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ellipses

Mircea Crasmareanu

Abstract The aim of this paper is to introduce and study the class of conics provided
by the symmetric matrices of the 3 x 3 magic squares. This class depends on three real
parameters and various relationships between these parameters give special subclasses
of conics. Although there are no magic circles we find an ellipse, a parabola and two
hyperbolas of magic type. A search of integer points and a complex approach are also
included. We study also a pair of complementary ellipses, called Pythagorean.
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1 Introduction

After more than two thousand years the conics continue to be a versatile
object of mathematics and the very recent book [16] is a concrete and il-
lustrated proof of this fact. A lot of techniques, from analytical to those of
projective geometry, are developed to handle these remarkable curves.

The starting points of this note are the articles [10] and [12] where sym-
metric Pythagorean triple preserving (PTP) matrices and respectively the
adjoint representation of Lie group SU(2) are used to generate conics.
Hence, we continue this line of research with another class of symmetric
matrices of order 3, namely the those produced by the magic 3 x 3 squares.
These conics depend in an 1-homogeneous manner of three real parameters,
denoted a,b,c, and we produce classes of magic conics by imposing nat-
ural constraints on these parameters. For example, although there are no
magic circles since the eccentricity is strictly positive we obtain a parabola,
an ellipse and two hyperbolas (one being Luoshu) by imposing different
conditions on the given parameters a, b, c.

A special quest in our research concerns with integer (or lattice) points
on a given magic conic. For many computations, we use the WolframAlpha
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soft which produces a lot of information for our particular conics. For the
obtained magic parabola we get three sequences of integer points while
the magic ellipse has only six such points. Another constant interest is in
providing the canonical forms of these magic conics. Other remarkable magic
conics are associated to the well-known Luoshu square and zero-sum magic
square. An amazing result of our work is that the integer point (—1,0)
belongs to all magic conics and then it provides a rational parametrization
through stereographic projection.

In the second section we discuss a fixed magic conic I in terms of its
Hermitian coefficients. Also, we continue the algebraic study by discussing
the nature of a binary quadratic form F' associated to the I'. Every such
hyperbolic binary quadratic form has a constant involving in the problem of
harmonic decomposition (with a factor F') of polynomials. We compute this
constant for our two magic hyperbolas. Also, we compute a Lorentz inner
product (providing the determinant as quadratic form) of pairs of magic
conics. Since our magic ellipse is an example of self-complemented ellipse,
in the last section we discuss shortly the subject of complementary ellipses.
We introduce the pair of Pythagorean complementary ellipses as an example
and we study their arithmetic-geometric deformation.

2 Magic conics

In the setting of two-dimensional Euclidean space (R?, geqn = diag(1,1)) let

us consider the conic I" implicitly defined by f € C* (RQ) as:

I'={(x,y) € R?| f (x,y) = 0} where f is a quadratic function of the form

flx,y) = rinz? +2r122y+ 122y +2r102 + 2120y +roo With 13y +1rfy+135 > 0.
The study of I' is based on the symmetric matrices (e means extended):

B T11 712 T10
r.= (7' , ) € Sym(2), I'“:=|r2raryn | € Sym(3). (2.1)
12 722 10 720 700

The algebraic invariants associated to I are:

2.2
D=0+ 11700 — ’I‘%O -+ 792700 — T%O' ( )

{II:T11+T22 =Trl, §:=detl, A:=detl®,
It follows the necessity to search for remarkable symmetric matrices of order
three.

Let us recall that a magic square is an n x n square grid A of nonnegative
real numbers such that the entries along any row, column and diagonal, all
add up to the same value, denoted C(A). Fix n = 3 and look at the matrix
version of these squares; it turns out any 3 x 3 magic square is a linear
combination, with nonnegative coefficients, of only three of the following
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Magic conics, their integer points and complementary ellipses 3

basic square matrices ([13, p. 419]):

120 102 021 201
AO—(012>,Ag—<210>,A1—<210>,A2—<012>. (2.3)
201 021 102 120

Remark that A; and As are already symmetric and:

222

Ao—Q—Aé: 222 | = A + As.
222

Allowing arbitrary real coefficients a, b, ¢ we arrive at the general symmetric
3 X 3 magic matrix:

a+2c a+2b a+b+c
X = %(Ao—l—Ag)—i-bAl—i-CAg = ( a+2b a+b+C a+2c ) s
a+b+c a+2¢c a+2b
C(X(a,b,c)) =3(a+b+c).
(2.4)
This magic (which is also Hankel and left circulant) matrix X yields the
following class of conics:

Definition 2.1 A magic conic is a conic depending on (a,b,c) € R? in the
form:

I'(a,b,c): (a+2¢)2*+2(a+2b)xy+(a+b+c)y? +2(a+b+c)r+2(a+2c)y+
+(a+2b) = 0. (2.5)
A straightforward computation yields:
Proposition 2.2 A magic conic has:
T 79+ 735 = 302 +5b%+5¢* +6a(b+c)+2bc = 3(a+b+c)*+(b—c)?. (2.6)
The invariants of I'(a,b,c) are:
5(a, b, c) = 2c* — 4b* — 3ab + 3ac + 2bc = (¢ — b)(2c + 4b + 3a) =
= (c—b)[2(c—b) + 3(a + 2b)], (2.
I(a,b,c) = 2a+b+3c = 3(c—b)+2(a+2b), D(a,b,c) = —3(c—b)? <0, (2.
Aa, b, c) = babe — 9* + 3¢ — 6a*b + 6a’c — 13ab* + 8ac® + 3b%c + 3bc* =
= (c —b)(3c* + 9b* + 6a* + 13ab + 6bc + 8ca). (2.9)

I is invariant to homogeneous scalings (a,b,c) = (Aa, Ab, Ac), A # 0 and its
eccentricity er 1S:

7)
8)

2y/(c — b)2 + 4(a + 2b)2
V(e —b)2 +4(a+2b)2 — sign(A)(2a + b+ 3c)

where sign(A) is the signum of A(a,b,c). There are no magic circles since
the strict positivity of 13, + 13y + 134 implies the strict positivity of er.

er = (2.10)
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Remark 2.1 i) In [17] a triple product {-- -} is considered on Sym(3):
{zyz} := zyz + zyx — Tr(zy)z.

Our matrix X (3,1, 1) satisfies: {XX X} = (18 — 9)X = 9X since its usual
powers are [X (3,4, )]F = 381X (1 1 1), Also {A; A1 A} = X(2,2,11) =
X(4, 1, 10) and {AQAQAQ} = )((27 5, —1)

ii) The open problem (conform [7]) of possible 3 x 3 magic square containing
9 distinct square numbers connects the subjects of magic squares with the
Pythagorean right triangles. The symmetric Pythagorean triple preserving

matrices (PTPM on short) are considered in [10]:

r? — 252 + w? 2s(r — w) r2 — 2
Y(r,s,w) = 2s(r —w)  2(rw+s?)  2s(r +w)
r? — w? 2s(r +w) r? 4+ 252 + w?

The sum on first two columns is the same if and only if: r? = rs 4+ rw +
sw + 2s? while the sum on last two columns is the same if and only if:
r? = rs+rw — sw and then these two conditions yield: s(s +w) = 0. We

have the PTPMs Y (r,0,7) = 2r?I; and:

010 00 O
Y(rr,—r) =42 100 ), Y(r,—rr)=42{01 —1],
001 0-11

and hence a PTPM can not be magic but only semi-magic. Hence we have
the PTPM-semi-magical conics: 1) the equilateral hyperbola zy = —3; 2)
the double horizontal line y = 1; 3) the void conic 22 +y% + 1 = 0.

iii) The point M;(—1,0) belongs to all magic conics since ri; + rgp —
2r19 = 0. The stereographic projection from M; yields the following ra-
tional parametrization for a magic conic:

£ — 2(b—c)(2t—1) 1

x(t) = (atbroi2+2(at2b) it (at2e) 911
£ = 2(b—c)t(2t—1) feR (2.11)
Y) = arorotzr2(ar2b) it (at2e)’ € K.

I'(a,b,c): {

Ezample 2.1 A degenerate case is b = ¢ for which:
I'(a,b,b): (a+2b)(x+y+1)2=0 (2.12)

and hence for a + 2b # 0 we have the double line:
l(la# =2b,b,b):x+y+1=0. (2.13)

In the projective form = + y 4+ z = 0 this line is naturally associated to a
SU(2)-Barning hyperbola in [12]. Recall also that the general conic I' is
called symmetric if r11 = roo. For magical conics this condition is exactly
the equality b = c.
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Magic conics, their integer points and complementary ellipses 5

A second special case is provided by the magic parabola ¢ = —%a —2b
(for 6 = 0) given by:

1
(a,b): —5(a+ 2b)(42* — dzy + y* + 22 + 8y — 2) = 0. (2.14)

Then a # —2b implies the equation of the magic parabola:
P:da® —day+y? + 20+ 8y —2=0. (2.15)

The change of coordinates:

= \}5(1‘/ -2y, y= \}S(Qm’ +) (2.16)
gives the canonical form:
L 22 18 [, 3
Pi(veng) ~ w7 w) 210
and hence the vertex is V(z = 55,y = 5 ) and the directrixisd : y = =243,

With WolframAlpha we get three pairs of integer points:

(5 ) = (1~ 1872, ~2(18n% — 90 + 1)
(X, Yp) = (—18n2 + 12n — 1, —6(6n2 — Tn + 2)) (2.18)

For example: (x1,y1) = (—17,-20), (X1,Y1) = (=7,-6) and («1,81) =
(—1,0) = M;. The rational parametrization of P is:

—t2 — 8t + 2 _6t(2t—1)

Pix(t)zwa y()_W7

teR\ {2}  (2.19)

and M, (t = %) Recall also that for 3 collinear points a, b, m we can associate

their simple ratio (a,b;m) := 7==. For our three sequences (2.18) we have:

4(3n —1)

(=120 +7)
3(—2n+1)’

(Imean) = (men;Bn) = 3(47’L — 3)

and then limy, o0 (25, Xn; an) = im0 (Yn, Yn; Bn) = —2.
O

Ezample 2.2 In duality with the case (b — ¢ = 0,a + 2b # 0) we study now
the case (b — ¢ # 0,a + 2b = 0) which means the magic ellipse:

E(—2b,b,c) :22° +y* + 22 + 4y =0 (2.20)
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with foci Fy(—0.5,—3.5), F5 = (—0.5,—0.5) and eccentricity eg = % =
0.707.... The canonical form of this ellipse is:
(z+3)°  (y+2)?
E:—5*%+"5—-1=0. (2.21)
1 2

We adopt the notation Fg for this ellipse since it has 6 integer points:

Egs > M17 MQ(_27 _2)7 MS(_L _4)7 M4(Oa _4)7 M5(07 O) = 07 Mﬁ(la _2)
(2.22)
We point out also that in [16, p. 371] is giving another ellipse with 6 integer
points:

{E6:x2xy+y21:0,

" 4 ~ - ~ ~ 2.2
Ml :MlaMQ(_]-a_1)7M3(1’1)>M4(1a0)>M5(0a_1)7M6(071)7 ( 3)

with eccentricity ég = 0.816 > eg. But EG is smallest from the length of

semimajor axis point of view: 1.414 < 2.121 = % of Eg. The rational
parametrization of Ejg is:
t(t+4) 2t(1 — 2t)
Eg:x(t) = ———= t)=———+—=, teR 2.24
sial) =~y =Tt e (2:24)
and M (t = 1), Ma(t = 2), M3(t — +00), My(t = —4), M5(t = 0) and

Mg(t = —1).

In the book [14] is presented a consequence of the pigeonhole principle
that 5 is the minimal number of integer points M; which assures that at
least one of their midpoints is also integer. For our magic ellipse Eg we
have that the midpoints of [M7 Mj3], [M; Mg], [MaMy], [MoMs] and [MyMs)
are integers while for Fjg the same fact hold only for [M7My], [MaM;] and
(M5 Me).

In [8] there were founded infinitely many ellipses and hyperbolas on which
there exist six points with integer co-ordinates Pj(xj;y;);j = 1,...,6 such
that the products p; = z;y; are in arithmetic progression. The magic ellipse
Eg and E are not such ellipses since p;1 = 0,p2 =4 = p3,pa = 0 = p5,pg =
—2 respectively py = p1 = 0,p2 =1 = p3,ps = 0 = p5 = ps. ~

We finish this example with the remark that the equation of Eg is an
instance (namely z = 1) of the equation x? — xy + y? = 22 whose solutions
provide Eisenstein triangles x,y, z having the angle Z/Z = 60°.

O

Remark 2.2 In [21, p. 360] is defined a function, called canonical conic
function, on the set of ellipses with the same eccentricity e as:

1
Celtipse(€) := 762)2 [wm —2e +2¢® — 21/1 — €2 arcsin e} )

8(1—
(2.25)
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Magic conics, their integer points and complementary ellipses 7

For our ellipse Eg we obtain:

1 m™—2
Cellipse <ﬁ> = A 0.2018069..., (2.26)
which is a transcendental number.

In [11] a quaternion-inspired (but non-internal) product is considered on
the set (0, 1]:

(1 — (uquz)?
=7t 2.27
U1 Oc U2 o+ 02 ( )
C . 1 .3
The ®¢-square of eccentricity eg = 5185 € (0,1].
O

Ezample 2.8 The well-known Luoshu magic matrix is [23, p. 132]:

492 8 1210
L=(357)5L+L'=(12108 | =X(4,4,2) =2X(2,2,1). (2.28)
816 10 8 12

We have the Luoshu conic:

I'(2,2,1) := Le : 42 + 122y + 5y* + 102 + 8y + 6 = 0 (2.29)
which is a hyperbola with eccentricity er. = 1.069..., 6(L¢) = —16 and
having the integer points:

Les My, Mr(-7,2), Ms(1,-2) (2.30)
as well as the rational parametrization:
5t> + 8t + 6 _2t(2t 1)

Le:z(t) = teR\ {—%, -2} (2.31)

2 TN o) = 2 )
AU e e

and My(t = §), Mq7(t = —%) and Ms(t = —1).

We remark here that the triple (2,2,1) connects the Luoshu magic matrix
and the classical (or Babylonian) right-triangle with legs (3,4, 5). Indeed,
as is pointed out in [6], if the triple (a, b, ¢) belongs to the cone:

Cone : 2bc = a® (2.32)

then x = b+a,y = c+a,z = a+b+cis a Pythagorean triple. We have that
(2,2,1) € Cone and the associated Pythagorean triple is exactly (4, 3, 5).
O

Ezample 2.4 In [23] a magic square matrix N with C(N) = 0 is used in the
parametrization of magic squares. Hence we consider the magic conic:

IC=0):2>-2zy+2y—1=0=(z—1)(z — 2y +1) (2.33)

which is a pair of lines, concurrent exactly in the point Msz. The universal
point M belongs to the second line: x — 2y + 1 = 0.
O
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3 A complex approach to magic conics

The aim of this section is to study the magic conic I" by using the complex
structure of the plane. More precisely, with the usual notation z = z+iy € C
we derive the complex expression of a general conic I

I':F(2,2):=A2> 4+ Bz2z+ A2+ C2+CZ 4190 =0 (3.1)
with:

r—r r

A= %—%Z S (C, 2B =ri1+rp=1€ R,C = r19—"ro9i € C. (32)
It follows that the usual rotation performed to eliminate the mixed term xy
has the meaning to reduce/rotate A in the real line while the translation
which eliminates the term y has a similar meaning with respect to C. The
inverse relationship between f and F' is:

r11 = B+ 2%14,7“22 =B-— 2§RA,7"12 = *2%14,7“10 = %C, 20 = -&C (33)

with R and & respectively the real and the imaginary part. I” is a symmetric
conic if and only if RA = 0 i.e. is a pure imaginary number.

The linear invariant I and the quadratic invariant § are respectively the
trace and the determinant of the Hermitian matrix:

re= (2?4 2;) (3.4)

which is a special one, the entries of the main diagonal being equal; hence
their set is the three-dimensional subspace Sym(2) of the four-dimensional
real linear space H(2) of 2 x 2 Hermitian matrices.

For our magic conic (2.5) we have the new coefficients, which we call
Hermitian:

2

A(a,b,c) = %b — a2 B(a,b,c) =a+ %, (3.5)
C(a,b,c)=a+b+c— (a+20)i,

which are (real) 1-homogeneous functions of (a, b, ¢) and satisfy the relation:
B = R(C +2A). (3.6)
The square of the eccentricity is:

e A
2|A| — Bsign(A)

(3.7)

where |z| is the modulus of the complex number z. For example, the Luoshu
Hermitian coefficients are:

A(Le) = ’i _3i, B(Lc)— g C(Le) = 5 — 4i, (3.8)
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Magic conics, their integer points and complementary ellipses 9

Ezxample 3.1 C from (3.5) is a real number if and only if a = —2¢ and thus
we get the magic hyperbola:

H(-2c¢,b#c,c) :day+y*>+22+2=0 (3.9)
. .. - 17—v/17 o . .
with eccentricity ey = BV 1.268..... We can denote Hj since it

contains 3 integer points:
Hs > My, Mg(1,-2), My(—1,4). (3.10)

Its center is C(§,—3) and has 6(Hs) = —4, A(Hs) = —9. Its rational
parametrization is:

2 (2t — 1)

242
t(t+4) "’

Hs:a(t) = W) y(t) =

te R\ {0,-4} (3.11)
and M (t = 3), My(t — +00) and Mg(t = —1). In conclusion, the Luoshu
hyperbola and Hs have two common integer points: M; and Mg. We re-
mark here that the hyperbola Hs have the integer points with arithmetic
progression of products since p;1 = 0,pgs = —2,pg = —4 but there are only
three and not six as discussed in example 2.2.

The canonical conic function on the set of hyperbolas with the same ec-
centricity e is ([21, p. 360]):

Chyperbola(€) = % [63 —e—vez—1ln(e+ ve? — 1)} (3.12)

4(e2 - 1)
and then:

\/5(9 — \/ﬁ)QChyperbola(eHs) =

V34— 2V17+ V17— 1
= (9 —VIT)\/17 = V17 — 4(V/34 — V2)In 1 . (3.13)

O

Example 3.2 We associate binary quadratic forms to our magic conics P,
E6 and Hg:

fe(x,y) = (22 = y)°, foe(x,y) = 22 + 2, [, (2,y) = 4oy +y°. (3.14)
Their complex variant is:

Fp(z,2) = 1(32% + 1022 + 32%) + (22 — 22),
Fpy(2,2) = 2(22 + 6224+ 22), Fp,(2,2) = —2(2 — 2)2 +i(z? — 2?)
(3.15)

and hence:

(3.16)
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The natural numbers properly represented by the quadratic form fg, are
studied in Exercise 2.5.4. from page 85 and Corollary 7.1.2. from page 200

of the book [18].
O

Remark 3.1 From § = det I' = det I'* = B2 — 4| A|? it follows that the de-
terminant is a binary quadratic form on Sym/(2) associated to the Lorentzian
inner product:

~ ~ ~ ~ 1
< I, I'“>= BB — 4(RARA + SASA) = 3 (r11792 + T11722) — T12712-

But also we can consider a bracket on the space of binary quadratic forms:
{f1, fo} = B1By — 4| A4|| A2 (3.17)
which is only commutative and positive homogeneous: {\f1, fa} = A f1, f2},

for A > 0. Tt is not a bilinear form but gives {f, f} = det f. For example,
if f¢1 = 2? + y? = 2% is the circle bilinear form then the subspace of forms

f satisfying {fg1, f} = 0 is given by the traceless forms f = 711 (22 — y?) +
2r19xy. We have for our binary quadratic forms:

35 7 345

{fP’fEs}:TG’ {fEsast}:Z, {st’fP}ZGT' (318)

The null cone of this bracket, which is not a linear subspace, is provided by
the Hermitian matrices:

I°=T°(A): B = 2|4

and then we arrive at the map: Null : C = R? - H(2) = R%:

Null(z) = <|j| |§I> . (3.19)

The canonical basis of H(2) is {2, 01,092,035} with o,4 = 1,2,3 the Pauli
matrices and hence:

Null(z) = |z| I + (R2)o1 + (Sz)os. (3.20)
In other words, we have the map Null : R? — R? ¢ R*:

Null(z,y) = (V22 + 93, 2,y,0) (3.21)

and its image is the elliptic cone:

(x1)? = (2?)% + ()2 (3.22)
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Magic conics, their integer points and complementary ellipses 11

Consider the linear map Inviz : R* — R*, (21, 22,23, 2%) — (2
x2

the map Proj; : R*\ {2} = 0} — R%, (2!, 2%, 23, 2%) — (1, z
the composition 1Inviz o Proj; o Null : R\ {0} — R*:

Vat+y? Vat g

We recall the Hopf bundle 7 : $3(1) — S%(3) C R @ C where, by using the
complex numbers:

1 1
§Im)13 o Proji o Null(z,y) = 5 ( i < 1,0) € S

az0) = (10 = 1+P).z0)

Finally we get the map from C* to S* (%)

1 _
o 5Im;lg, o Proji o Null(z,y) = <0 o |> c{0}o st ( > . (3.23)

Remark 3.2 Recall after [10, p. 91] that the binary quadratic form:
F(z,y) = uz? + 2vzy + wy?

has the discriminant A(F) := 4(v? —uw) and is called indefinite if A(F) > 0.
Also, an indefinite quadratic form is called reduced if:

IWAF) - 2[ul| < 20 < \/A(F). (3.24)

A(P)=0, A(FEg)=-8, A(H3)=16 (3.25)
and then only Hj is indefinite but is not reduced since all parts of inequality
(3.24) are 4. But for A = 16 we get another binary quadratic form, called
principal:

We have:

A
FHs(g ) = 22 — ZyZ =22 — 4y° (3.26)
and recall that the negative Pell equation 22 — 4y?> = —1 has no integer

solutions; the simplest proof of this fact was offered us by the reviewer and
is based on the decomposition (z+2y)(z—2y) = —1 implying the impossible
integer solutions of the system (x = 0,4y* = 1). The same results hold for
the Luoshu quadratic form 42 + 12zy + 5y? with A(Lc) = 4 - 16 = 64.

With the discussion from the previous remark and relations (2.3) it follows
that the quadratic part of any parabola is provided by a complex number
A through the formula:

Fa(z,y) = (|A] +RA)z* — 2(SA)zy + (JA] — RA)y* = (ax + By)?,
A=u+iveC

V2a = VVuZ + 02 — v+ VVaZ + 02 + o,

V28 = VViZ + 02 — v — Vi T o2 +o.

(3.27)
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For example, if o € R then:

«Q «a 2
Feoi(z,y) =2 (cos — -z +sin_-- y) .
2 2
Remark 3.3 For a hyperbolic quadratic binary form F' in [3, p. 26] is in-
troduced a constant as test for possible harmonic decomposition. Hence let
us call it the hyperbolic harmonic decomposition constant of F' and denote

HHD(F):
2iv/02 —
HHD(F) = 20T 2vy —uw (3.28)
U+ w — 2ivv? — uw
and the harmonic decomposition holds with a factor F' if and only if
HHD(F) is not a complex root of unity. By introducing the non-zero com-

plex number hhd(F) = u + w + 2ivv? — uw we have:

HHD(F) = (%) . (3.29)

Remark that the right-hand side is the square of a number from S! and hence
there exists ¢t = t(F) such that IZ%ERI = ¢ and hence HHD(F) = €24,
For our magic hyperbolas we get:

hhd(L¢) = 9+ 8i, HHD(Lc) = 1%TL,)(N + 1444), (3.30)
hhd(Hs) = 1+ 4i, HHD(Hz) = 1-(—15 + 8i). '

Hence the Lusho magic hyperbola has the Pythagorean triple (17,144,145)
while the magic hyperbola Hjz has the Pythagorean triple (15,8,17). A

canonical hyperbola H(a,b) : z—i — % —1=0 has:

b2—a2+2abi]2[ b+ ai ]4 (3:31)

a? + b? N \/ﬁ

The last relation makes possible the extension of the HHD constant to
arbitrary families of hyperbolas H(e) with constant eccentricity e as:

vez—14+1

e

HHD(H (a,b)) = [

4

HHD(H(e)) = (3.32)

For example, in [10, p. 87] a Barning hyperbola is introduced with the
eccentricity e = % and then its HHD constant is:

1+\/§l:|4 g j AT
e’ 3

HHD(Barning) = [ 5

which is a square root of unity of order 3.
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Magic conics, their integer points and complementary ellipses 13

In the Theorem of [15, p. 141] the eccentricity of a given conic I" is ob-
tained as the tangent of a remarkable angle. The formula above suggest to
consider two cases:

i) if I" is a hyperbola then we suppose e = ﬁ with ¢ € (0, 3). Then the

angle between the asymptotics of I" is m — 2¢ and the canonical function is:

1 sin®¢ [ cosyp cos £
C = = —1 2. 3.33
hyperbola (€ sin (p) 4cos3 o |sin? @ N sin £ (3.33)

For the Barning hyperbola the angle is ¢ = £ = m — 2¢. Concerning the

equilateral hyperbolas we have ¢ = 7 and:

Chyperbola(V2) = %[ﬁ —In(v2+1)] = 0.13320.....

which is a transcendental number.
ii) if I" is an ellipse then we suppose e = sin ¢ again with ¢ € (0, 3). The
canonical function is:

T — 2¢p —sin 2p

Cellipse(e = sin 90) = (334)

8 cos?
The ellipse Eg has ¢ = 7.
Returning to the formula (3.32) we remark that the constant HH H (H (e))

is the fourth power of the complex number z(e) := Y=+ This complex
number belongs to the upper half-plane model of hyperbohc geometry C, =
{z € C; 3z > 0} endowed with the Riemannian metric given by Poincaré:

dz? + dy? (|clz|>2
gla,y) = =T _ (122 3.35
(z,y) " , (3.35)
The geodesic polar coordinates (p, ) € (0,+00) x (=%, %) on the Poincaré
upper half-plane (C,g) are given by p := disty(i,2), ¢ := arctan%
and then:
. sinh p cos ¢ _ 1 . (3.36)

cosh p — sinh psin ¢’ Y= Cosh p — sinh psin @

The angle p(e) of our z(e) is zero and then coshp = e, sinhp = ve2 — 1. Tt
follows a new formula for the canonical conic function in terms of p:

cosh psinh p — In(e” + e 7)

3.37
4sinh? p ( )

Chyperbola(e = cosh p) =

This case e = cosh p is connected to the case i) above through the Lobachev-
sky’s angle of parallelism function IT defined by: sin IT(x) = Hence,

COSh T®
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14 Mircea Crasmareanu

the angle @ of i) is exactly the angle of parallelism I7(p) and (2.37) is exactly
(3.33). The formulae (3.36) becomes:

cos II(p) cos ¢ sin IT(p)

~ 1—cosIl(p)sing’ v= 1 —cosII(p)sinp’

(3.38)

_T

For an equilateral hyperbola we have cosh p = e = v/2, sinh p = 1, IT(p) ’

and then: )
cos
r=—"1>t—, = 3.39
V2 —singp Y V2 —singp ( )

4 Complementary ellipses

For two real numbers a > b > 0 let E(a,b) be the standard ellipse:

1'2 2
E(a,b):?+z—2—1:0

and recall its eccentricity:

c  Va*—b?
a a
An important class of ellipses is introduced in [2, p. 11]:

Definition 4.1 The ellipses E(e), E(¢) are called complementary if
(e,é) € St i.e.
e +ét=1. (4.1)

Hence E is self-complementary if its eccentricity is e = %

Remark 4.1 i) A picture of a confocal self-complementary ellipse and lem-
niscate is Figure 2 of [1, p. 1098].
ii) To the given ellipse E(a,b) we can associate the hyperbola:

PR
H(a,b)ﬁ—bj—l:()
with eccentricity:
Va2 + b2
e=e(H) = vaz+0o

a

Hence e?(E(a, b))+ €*(H(a,b)) = 2 and then we can define the complemen-
tarity of two hyperbolas H(e), H(é) (associated to ellipses with horizontal
major axis) through:
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Moreover, we can generalize the notion of complementarity for two nonde-
generate conics of the same type through:

e’ + &> =2+ sign(A).
For example, the complementary hyperbola H; of our Hs has the eccentri-
city:
1T =VvIT T+ VT

8 8
The canonical conic function and the HH D constant of a self-complemen-

tary hyperbola H (e = \/g =1.2247...) are:

e =3

Chyperbola < §) = ML In V341

SO ST R (4.2)
wnon (i) - ] 45

The minimal polynomial of the complex number from the squares of HH D
is P(z) = 32* + 222 + 3 and the corresponding angle of parallelism is ¢ =
54.74°.

All integer solutions of the Pell equation provided by the generic self-
complemented hyperbola:

Hy:2?2 -2 =1

are given by z, + y, V2 = +(3 + 2v/2)" i.e., conform the equations (3.2.6)
of [4, p. 36]:
(342v2)" + (3 —2V2)" (342v2)" — (3—2V2)

n
Ty = = >0
with (zo,y0) = £(1,0) and (z1,y1) = £(3,2). The signs correspond to the
two branches of the hyperbola Hj.
iii) Suppose E and F(a,b) are confocal ellipses; hence:

a*=d®- )\ P=p-2

for a real A. Imposing E be the complementary ellipse to F i.e. € = € gives
the relations:

4 2 R 2
)\:2a2—(;2:a2{1—(2)}, d:ag, b:a%. (4.3)
The area bounded by the complementary confocal ellipses is:
. e\ 3
A= AE) — A(E) = mab {1 - (g) ] . (4.4)
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iv) The expression of the complementary condition in terms of Hermitian

coeflicients is: ~
4l4] 44|

21A|+ B 21A|+B
v) The ®.-product of the complementary eccentricities of ellipses is:

_ ~ € [1+4¢€?
e@c€=1+/1—(e€)?, e%C:g 5 (4.6)

In the paper [20] it is proved that the regular refraction interval for a conic

(4.5)

is [O, 7”:62] in terms of its eccentricity. Hence, if we denote by L(rri;e) =

V1te® the upper bound of this interval it follows that:

e

2 e -
er = —=L(rri;e
0. = Lirrise)
and that for self-complementary ellipses we have L(rri;1/v/2) = /3.
vi) Recall after [9, p. 16] that the motion in Newton’s gravitational potential
is governed by the effective potential:
L? M L?
Veff(r) = V(T) + 22 = Y + 52

and that the bounded motions are ellipses with the eccentricity e = %

for a constant k£ > 0. For L > 0 and k& > 0 let us call Kepler ellipses these
bounded trajectories. Hence for a self-complementary Kepler ellipse we have
M = /2kL? and the effective potential is:
L2
vii) In [5] is presented a method to obtain ellipses by using the Joukowski
map J : C* = C, J(z) == z + % Namely, the circle of radius r > 1 is
transformed into the ellipse E(r) with a = r + 1 and b = r — 1. Since its
eccentricity is e(r) = r2211 we get that E(r) is self-complementary only for
r=+2+1 whichgivesa:2\/§andb:2.
viii) At the page 76 of the book [22] the perimeter of the ellipse E(a,b) is
computed by means of an elliptic integral involving the following functions
of \i=1—e2=¢2%
V4 1
A) = — -
() = =
Hence, this Weierstrass-type invariants can be expressed directly in terms
of e as:

MEX-1), g3()\):= (203 +3)% — 3\ - 2).

V4 1
g2(e) = [( 132 4+1), gs(e)= 2—7(266 —9¢* + 3¢?)
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and therefore, a self-complementary ellipse has:

1 4 1 5

92(;75) =1 93(:75) R

The associated depressed cubic equation 4y> — gg(%) - gg(%) = 0 has the

form: v
4 5
Y+ ——y— -— =0.
48 216
The only possible zero of the function g, is e = \/52_1 = ¢2 and the equation:
3
et —3e2 4 (1- 22y =9

V4

considered as a quadratic equation in e? has the discriminant: A = 5+

_5V4
12

12g5

Va

and hence we suppose go > . In fact, we consider now:

. 3-VA
e:T

but the condition e? € (0,1) gives that g > —? > —51—%1 and finally:

e= 3_2\/26(0,1).

O

The motivation for the present section consists in the fact that both [2]
and [1] do not provide examples of (remarkable) self-complementary ellipses

although their general form is E(a,b = \%) But our magic Eg is such a

desired example. So, we include here some direct consequences of Definition
3.1. For example, the canonical function (2.25) becomes:

T — 2ee — 2arcsine
(2¢)3

Cellipse(e> = (47)

and then:
(2é)3C’e”ipse (e) + 2arcsine = (26)306”@56(&) + 2 arcsin €. (4.8)

Following a construction of [2, p. 11] for a given ellipse F(a,b;e) we can
associate at least other three ellipses:
i) the arithmetic-geometric Eq 4(mq, mg; eqq),
ii) the arithmetic-harmonic Eq j(mq, mn; €qn),
iii) the geometric-harmonic E(g, h)(mg, mp;eqgn),
__ a+tb

where, as usual, m, = mg(a,b) = %32 is the arithmetic mean of a and b,
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mg = mg(a,b) = Vab is the geometric mean of a and b an respectively

mp, = mp(a,b) = 1il = L_T_b is the harmonic mean of a and b. In the cited
book only the first néw ellipse is given with:
a—b 1-—e¢

A S (4.9)

which means that e,y = fq4(e) for fo4:[0,1) = [0,1):

1-VI—22 l1—mr: {tan <arcsinx>r7

a €Tr) = =
fag(@) Y . 5
1

0y | —= ] = (V2 -1)% 4.10

oo (J5) = (V21 (4,10
We have the identity E,, = E if and only if & = /2 — 1; equivalently
e =14/2(v/2 —1) = 0.9101 which has the minimal polynomial P(z) = 2* +
422 — 4. In a similar manner we have:

1—e¢e)v1+45e
€a,h = %7 €g,h = €a,g- (4.11)
(1+0)5

With WolframAlpha we obtain the identity F, 5 = F only for é = 0.5042.....
The canonical function for the eccentricity eq g is:

1—-¢ 1+¢é)3 4/e(l—¢ R
Cellipse <1 —|—é> = (6462) - # — 2arcsin

(1+¢é)? 1+e
Since we know the parametrization of unit circle S! a class of complemen-
tary ellipses is given by:

(4.12)

Definition 4.2 For m,n € N* with m > n we define the Pythagorean com-

plementary ellipses E(m?+n?,2mn; e = 257_7_22) and E(m?+n2,m2—n?;é =

2mn )
m2+n2/"

The elhpse confocal and complementary to F is
Ela=m=p— (m?—n?)? . :€) and the area bounded by E and F is:

2mn 2mn
2 2 m? —n?\°
A(m,n) =2 1— —— . 4.13
() = 2o + 2y |1 (M) (4.13)
For the associated arithmetic-geometric ellipse the eccentricity is:
m—n\> n\ 2
Jagle) = (m +n) C faa@= (=) (4.14)
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The first Hermitian coefficient for the ellipse E(a, b;e) is real and satisfies:

A(E(a, b e)) = %B(H(a,b)) _ i (alz _ b12> _ (2%)2 <0 (4.15)

and hence:

- 1 1
AB) - AB) =105, <[e,f>=3

—. 4.16
The right triangle AABC with a as hypothenuse and b, ¢ as legs has the
area S(ABC) = %

5 and hence the above inner product is:

< Ie e Sstaey

(4.17)
The Pythagorean complementary ellipses have < fg, fz >
and:

1
8[mn(m2—n2)]?

T ——" (4.18)
Ezxample 4.1 For m =2 > n =1 we have:
E=E(54e=%), E=E(53¢e=3),
E(.9), f%gzzxg(%2v%e%g_g), . (4.19)
AE) =~ (55", AE)=-(F)", A21)=1Pr
Also %@c % = 327513, < fe,f5>= és and:

) 3
Cellipse (g) = 8—3[257r — 24 — 50 arcsin —|,

4 5 4
Ceitipse <5> = 673[25” — 24 — 50 arcsin —].

A final example of self-complementary (and symmetric) ellipse appears in
19, p. 214]:

E 322422y + 3> +6x—2y—5=0

(4.20)
having two integer points: (—3,2) and (0, —1).

O
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