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Approximate solutions of a generalized functional equation
on restricted domains and their asymptotic behaviors
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Abstract In this paper, we prove the Hyers-Ulam stability on restricted domains of the
following generalized Cauchy and quadratic functional equation

m—1

> f(@+bey) = mf(z) + mf(y), =,y € E,
k=0

where by = exp(%) for 0 < k < m — 1. These results are applied to study of an
asymptotic behavior of this functional equation.
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1 Introduction

The concept of stability for functional equations arises when we replace a
functional equation by an inequality which acts as a perturbation of the
equation. The starting point of studying stability of functional equations
seems to be the famous talk of S.M. Ulam of 1940 [11], in which he dis-
cussed a number of important unsolved problems. Among those was the
question concerning the stability of group homomorphisms:

Given a group Gi, a metric group Go with metric d(-,-) and a positive
number €, does there exist a § > 0 such that if f : G1 — Ga satisfies
d(f(zy), f(x)f(y)) <& for all z,y € Gy, then a homomorphism ¢ : G; —
G exists with d (f(z), ¢(x)) < e for allz € G1?

These kinds of questions form the material of the stability theory. The case
of approximately additive mappings was solved by D. H. Hyers [4] under
the assumption that G; and G5 are Banach spaces.
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In 1950, T. Aoki [1] provided a generalization of the Hyers’ theorem for
additive mappings and in 1978 Th. M. Rassias [10] generalized the Hyers’
theorem for linear mappings by considering an unbounded Cauchy differ-
ence.

In 1998, S. M. Jung [6] investigated the Hyers-Ulam stability for addi-
tive and quadratic mappings on restricted domains. In 2002, J. M. Rassias
[9] improved the bounds and thus the stability results obtained by Jung
[6]. Besides, he established the Ulam stability for more general equations of
two types on a restricted domain then he applied his recent results to the
asymptotic behavior of functional equations of different types.

Throughout this paper, let E be a C-vector space, F' be a C-Banach space
and 2 <m € N. Our aim is to prove the Hyers-Ulam stability on restricted
domains of the following generalized Cauchy and quadratic functional equa-
tion

m—1
fx+bey) =mf(z) +mf(y), =,y € E, (1.1)
k=0
where b, = exp ZZm—Wk) for 0 < k <m — 1. Indeed, if m =1 in (1.1), we get

the Cauchy functional equation

flx+y) = flz)+ f(y)

When we put m = 2 in (1.1), then we obtain the quadratic functional
equation

flx+y) + flz—y) =2f(z) +2f(y).

These results are applied to study of an asymptotic behavior of this func-
tional equation.

2 Notations and preliminary results

In this section, we need to introduce some notions and notations.
Definition 2.1 [2] A function A: E — F between two vector spaces E and
F is said to be additive provided if A(x +y) = A(x) + A(y) for all x,y € E.
In this case, it is easily seen that A(rz) = rA(z) for allz € E and allr € Q.

Definition 2.2 [2] Let k € N and A : E¥ — F be a function, then we say
that A is k-additive provided if it is additive in each variable. In addition,
we say that A is symmetric provided if

A(To(1)s Ta(2)s - - Ta(k)) = A(T1,22,..., Tp)

whenever x1,%a, ...,z € E and o is a permutation of {1,2,... k}.
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Definition 2.3 [2] Let k € N and A : E¥ — F be symmetric and k-additive
and let Ay(z) = A(z,x,...,7) for v € E and note that Ay(rz) = r*A(z)
whenever x € E and r € Q.

In this way, a function Ay, : E — F which satisfies Ap(ra) = r* Ay (z) for
allr € Qandx € E, will be called a rational-homogeneous form of degree k
(assuming Ay # 0).

Definition 2.4 [2] A function p : E — F is called a generalized polyno-
mial (GP) function of degree m € N if there exist ag € F and a rational-
homogeneous form Ay : E — F (for 1 <k <m) of degree k, such that

forallxz € F.

Definition 2.5 [2] Let F¥ denote the vector space, over a field K, consist-
ing of all maps from E into F. For each h € E define the linear difference
operator A, on FP by

Anf(x) = f(z +h) = f(z)

for all f € F¥ and all x € E.

Notice that these difference operators commute (Ap, Ap, = Ap,Ap, for
all hi,ha € E ) and if h € E and n € N, then A} the n-th iterate of Ay
satisfies

) = (1) (") s+ k)

k=0

for all f € F¥ and all x,h € E, where (:) = ﬁlk),

The following theorem was proved by Mazur and Orlicz [7], [8] then in
greater generality by Djokovié [3].

Theorem 2.6 Let n € N and f: E — F be a function between two vector
spaces E and F, then the following assertions are equivalent.

1. AR f(x) =0 for all z,h € E.
2. Ay, ... Ap, f(x) =0 for all x,hy,..., h, € E.
3. f is a GP function of degree at most n — 1.
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3 Main results

Lemma 3.1 Suppose that 2 < m € N, b, € K for 0 <k <m, FE is a C-
vector space, F is a C-Banach space, 6 >0 and fr, : E — F for 0 <k <m,
be mappings fulfilling

> |fela+ biy) = fulbuy)] | <0 (3.1)

k=0

for all z,y € E and assume that by, — b; # 0 and by # 0 whenever 0 < j <
k <m. Then,

||Ah7n+1 . Ah1f0 H < 34 (32)
forall x,hy,...,h;py1 € E.
Proof. Letting d;, = by, —b; for all 0 < k < m, so we get that d;; # 0 where
7 < k and di;, = 0. We get
(.I' + bmh1) + bk(y — hl) =+ bry + dimh

for all 0 < k < m and all x,y,h, € E. By using these equalities and (3.1),
we find that

m

[fi(@ + bay + dimba)—~fi(@ + bey) = [Fr(bry + dimhn) = Fr(bry)]
k=0

k=0

Z Jr(x + bry + dgmhi) — fk(bk(y_hl))]H
k=0

Z Je(bry + dimha) — fk(bk(y_hl))}H

k=0

m
Z z 4 bry) — fr(bey)]|| < 30
and, since dyy, = 0,
m—1
Z [Adynhy Je(@ + biy) — Aoy fr(bry)] || < 30 (3.3)
k=0

for all x,y,h; € E. By repeating the argument that leads from (3.1) to
(3.3), we find that

m—2

Z [Adk,m—thAdk'mhl fk(l‘ + bky) - Adk,m—thAdlwnhl fk(bky)}
k=0

< 328

(3.4)
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for all z,y, h1, heo € E. By applying this reasoning m — 2 more times, we are
inclined to admit that

| Adosn -+ Ao [Fol + boy) = folbow)] || < 36 (3.5)
for all z,y, h1,...h, € E. Consequently,
[ Ay - - - An, fo(x))]| < 3™ (3.6)

for all z,y, hi, ..., Ay € E. Since dogr, # 0 for 1 < k < m, and by # 0 the last
inequalities assert that

HAhm+1 . AhlfO H < 3™ (37)

for all z,hy,...,hmt1 € E.
d

Theorem 3.2 Suppose that E is a C-vector space and F is a C-Banach
space. If f : E — F satisfies

(3.8)

S o+ tay) — mf(z) - mi(y)

forall z,y € E, where 2 < m € N, by = exp(%) for0<k<m-—1 and
0 > 0. Then there exists a unique GP function p: E — F of degree at most
m such that p(0) =0 and

I f(x) — f(0) —p(x)|| <2-30 for all x € E.

Moreover
m
Zp(x + bry) — mp(x) — mp(y) =0 for all x,y € E.

Proof. Letting x = 0 in (3.8), we get

m—1
> F(bry) = mf(0) —mf(y)|| <& for all x,y € E. (3.9)
k=0
By (3.8) and (3.9), we have
Z  + bry) — Z (bey)|| < 26, .,y € B, (3.10)
where g = f — f(0). If we put fry =g foreach 0 <k <m-—1, f,, = —myg
and b, = 0 in (3.10), then we get
[+ bry) — fulbry)] || < 20. (3.11)
k=0
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Thus, by Lemma 3.1

HAh 'Ahlg(Z)H <2-3M§

mal

for all z,hy,...,hmt1 € E.
Hence, according to [Theorem II [5]], there exists a GP function p : E— F,
of degree at most m such that

lg(z) —p(2)|| <236 (3.12)
and .
0) + > Aj(x), (3.13)

where A; : EJ — F are symmetric, j-additive mappings.
By (3.12), we obtain

Z (z + by)) — mp(z) —mp(y)|| < i [p(z + bry) — g(x + byy)]
k=0 k=0
+|lmg(x) —mp(x) ||+ ||mg(y) —mp(y)|],
Z (z 4 bry)) — mp(x) — mp(y)|| < 6m - 3™§ (3.14)
k=0

for all z,y € F.
In right of (3.13), the inequality (3.14) says that

Z (Z_ (Aj(:v + bky)) —mA;(r) — mAj(y)> <6m-3™§  (3.15)

j=1 \k=0

for all z,y € E. Replacing x by rx and y by ry (r € Q) in (3.15), we conclude
that

k=0

Z < Z ( ( + bky)) - md;(z) - mAj(?/)) <6m-3"5 (3.16)

for all z,y € E and all r € Q. By continuity, (3.16) holds for all real r, and
all x,y € E. Now suppose that ¢ : F' — R is a continuous linear functional.
Then

S rig (Z (45 + b)) — mA(a) mAj@/)) < [|¢]|6m. - 35

j=1 k=0
(3.17)
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for all z,y € E and all » € R. Since a real polynomial function is bounded
if and only if it is constant, from the last inequality we surmise that

6 (ij (4@ + i) —mA; (@) —ma <y>> =0 (3.18)

k=0

for all z,y € F where 1 < j < m — 1. Since this is so for every continuous
linear functional ¢ : FF — R, by the Hahn-Banach theorem we get that

< z + bry) ) —mA;(z) —mA;(y) =0, (3.19)
k=0

for all z,y € F and 1 < j < m. Then, each p is a (GP) function of degree
at most m and from (3.19) we find that

m—

Z  + byy) — mp(x) — mp(y) =0, (3.20)

for all z,y € E. Finally, let p’ be another generalized polynomial (GP) of
degree at most m such that p'(0) = 0, p’ is a solution of (1.1) and

If(z) —p'(z)]| <2-3™5, z € E.

Then, from (3.20) and (3.12 ) we get that p — p’ is generalized polynomial
(GP) of degree at most m such that ||p(z) —p'(z)|| < 4-3™6, x € E. Thus,
necessarily p = p’ 4+ p(0) — p'(0). Since p(0) = p'(0) = 0 we get that p = p’
witch ends the proof.

O

Theorem 3.3 Suppose that E is a C-vector space and F is a C-Banach
space. Let d > 0 and § > 0 be fived. If a mapping f : E — F satisfies the
generalized quadratic inequality (3.8) for all x,y € E, with ||x|| + ||y|| > d,
then there exists a unique GP function p: E — F such that p(0) = 0 and

Ilf(z) = f(0) —p(x)|| <2-3™TL§ for all x € E.

Moreover

m—1
p(x + bry) — mp(x) —mp(y) =0 for all x,y € E.
k=0

Proof. Assume that ||z|| + ||ly|| < d and let ¢ € E such that ||¢|| = d where

z =0 and
(1+7a1)
t=|14++— )=z
(||l
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where x # 0. We note that
1t = llzll +d = d,
]l + [J¢]] = o

and
]| + llz + bryl| > d.

We have b; for all 0 < j < m — 1 is a root of unity, if we put b; = e
obtain

0
i we

d d
lz + bjt]|* = <2 (1 + > (1 + cost;) + |x||2> l])* 2 d?

]

Thus, from (3.6) and the new functional identity we obtain that

m lz flz+bry) —mf(y) — mf(ﬁﬁ)]
k=0

/N

= li mf(zx +byy) +mf(t) — z_: f(x+bky+bnt))]

k=0 n=0

m— m—1
+1> ( —mf(@+bat) —mf(y)+ Y fl@+bat+ bw))]
n=0 k=0
m—1
+m | Y fl@+bat) —mf(z) - mf(t)] ;
n=0
then -
m || fla+bry) —mf(x) —mf(y)|| < 3ms.
k=0
Therefore,

i f(x+bpy) —mf(z) —mf(y)| < 34
k=0

for all z,y € E. Finally, we get the desired result by applying Theorem 3.2.
O

Corollary 3.4 Suppose that E is a C-vector space and F is a C-Banach
space. A mapping f : E — F such that f(0) = 0 satisfies the functional
equation (1.1) if and only if the asymptotic condition

m—1

> f@+bry) — mf(x) — mf(y)

k=0
holds true.

— 0, as ||z]| + ||y|| = oc. (3.21)
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Proof. By the asymptotic condition (3.21), there exists a sequence d,, mono-
tonically decreasing to 0 such that

m—1

> f@+bry) — mf(x) — mf(y)

k=0

<6, (3.22)

for all z,y € E with ||z| + |ly|| > n. Hence, it follows from Theorem 3.3
that there exists a unique generalized polynomial p, : £ — F such that
pn(0) =0 and

I f(z) — pp(z)|| £ 2-3"15, forall x € E. (3.23)

Since §,, is a monotonically decreasing sequence, the generalized polynomial
P, satisfies (1.1) for all n > N. The uniqueness of p, implies for all n > N,
pN = pn. Hence, by letting n — oo, we conclude that f is generalized
polynomial at most m, and it satisfies the functional equation (1.1).

O

If we put m = 1 then m = 2 in Theorem 3.2, we find the following
particular cases.

Corollary 3.5 Suppose that E is a vector space, F' is a real (or complex )
Banach space and 6 > 0. If f : E — F satisfies

[f(z+y) = flz) = fy)ll <6

for all x,y € E such that ||z|| + ||y|| > d. Then there exists an additive
function A: E — F such that

| £(z) = f(0) — A(x)|| < 65 for all x € E.

Corollary 3.6 Let d > 0 and 6 > 0 be fized. If a mapping f : E — F
satisfies

If(x+y)+ flz—y) = 2f(z) = 2f(y)| <6
for all x,y € E such that ||z|| + ||y|| > d. Then there exists a quadratic
function Q : E — F such that

[f(x) — f(0) — Q(x)|| <185 for all x € E.
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