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Abstract In this paper, we firstly obtain a new generalized identity for Riemann-Liouville
fractional integrals. Then, utilizing this equality, we obtain some Midpoint type inequal-
ities for convex and concave functions. We also give several remarks and corollaries as
spacial cases.
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1 Introduction

In recent years, the Hermite-Hadamard inequality, which is the first funda-
mental result for convex mappings with a natural geometrical interpretation
and many applications, has drawn attention and much interest in elemen-
tary mathematics.

The inequalities discovered by C. Hermite and J. Hadamard for convex
functions are considerable significant in the literature (see, e.g., [18, p.137],
[6]). These inequalities state that if f : I — R is a convex function on the
interval I of real numbers and a,b € I with a < b, then

f<a+b>S 1 a/bf(x)dng(“)”Lf(b), (1.1)

2 b—a 2

Both inequalities hold in the reversed direction if f is concave.
n [15], U. S. Kirmaci gives the following identity and using this identity,
obtains some bounds for the left hand side of the inequality (1.1)

113



2 Hiseyin Budak, Rabia Kapucu

Lemma 1.1 Let f : I° — R be differentiable function on I°, a,b € I° (I°
is interior of I) with a < b. If f' € L' [a,b], then we have

bla/bf(t)dt— f (a;rb> (1.2)

=((b—a)| [ tf(ta+ (1 —-t)b)dt+ [ (1 —1t)f(ta+ (1 —t)b)dt
/ /

1
2

Over the last twenty years, the numerous studies have focused on to obtain
new bound for left hand side and right side of the inequality (1.1). For some
examples, please refer to ([1], [3], [4], [6], [7], [20], [21], [23], [24], [29]).

In the following we will give some necessary definitions and mathematical
preliminaries of fractional calculus theory which are used further in this
paper.

Definition 1.2 Let f € Li[a,b]. The Riemann-Liouville integrals J&, f and
Jit f of order a > 0 with a > 0 are defined by

J f(x) = F(la)/x (x—0)* ' fO)dt, z>a

and

1 b a—1
F(a)/z (t— )" L f(t)dt, x<b

respectively. Here, I'(0) is the Gamma function and Jo, f(z) = J)_f(z) =
f(@).
It is remarkable that Sarikaya et al. [26] first give the following interesting

integral inequalities of Hermite-Hadamard type involving Riemann-Liouville
fractional integrals.

S f(z) =

Theorem 1.3 Let f : [a,b] = R be a positive function with 0 < a < b and
f € Lila,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

1(*57) = gpmae et gz st < KOOy

with a > 0.

Sarikaya and Yildirim also give the following Hermite-Hadamard type
inequality for the Riemann-Liouville fractional integrals in [25].
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Theorem 1.4 Let f : [a,b] = R be a positive function with a < b and f €
Ly [a,b]. If [ is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

atb) 207 (atl)r, o fla) + f(b)
1(557) < g Py 0+ Ty i) <TI0
(1.4)

Whereupon Sarikaya et al. obtain the Hermite-Hadamard inequality for
Riemann-Liouville fractional integrals, many authors have studied to gener-
alize this inequality and establish Hermite-Hadamard inequality other frac-
tional integrals such as k-fractional integral, Hadamard fractional integrals,
Katugampola fractional integrals, Conformable fractional integrals, etc. For
some of them, please see ([2], [5], [8], [10]-[13], [17], [19], [27], [28], [30]-[33]).
For more information about fraction calculus please refer to ([9], [14], [16],
[22]).

In the following section, we establish some new generalized midpoint type
inequalities for Riemann-Liouville fractional integrals.

2 Generalized midpoint inequalities for Riemann-Liouville
fractional integral operators

First, we give the following lemma which will be used frequently later.

Lemma 2.1 Let f : [a,b] — R be a differentiable mapping on (a,b) with
a < b If ff € L'[a,b], then we have the following equality for fractional
integrals

PO () @)+ 00 sy S 0) S (0 b)
SO gm0 o)
0
_(bb—_a;)Z /tafl(t(a+b—x)+(1 —t)a)dt

0

for all x € [a,b].
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Proof. By using the integration by parts, we obtain
1

11:/taf'(t(a+b—x)+(1—t)b)dt

Ota t{at+b 1—t lalta—lt b 1—t)a) dt

= =gy (et b=0)+(=0)0) O_b“”o/ it (arb-a)+(1-1)a)
1 - la—l

:(b—x)f(“b‘x)—b_xo/t ftla+b—x)+ (1—t)a)dt.

Using the change of variable, we have

- mJ&M@f @+ 1 Gflatb=a). (22

Similarly, we establish

1

12:/taf’(t(aerfx)+(17t)b)dt (2.3)
_ I'(a+1)

a 1
= it el ) = ot b =)

From the equalities (2.2) and (2.3), we obtain

—b-a) | (@—a)
I I
b—a 1+ b—a °
I'(a+1)

= (0= Sy @+ (0=0) T Ty f (0)—Fla+ba)

which completes the proof.
d

Theorem 2.2 Let f : [a,b] — R be a differentiable mapping on (a,b) with
0<a<bandf € L'ab]. If |f| is convex on [a,b], then we have the
following inequality for fractional integrals

e ((0=2) oy f @)+ (@) Ty F0)) S (atb—)

B 1 {(b—x)gIf’(a)|+(w—a)2|f’(b)l
~ (b—a)a+2) a+l

‘F(a—i—l)

+(2—a)*Hb—)?] ‘ f’(a+b—m)”
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for all = € [a, b].

Proof. Taking the modulus in Lemma 2.1, we have

b—a ((b_x)lia‘]gl+b—z)—f(a)+(l‘_a)17a<]81+b,$)+ f(b))—f(a—i—b—x)

< (m_a)z/to‘]f’(t(a—i—b—m)—i—(l—t)b)‘dt
0

t|f (t(a+b—=)+ (1—t)a)|dt.

+
—
@‘C“
| ]
e | B
[\V)
O\H

— / [t““ ‘f’(a+b—x)‘ Ft(1—1t) ‘f’(a)” dt
0

1 1
b—m’/to‘“dt—i—’f ’/to‘l—t ]
0 0
1 1
+({‘f a—i—b—x’/t““dt—i—’f ‘/t“l—t ]
0

_ 1 {(b z)4f'(a )|+(9€ ) f'(b)]
(b—a)(a+2) a+1

+H(z—a)*+Hb—z)? ’f/(a—i-b—:r)’] .

This completes the proof.
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Corollary 2.3 Under assumptions of Theorem 2.2 with © = %%, we have

2
the following inequality

‘W [Jga+b),f(a) + Jf‘a?ﬂ)ﬁ(b)} -1 <a-2fb>‘

cfa+b
(57)

b—a
“4(a+2)

|f (@) +|f ()]
a+1

+2

b—a
<ieil

7@|+ |7 o)
which is given by Sarikaya and Yildirsm in [25, Theorem 5 (for ¢ =1)].
Corollary 2.4 If we choose o =1 in Theorem 2.2, then we have

1 b

a

< gl [ Ol stoma
~ 3(b—a) 2

+[(@—a)? +(b—2)?] (f’(wb-@” .

Remark 2.1 If we take x = “TH’ in Corollary 2.4, then we obtain

b_l@/bf(t)dt_f(a;b) B (O

which is given by Kirmaci in [15].

Theorem 2.5 Let f : [a,b] — R be a differentiable mapping on (a,b) with
0<a<band f' € L'[a,b]. If |f'|?, ¢ > 1, is convex on [a,b], then we have
the following inequality for fractional integrals

D [0 @)+ (=) Sy SOt b2)

1 1 \r
<
“b—al\ap+1

f(a+b—a)|? + If’(b)l"} i]

(z —a)? [|f’(a+b—m2)|q+ |f/(a)qr

+(b—m)2[ 5

for all x € [a,b], where % + % =1
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Proof. By the Lemma 2.1, we have

’F(I)Oé—_‘(_],l) [(b_x)l_aj(cfvl-i-bfm)ff(a)+(x_a)l_a=](o;+b,$)+f(b)} (2.4)
—fla+b—2x)

/t"‘|f’(t(a+b—m)+(1—t)b)|dt

0

(z —a)?

<
~ b—a

(bb:? /ta|f/(t(a+b*$)+(1*t)a)|dt.

0

_|._

Using the Holder’s inequality and convexity of |f’|?, we obtain

1

/t“]f’(t(a+b—x)+(1—t)b)|dt (2.5)
1 s/ H
< [t|P dt |f'(t(a+b—z)+ (1—1t)b)|"
free)
< (/(to‘p)dt) (/ [t|f (a+b—2)|"+ @ =1t)|f (b)]] dt)
0 0

- <O¢p1_|_1>11) <f'(a+b—x2)q+|f/(b)|q>}z

Similarly, we have

1

/t“|f’(t(a+b—x)+(1—t)a)|dt (2.6)
0
= <ap1+1>; ('f,(a+b_x2)|q+|f’(a)lq>i.

If we substitute the inequalities (2.5) and (2.6) in (2.4), then we obtain
the desired result.
O
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Corollary 2.6 Under assumption of Theorem 2.5 with x = aTer, we have
the following inequality
20~ 1F(a+1)< ) <a+b)‘
J& + J* . 2.7
(b _ a) ) ( ) (a+ )+ f( ) f 2 ( )

A2

(=3
< b;“ <ap1+1>1[ |f'(a \q+3|f’( )’ >3+ <3|f’(a)|q4+|f’(b)q>1]

b—a 4 v , ,
< (S51) @l lre.

Proof. The proof of the first inequality in (2.7) is obvious from convexity of
|f/|%. For the proof of second inequality, let a1 = 3|f(a)|?,b1 = 3|f'(b)|*
and ag = [f'(a)|?,b2 = |f'(a)|?. Using the fact that

n

D ar+b) <> a4+ b, 0<s <1,

the desired result can be obtained straightforwardly.

Remark 2.2 If we choose @ = 1 in Theorem 2.5, then we have

b
1
ﬂw+b—mW+fwm1i

() e[

+w—xy{fw+b—@+vﬂm}ﬂ

2

which is proved by Qaisar and Hussain in [23, Theorem 4].
Theorem 2.7 Let f : [a,b] — R be differentiable mapping on (a,b) with

0<a<band f' € L'[a,b]. If |f'|?, ¢ > 1, is convez on [a,b], then we have
the following inequality for fractional integrals
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HNa+1)

((b=2)" Ty F (@) (@) oy ] (B)]~Sla+b-2)

1

< 1<1>1_i (x_a)z <1 |f/ (a+b—x)|q+; |f | )
~b—a\a+1 a+2 (a+1) (a+2)

+(b—l‘)2<al+2|f/(a+b—l‘)|q+(a+1)l&+2’f ‘) "]

for all = € [a, b]

Proof. By the Lemma 2.1 and the power mean inequality, we have

F(ba__zl) [(bi )1 C’L‘]a-Q—b z)— f(a)+(x7a)1iat](c:1+b,$)+f(b)}7f(a+b*x)

(2.8)

(z = )Q/to‘|f (a+b—x)+(1—t)b)|dt

<
- b-—

0

(b—=)*
b—a

< (Q;_C;)Q (/tadt) (/ta|f’(t(a+b—x)+(1—t)b)|th)
0

0

+(bb_“2)2 (/t“dt) (/t“\f’(t(a+b—x)+(1—t)a)}qdf> :

0 0

1
+ /t“|f’(t(a+b—x) (1—t)a)|dt

Using the convexity of |f/|?, we obtain

1

/t“\f’(t(a+b—x)+(1—t)b)|th

0

< /t“ [t/ (@+b—a)|"+ @ —t)|f (b)]"] dt
0

1
(a+1)(a+2) |

= |f (a+b—x)|"+

a—|—2 f |
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and similary we have
1

/#ﬂf@@+b—x)(1—t )|* dt

0

<
- a+2

This completes the proof.

1
q
[ et b—a)"+ a+1)a+2|f -

O
Corollary 2.8 Under assumption of Theorem 2.7 with x = ‘%Lb, we have
the following inequality

S Dy S @y s 0] -1 (57

2
ba< 1 >1
<
! a+1
y < 1 f,(a+b>
a+ 2 2
1 ,(a+Db
+<a+12 f< 2 >
b—a 1 -3
<
- 4 a+1

q a+3 .
2(a+2) 2
(g @l o)

a+1)(a+2)

1 N 1g a+3 <
(s O sy rel) |

Remark 2.3 If we choose o« = 1 in Theorem 2.7, then we have

b
1

1
q

q 1

1 ' g\’
el

1 / P%
‘e or) ]

= 2(bl—a) <:1’)>q [(x_Q)Q (2‘f/(a+b—x)’q+ ‘f’(b)|q)
+ (b—;v)2 (2|f/ (a—l—b—x)|q+ ‘f/(a)|p)17%]

Q=
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which is proved by Qaisar and Hussain in [23, Theorem 5.

Theorem 2.9 Let f : [a,b] — R be a differentiable mapping on (a,b) with
0<a<band f € L'a,b]. If |f'|?, ¢ > 1, is concave on [a,b], then we
have the following inequality for fractional integrals

’F(szl) (b= Ty F(@)+@=0) Ty F(0)|Flatb—2)

1 1 ¥ ol . [a+2b—2x , [ 2a+b—2x
i lamn) [omole (5ol (25

for all x € [a,b], where % + % =1

+(b—z)?

Proof. By Lemma 2.1 and the Holder inequality, we have

H%?((b—x)l_a (‘fwax)ff(a)+($—a)1—aj(°;+bﬂ)+f(b)> +f(a+b—2)
= (xb__?z /t“ £/t (a+b—a)+ (1 —t)b)|dt (2.9)
0

+(b_x)2/to‘|f'(t(a+b—a:)+(1—t)a)|dt

q

Since |f’|? is concave on [a,b], by using Jensen integrals inequality, we
obtain
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1

/]f’(t(a+b—x)+(1—t)b)]th (2.10)

IN

f (t(a+b—xz)+ (1 —t)b)dt
/

,(a+2b—x
()

q

and similarly,

' (2.11)

, (2a+b—=x
()

By using the inequality (2.10) and (2.11) and the equality

1
1
/@%%ﬁ: :
ap+1
0

in (2.9), we obtain the desired result.

/\f’(t(a+b—x)+(1—t)a)}thg
0

Corollary 2.10 Under assumptions of Theorem 2.9, if we choose x = ‘ITH’,
then we have the inequality

2Ot [y 10+ Ty @] - 1 (45|

() (A [ e )

Remark 2.4 If we choose @ = 1 in Theorem 2.9, then we have

RS

b
E%E/f@ﬁ—fm+b—@

<) et (=2 st ()|

2
which is proved by Qaisar and Hussain in [23, Theorem 7.

124



New generalization of midpoint type inequalities for fractional integral 13

Theorem 2.11 Let f : [a,b] — R be differentiable mapping on (a,b) with
0<a<bandf € L'a,b]. If |f'|, ¢ > 1, is concave on [a,b], then we have
the following inequality for fractional integrals

’F;&ZU (=) S S @) (=0 S0y )4 b )
<t (k) [l (o)
4 (b— )’ f(EZj:g (bx)+a)]

for all z € [a, b]

Proof. From the inequality (2.8) we have

J((b—@l_”&wﬂ)_f (@) + (=)'~ Tfyp )4 S (B) )+ (atb—2)

2(/tadt) (/|t“||f’(t(a+b—x)+(1—t)b)]th)

0

0
2(/#%) (/|ta||f’(t(a+b—x)+(1—t)a)|th).
0

0

Q=

IN

By the Jensen inequality, we obtain

/|to‘||f’(t(a+b—:r)+(l—t)b)|th
0

<</to‘dt f 11 t*(ta+b—x)+ (1 —1)b)
0

— (aL) f’(EZig (a+bx)++2b> '
- () (g @ mo)|
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and similarly,

1

/|t°‘||f’(t(a+bfa;)+(1ft)a)|th

< (wi) I (g oo +)

The proof is completed.

q

O

Corollary 2.12 Under assumptions of Theorem 2.11 with x = “TH’, then
we have the inequality

2071 M (a4 1)

(b—a)*
. b;a (ail)ﬂ [f, <(a+32)(ba++(g)+ 1)a>‘

I ((oz + 32)(aa++(;z)+ 1) b> H .

Remark 2.5 If we choose @ = 1 in Theorem 2.11, then we have

ey F (@) + oy F )] = f <;b>‘

2

+

b
ﬁ/f(t)dt— fla+b—a)

SM[(m_a)zf,(zﬁggb—zx)‘
I (3a+23b— 2x> H

which is proved by Qaisar and Hussain in [23, Theorem 8§].

+ (- x)2
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