tk)wz/t  (s)ds
=1V T A

t t
+/ fexsays)doBHl (5) +/ 91(%71/5)615'
tk tk

Adding these together, we get
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ne T,
a:(t) = :L'(O) + hl(xt,yt) — h1(¢7 (5)) + Z Ik($(tk)) + Z/T x(s)ds

0<t, <t

t t
1 oHls 11, S
+/Of(8)dB <>+/Og<s,ys>d

N 0
o) = 60) + W ar) =R 6. 0D + Y Rl + Y [ as)ds

0<t,<t

+Z/ d8+/ f dOBH1( )+ /Otgl(ivs,ys)ds.

If x satisfies the integral equation (3.3), then x is solution of the problem
(3.1). Let t € [0,b]\{t1,...,tm} and

2(t) = ¢(0) + h' (ze,ye) — B (6,0) + D ila(ty)

0<t, <t

+Z/ o(s d8+2/ ds+/f (s)d° B (s) + /Otgl(%,ys)ds,

Similarly

y(t)=¢(0)+h>(ze, y¢) —h* (9, @) +ka (tk) +Z/ ¢ d8+2/

0<t, <t

t t
4 / F2(5)d° B2 (s) + / (s, ys)ds.

3.1 The nonconvex case

Now we first define the concept of the solution to our problem.

Definition 3.2 Given (¢, $) € D, x Dr,, a R"—valued stochastic process
u(t) = {(x(t),y(t)),t € [—r,b]} is called a solution of the problem (1.1) if
(x(t),y(t)) is measurable and Fi-adapted, for each t > 0, u(t) = (P(t), 4(t))

n [—r,0], Auli=y, = (Le(z(t;,)), Ie(y(t;))), k =1,2,--- ,m, the restriction
of x(-,-) to [0,b) — {t1,t2, - ,tm} is contmuous (33 y) and u(t) € R™ x R"
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has cadlag paths on t € [0,b] a.s., for every 0 < s < t < b, there exist
g" € Sgiy for each i = 1,2 such that the following integral equation holds

o(0) = 0(0) + W (w) ~ W0 D) + 3 Tulalt) + / olis

ne .t T, t stest t
—I—Z/O m(s)ds—i—/o fl(s)doBHl(s)—i—/O g (zs,ys)ds., t € J.
= (3.4)
and
) = 6(0) +ar ) ~H2(0.6) + Y R+ [ olepds
[ o} t st t e
+Z/O y(s)ds—i—/o fQ(S)dOBHz(s)—i-/O (2, ys)ds., t € J.
= (3.5)

where Sgi ,, 15 known as the selectors set from G and given by
g € Sauy = {f € L0, TL,R") : (1) € Gilt,y) for a.et € [0,5]}.

Now we present a second result for the problem (1.1) with a nonconvex
valued right-hand side. Our considerations are based on a fixed point the-
orem for contraction multi-valued operators given by Covitz and Nadler in
1970 (see also Deimling [15], Theorem 11.1). In this section, we will provide
a multi-valued version of Perov’s fixed point theorem in [31].

Definition 3.3 Let (X,d) be a generalized metric space. An operator N :
X — X is said to be contractive if there exists a convergent to zero matriz
M such that

d(N(z),N(y)) < Md(z,y) for all z,y € X.

Theorem 3.4 [31] Let (X,d) be a complete generalized metric space and
F: X — Pap(X) a contractive multi-valued operator with Lipschitz matric
M. Then N has at least one fixed point.

Let us introduce the following hypotheses:

(Hy) G':J x Dg, x D, — Pep(R™); (t,y) — G'(t,z,y) is measurable for
each (z,y) € Dr, x Dx,.
(H3) There exist functions a;, b; € L*([0,b], RT) such that

EHS (G\(t,,y), G\ (6. 7.9)) < av(Dll — F[3, +bi(0)]ly ~ 73,
EH(G2(t2,y), G*(1.7.9)) < as(t) | — 73, +ba(t)ly — T,

with 4
d’L(07 G’L(ta 07 0) S al(t)

for all z, y, T, y € Df, for each i =1, 2.
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(Hs) There exist constants «;, 3; for each i = 1,2 such that

{E|h1(t,m,y) — hi(t,

mD? < arlle =7l + Billy - T,
E|W2(t,,y) — h*(1,7.7

) < aollz =23, + Bally — 713,

The function f?: J — R™ satisfies

b
/||fi(t)||2dt<oo, forall te.J
0

forall z, y, 7,y € D, and t € J.
(H4) There exist constants dp > 0 and d, >0, k =1,...,m such that

Ii(x) — In(@)|% < dyla —z

and B B B
1k(y) — T < dily — I
for all z, y, T, y € R™

Theorem 3.5 Assume that (H1)-(Hy4) are satisfied and the matriz

e VE AT dy + o I+ 48
NEE VE B+ am T dy

where T is sufficiently large. If M converges to zero. Then the problem (1.1)
has unique solution on [—r,b].

Proof. In order to transform the problem (1.1) into a fixed point problem,
let the multi-valued operator N : Dr, x Dr, — Dz, x Dr, defined by

N(‘T’y) = (N1(£E,y),N2($,y)), (.T,y) € Dr, X D,

where
N(z,y) = {(P1, P2) € DF, x DF,}

given by
o(t) € Dr,, te [—1“, O],

Pi(t) = @(0)+hi(t,ze, yr)—h1(0, b, @) +Z]k (t) +Z/ ¢

0<t,<t

+Z/ ds*/f (s)d°B™ (s) + /(:g (s)ds, , te€0,b].
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and
o(t) € Dx,, te[-r,0],

By(t) = B(0)+h2(t, 2, y0)—h2(0,6,0)+ > Tr(y(t) +Z/ ¢

0<t;, <t

+Z/ ds—l— (3)cl°BH2 (s)—l—/oth(s)ds, , te]0,b].
(3.7)

where
g € Saiu=1{g" € L*(J,X):g'(t) € G'(t,x,y) forae teJ}

We shall show that N satisfies the assumptions of Theorem 3.4. Note that
(Hy) implies that G* for each ¢ = 1,2 has at most linear growth, i.e.

EIG (t,a,9)% < ail®)llelp,, +bi®)lyl,,

for a.e. t € J and all z,y € X.

(a) N(z,y) € Pu(Dr, x Dg,) for each (z,y) € D, x Dr,. Let {P1yp, Py -
n € N} C Ni(x,y) x Na(z,y) be a sequence converge to (h, h). Then there
exists a sequence g, € Sgi 5, such that

o(t) € Dg,, te[-r0],

Pia(t) = GOYRY(t, 2, y0)-h1 (0,6, )+ Y Ii(w(tr)) +Z/ ¢

0<t,<t

@ / t_T;é(S)d8+ / FL()d B () + / gi(s)ds, . tel0,b].

(3.8)

and
o(t) € Dx,, te€[-r0],

Py p(t) = A(0)+h2(t, ze, y:)—h2(0, ¢, )+ Zlk (t) +Z/ ¢

0<t,<t

+Z/ s)ds+ (s)dOBHZ(s)Jr/Og,%(s)ds,, te[o,b).

(3.9)
Since G'(., .,.) has compact values, let w(.) € G*(.,.0) and w(.) € G2(.,.0)
be a measurable function such that

|91 (t) — w(t)| = d(g" (t), G (t,0,0))]
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and
|9%(t) — w(t)] = d(g*(t), G*(t,0,0))]
From (H;) and (Hz), we infer that for a.e. t € [0, ]
Elgn(t)]* < Elgn(t) — w(t)]* + Elw(®)|?,

< ai(t)|zlp,, + o1 ()yllp,, +a1 = K

and
Elga(t)|* < Elga(t) — o(t)* + Elo(t)|?,

< ax(t)]l2ll},, + be(DllylD,, +az = Ko

Then the Lebesgue dominated convergence theorem implies that, as n —
007

t
/ E|gn(s) — gh(s)|?ds — 0 and thus Pp,(t) — Py(t)
0

and

t
/ E|g2(s) — 2(s)%ds — 0 and thus  Pon(t) — Pa(t)
0
with
¢(t> € D]:m te [_Tv 0},

Pi(t) = G(0)+hi(t, 2z, y)—h'(0 ¢>¢+ij (te) +Z/¢

0<t <t

+Z / ds+ (s)dOBH1(3)+ / tgl(s)ds,, teo,b).

0

(3.10)
and

#(t) € Dg,, te[-r0],

Py(t) = @(0)+h2(t, x¢, 1) —h%(0 ¢¢+Z[k (te) +Z/ ¢

0<t,<t

+Z/ s)ds + (s)dOBH2(s)+/;2(s)ds,, t€0,0).

0

(3.11)
proving that (P1, P») € N1(z,y) X Na(z,y)

(b) There exists M, g € Mayxa(Ry) convergent matric to zero, such that
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_ r—Z|p _
EHy(N(z,y), N(Z,7)) < Mo <||y B y|”Df°> , forall x,v4,7,y € Dx,.
Fo

Let z,y,7,y € Dr, and (P, P)) € Ni(z,y) x No(z,y), i = 1,2. Then
there exists g'(-) € Sgi g,y such that for each t € J. Then there exists

(91(t), 92(t)) € G (t, ¢, y:) x G?(t, x4, y¢) such that.
From (H2), tells us that

EH3, (G (t,2,). G (t.7,7)<ar (0|~ [, 401 (O [y—T3,, . et
EHE, (G2(t,2,y), G*(t,7,7)<ax(t) |2 =75, +b2 () ly—Tllp, . aetel
Hence there is (w,w) € G1(t,Z(t),7(t)) x G*(t,z(t),7(t)) such that
Elg'(t) —wx < ax(®)]e - 7|3, +0i(t)lly -7l5,,, teJ
Elg*(t) = w]* < ax(t)|lo = Tlp,, + b2y —7lp,,, te]
Consider the multi-valued maps U; : J — P(R"), i = 1,2 defined by

Ui(t) = {w € G'(t,7(t),5(t)) : Elg"(t) —wl* < a1 (t)llz — 73,

oty —7l3,, ae teJ}

Us(t) = {w € G2(t,7(1), 5(1)) : Elg?(t) ~ w2 < an(t)lja — 73,
ooty — 7, ae te (0.4}

that is U1=B(g'(t), ai(t) |2 =73, +b1(t) [y—7l[%,, ) and Uo=B(g*(t), ax(t)||z—
f||%f0 +b2(t)||y—§|\%f0 ). Since ¢', a;, b;, x,y, T,y are measurable for each i =
1,2, Theorem IT1.4.1 in [12], tells us that the closed ball U; is measurable.
In addition (H1) and (H2) imply that for each (z,y) € Dr, x Drand
G*(t,z(t),y(t)) is measurable. Finally the set V;(.) = U;(.)NG*(.,Z(.),5(.)) is
nonempty. Therefore the intersection multi-valued operator V; is measurable

with nonempty, closed values (see [20]), there exists a function g¢(t) which
is a measurable selection for V;(.). Thus

g'(t) € G'(t,7(t),7(t)) for a.et e J.
Hence
Elg"(t) - 7 (0% < ax(®)]lx — 2, +bi(t)ly ~ T3, , for et e J.
and

Elg*(t) = g° ()% < ax(®)llz — T3, +b2()ly —FllD,,, foraete .
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So
o(t) € Dg,, t€[-r0],
Pit) = (0)+h' (¢, Zs, 5t 0,0,9) +ZIk (tr) +Z ¢
0<t <t
17
+Z §)ds+ fl(s)doBHl(s)+/§1(s)ds, telo.n).
0
(3.12)
and
#(t) € Dx,, te[-r0],
Py(t) = B(0)+h*(t, 2, 5:) —h*(0, ¢, &)+ ka (tr) +Z/ ¢>
0<tp<t
t
s)d d°BH2 g2(s)ds, , tel0,b].
+Z/ o+ [PB)+ [F0)is, . ey
(3.13)
This implies that
E|P1(t)—?1(t)|2:E’hl(ta%yt > Ie(a(t) +Z/
0<t, <t
t
Ls)d°BH( Y(s)ds — ht(t, Ty, 7
+/0fs s+/g(s)s (t,T¢,7t)
t
-3 I(a Z ¢> )ds Z s)ds— f (s )dOBHl(s)—/Ogl(s)dsf

0<t, <t

2
< 41E’h1(t,xt,yt) —ht (t@t,?t)’

+4mZm:E (2 (tr)) — Ik (2(te)) [

k=1
[o6 -7

M

t—T;
+4Z/0 Elz(s) — Z(s)|>ds + 4E

i=1
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From Lemma 2.6 and thanks to (H;)-(Hy4), we obtain that for any ¢ € [0, b]

E|Py(t) — P1(t)]?

<Adaq||xs — TtH%FO + 561yt — ?tH%FO

t t
+dn. | Bl(s) — 2(s)[2ds+ 4/ (@1() 125 = Tl + 1 () lys = T, ) s
0 0

+4m Y dilw(te) — F(te) [
k=1

Then we have

E|Py(t) — P1(t)]* < 4onE|z(t) — Z(t)]” + 581 Ely(t) — (1)
b /0 a1(5)E[z(s) — F(s)[2 + 4b /0 by ()Ely(s) — 5(s)[2ds

m t
tam S diEla(ty) — T(t) 2 + 4n*b/ E|a(s) — 7(s) | ds
k=1 0
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and therefore, since (z(s),y(s)) = (Z(s),y(s)) over the interval [—r,0], by
taking supremum in the above inequality

hsel[lopt] E|Ny(2z(h),y(h)) — N1 (z(h),5(h))|?

t
S/ a(s)e™®e™0E) gup Elx(0) — z(0)|*ds
0 0€[0,s]

¢
+/ a(s)e™® =78 sup Ely(h) — 5(0)|*ds
0 0€(0,s]

m
+4m Y~ dpe™De T DR w(t,) — T(ty)|?
k=1
40, Ve TEOR |1 (1) — T(t))? + 481D e TEOEy(t) — 7(t))?

t t
< / a(s)e7 O dsz — |2 + / o)) ds|ly — 112
0 0

+4m Y dpe™ O e TR w(ty) - T(t)|?

k=1
40,670 eTTAOE |2 (t) — T(1)|? + 41" D e TEOR|y (1) — 7(t)|?
]_ t -~ 7 ]. t ~ ’
<> [@m s~z 1 [ @ dsly - g7
T Jo T Jo

m
+4m Y~ de™ Oz — 7| + 4™ Oz -z + 4517V |ly — 72
k=1

1 = a 1 a
< (= +4m Y d+dan ) e O — )2 + (= 446, ) Oy — 2,
T k=1 T
Then we deduce

m
e~ "M sup E| N, (z(h),y(h))—N1(Z(h),y(h)) ‘2 S(%—l—ﬁlmde +4a1) ||x—f||z
he[0,t] k=1

(2448 Iy =72,
where ||z]|? is the Bielecki-type norm on Dz, defined by

|22 = sup Elw(h, )PP 7.

)

where

/o, te -0l
afs) = {max{4n*b + 4ba (s),4bB1(s)}, t €[0,8]
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and
alt) = /0 a(s)ds, te[-rb]

Using the fact that for all a,b > 0 we have va + b < \/a+ Vb, we conclude
that

1 S 1
1Ny @9) - M@ D) < | 2 +4m Y ditdan e — 7], +y/ =+ 461y 7.
T — T
(3.14)
Similar computations for Ny yield

1 1 i
1o )~ NoE ). < 4+ el ~F b | 48 +4m S dilly T
k=1
(3.15)
Now, (3.14), (3.15) can be put together and be rewritten as

T Ni((z,y) — Ni(Z,7)]«
V-l = (s - BEnl)

_ \/%+4m§j}§;1 dr+4oy \/ 24406

<|w —xll*> _
ly — 7l

IN(e,y) N 7). < M ('”C ‘”5”*) ,

Hence

where

. \/%+4mz;€n:1dk+4a1 \/%+4ﬁ1

L+ das VE 4B+ Am T dy

We choose a suitable 7 is sufficiently large such that the matrix

[|1M] < 1.

M

Then M is nonnegative, I — M is nonsingular and
(I-M)y'=14+M+M*+...

From Lemma 2.10, we obtain that M converges to zero . Thanks to Theorem
3.4, we can ensure that N has a fixed point (z,y), which is a solution to (1.1).

O
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