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1 Introduction

For a finite group G, the set of prime divisors of |G| is denoted by 7(G)
and the set of orders of elements of G is denoted by 7.(G). The set m.(G) is
closed and partially ordered by the divisiblity relation. Hence, it is uniquely
determined by the subset of its elements, which are maximal under the di-
visibility relation. Suppose n is an integer number. In this case, m(n) is the
set of all prime numbers that divide n. We say the largest order of elements
of G is denote by k(G). Also G is called a simple K,-group if G is simple
with |7(G)| = n. Moreover, we denote a Sylow p-subgroup of G by G). The
prime graph I'(G) of group G is a graph whose vertex set is 7(G), and two
vertices p and ¢ are adjacent if and only if pg € m.(G). Moreover, assume
that I'(G) has t(G) connected components m;, for i = 1,2,...,t(G). In the
case where |G| is of even order, we always assume that 2 € 7.

One of the important problems in group theory is the characterization by
given properties, that is, there exists only one group with given proper-
ties(up to isomorphism). There is different kinds of characterization, for
example, the characterization by the set of orders of elements, prime graph,
the set of the numbers of elements with same order. Recently, He and Chen
studied the characterization of groups by the largest order of elements. For
example, in this way the authors proved that the groups PSL(2,q) with
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q = p" < 125 ([17]), K4-group with type PSL(2,p) ([11]), the simple K-
groups where n = 3,4 ([12,13]), sporadic simple groups ([10]), PSL(3,q)
and PSU(3,q), for some ¢ ([14]), PGL(2,q)([19]) and Suzuki group Sz(q)
where ¢ = 22™+1 and ¢ — 1 or ¢ &+ +/2q + 1 is a prime number, projective
special unitary groups PSU(3,3"), projective symplectic groups PSP(8, q)
and symplectic groups Cy(q) ([3-8]), are characterizable by using their order
together with the largest, the second largest and the third largest orders of
elements. In this article, we prove that the projective special linear groups
PSL(5,2) and PSL(4,5) are characterizable by their order and the largest
orders of elements. In fact, we prove the following main theorems:

Main Theorem A. Let G be a group with |G| = |PSL(5,2)| and k(G) =
k(PSL(5,2)). Then G = PSL(5,2).

Main Theorem B. Let G be a group with |G| = |PSL(4,5)| and k(G) =
k(PSL(4,5)). Then G = PSL(4,5).

2 Notation and preliminaries

In this section, we give some useful lemmas which will be used in the proof
of the main theorems.

Lemma 2.1 [9, Theorem1] Let G be a Frobenius group of even order with
kernel K and complement H. Then

(i) t¢(G) = 2, w(H) and w(K) are vertex sets of the connected compo-
nents of I'(G);
(ii) |H| divides |K|—1;
(iii) K is nilpotent.

Definition 2.2 A group G is called a 2-Frobenius group if there is a normal
series | AH <K <G such that G/H and K are Frobenius groups with kernels
K/H and H respectively.

Lemma 2.3 [2, Theorem 2] Let G be a 2-Frobenius group of even order.
Then

(i) t¢(G) =2, n(H)Un(G/K) =m and n(K/H) = ma;
(ii) G/K and K/H are cyclic groups satisfying |G/K| divides |Aut(K/H)|.

Lemma 2.4 /21, Theorem A] Let G be a finite group with t(G) > 2. Then
one of the following statements holds:

(i) G is a Frobenius group;
(ii) G is a 2-Frobenius group;
(iii) G has a normal series 1 <H I K <G such that H and G/K are -
groups, K/H is a non-abelian simple group, H is a nilpotent group
and |G/ K| divides |Out(K/H)]|.
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Lemma 2.5 [15] Let G be a simple Ks-group. Then G is isomorphic to one
of the following groups:
As, Ag, PSL(2,7, PSL(2,8), PSL(2,17), PSL(3,3), PSU(3,3) or PSU(4,2).

Lemma 2.6 [1] Let G be a simple K4-group. Then G is isomorphic to one
of the following groups:

(i) PSL(2,q) where q is a prime power satisfying q(¢> — 1) = (2,q —
1)2¢ . 30 p¢ . rd with p, r > 3 distinct primes and a,b, ¢,d natural
numbers;

(ii) A7, As, Ag, Ayg, M1, Mia, Jo, PSL(2,16), PSL(2,25), PSL(2,49),
PSL(2,81), PSL(3,4), PSL(3,5), PSL(3.8), PSL(3,17), PSL(4,3),
05(4),05(5),05(7),05(9),07(2),04 (2),G2(3), PSU(3,4), PSU(3,5),
PSU(3,7),PSU(3,8),PSU(3,9),PSU(4,3), PSU(5,2),52(8),52(32),
3D4(2), 2F4(2).

Lemma 2.7 [16] Let G be a simple K5-group. Then G is isomorphic to one
of the following groups:

(i) Os(q) where q satisfies |w(q* — 1)| = 4;
(i) PSL(2,q) where q satisfies |w(q®> — 1)| = 4;
(iii) PSL(3,q) where q satisfies |7((¢> — 1)(¢®> — 1))| = 4;
(iv) PSU(3,q) where q satisfies |7((¢> — 1)(¢®> + 1))| = 4,
v) Sz(q) where g = 221 satisfies |7((¢ — 1)(¢> +1))| =
(vi) R(q) where q is an odd power of 3 and |w(q*> —1)| = 3 and |7(q? —
qg+1)|=1;
(Vll) An, 125 Mgg, J3, HS H@ MCL PSL(4,4) ( 75) PSL( )

A
PSL(5,2), PSL(5.3), PSL(6,2), O7(3), O(2), PSP(6,3), PSP(8.2),
PSU(4,4), PSU(4,5), PSU(4,7), PSU(4.,9), PSU(5,3), PSU(6.2),
3)} 08_(2)7 3D4(3); G2(4); G2(5); G2(7); G2(9)

3 Proof of the main theorem A

In this section, we prove the main theorem A. From now on, we denote
the group PSL(5,2) by L. We recall that G is a group with |G| = |L| and
k(G) = k(L).

Since k(L) = 31, we conclude that k(G) = 31. Thus 31 is an isolated
vertex of I'(G) and hence ¢(G) > 2. So Lemma (2.4) implies that G satisfies
one of the following cases:

Case 1. Let G be a Frobenius group with kernel K and complement H.
Then by Lemma (2.1), ¢(G) = 2, n(H) and 7(K) are vertex sets of the
connected components of I'(G). Since 31 is an isolated vertex of I'(G), we
have (i) |H| = |G|/31 and |K| = 31, or (ii) |H| = 31 and |K| = |G|/31.
Assume that |H| = |G|/31 and |K| = 31. Then Lemma (2.1) implies that
|G|/31 divides 31 — 1 and hence 322560 | 30 which is impossible. So the case
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|H| = 31 and |K| = |G|/31 is the only possibility. Lemma (2.1) implies that
31 divides |G|/31 — 1. Therefore, 31 | 322559 which is a contradiction. As a
result we deduce that G is not a Frobenius group.

Case 2. Let G be a 2-Frobenius group. Then by Lemma (2.3), there is
a normal series 1 < H < K <4 G such that G/H and K are Frobenius
groups with kernels K/H and H respectively. Also, we have t(G) = 2,
7(G/K)Un(H) =m, n(K/H) = m2 and |G/K| divides |Aut(K/H)|. Since
31 is an isolated vertex of I'(G), we deduce that mo = {31} and |K/H| = 31.
Hence |Aut(K/H)| = 30. As |G/K| divides |Aut(K/H)|, we deduce that
|G/ K| divides 30. Hence |G/ K| belongs {1, 2,3, 5,6, 10,15, 30}. For this pur-

pose, we consider only the case 30 (with lost generality), so |H| | %
It follows that |H| | %. Hence, |H| | 2°-3-7. Since that H is nilpotent

group, so H = Hy x Hz x H;. As a result, G must be have the element of
order 2 -3 -7, which is a contradiction, because k(G) = 31. So, we conclude
that G is not 2-Frobenius group.

Case 3. Let G have a normal series 1 < H < K JG such that H and G/K
are mi-groups, K/H is a non-abelian simple group, H is a nilpotent group
and |G/K| divides |Out(K/H)|. Since 31 is an isolated vertex of I'(G), we
deduce that 31 | |[K/H|. On the other hand |7(G)| = 5, thus K/H is a
simple K,-group where n < 6. It is clear that K/H is not a simple Kj-
group, since 31 ¢ w(K/H). Suppose now that K/H is a simple K4-group.
As 31 € n(K/H) and k(K/H) = 31, we conclude that K/H is isomorphic
to PSL3(5). and Sz(32). Since |PSL(3,5)| does not divide |G|, we have a
contradiction. Now if K/H = Sz(32), then |Sz(32)| { |G|, which is a con-
tradiction. Now, we consider the groups in Lemma 2.6(i). For this purpose,
we have K/H = PSLy(q), then by [18], k(K/H) = ¢+ 1 and ¢. Since
31|k(K/H), so we consider ¢ + 1 = 31 and ¢ = 31. It follows that ¢ = 30
and also ¢ = 31. Now, if ¢ = 31, then we have K/H = PSL(2,31). On
the other hand |G/K]| | |Out(K/H)|, so |G/K]| | |Out(PSL(2,31)|2. As a

result |H| | %, so |H| | 2°-32.5.731. Since that H is nilpotent, so
H = Hy; x H3 x Hs x xH7 x Hsy, which is a contradiction. Now, assume
q = 30 where it is impossible, because ¢ can be prime number or power of
prime number. Therefore, it remains to consider the case when K/H is a
simple K5-group, which we now assume.

Since 31 € 7(K/H), we deduce that K/H is isomorphic with one of the
groups PSL(2,q), PSL(3,q), PSU(3.q), Os(q), Rla), Sz(a), PSL(4,5),
G2(5), PSL(5,2), where the restrictions on ¢ are given as in Lemma(2.7).
Now, we have the following subcases:

(i) If K/H = PSL(4,5), then since |[PSL(4,5)| 1 |G| which is a contradic-
tion, also if K/H = G2(5), then since |G2(5)] 1 |G| which is a contradiction.
(ii) If K/H = PSL(2,q), then by [18], k(K/H) = q + 1 and ¢. Since
31|k(K/H), so we consider ¢ + 1 = 31 and ¢ = 31. It follows that ¢ = 30
and also ¢ = 31. Now, if ¢ = 31, then we have K/H = PSL(2,31). On
the other hand |G/K| | |Out(K/H)|, so |G/K| | |Out(PSL(2,31)|2. As a
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result |H| | %, so |H| | 29-32.5.731. Since that H is nilpotent, so
H = Hs x H3 X H5 x xH7 x Hsy, which is a contradiction. Now, g = 30 is
impossible, because ¢ can be prime number or power of prime number.
(iii) If K/H = PSL(3,q), then by by [18], k(K/H) = (¢* + ¢+ 1) or
(¢*> + q¢+1)/3 . Since 31|k(K/H), we consider(¢® + ¢ + 1) = 31, so we
deduce ¢ = 5. But |[PSL(3,5)| 1 |G| which is a contradiction. Now, if
(¢> + ¢+ 1)/3 = 31 so we have the equation ¢? + ¢ — 92 = 0. As a re-
sult this equation has not any solution, so we have a contradiction.

(iv) If K/H = PSU(3,q), then by [18], k(PSU(3,q)) = p(¢+1)/3 or p(q+1)
where p < q. Since 31|k(K/H), we consider q(g+1)/3 = 31 and ¢>+q = 31.
Now, if q(q + 1)/3 = 31, then we deduce ¢®> + ¢ — 93 = 0. But, we can see
easily this equation has not any solution, which is a contradiction. Also the
case ¢> + ¢ = 31 is impossible.

(v) If K/H = Sz(q) where ¢ = 22™*1 > 2 then by [18], k(Sz(q)) =
(¢ + v2q + 1). Since 31|k(K/H), we consider (¢ + +/2¢ + 1) = 31, so
22m4lom+111 = 31. Now, we consider 2™ = z as a result 222+22—30 = 0.
We can see easily this equation has not any solution, which is a contradic-
tion.

(vi) If K/H = Os(q), then by [18], [20], k(Os(q)) = (¢*> + 1)/2. Since
31|k(K/H), so we consider (¢*> + 1)/2 = 31, it follows that ¢*> = 61, which
it is impossible.

(vii) If K/H = R(q) where ¢ = 3™+ m > 1, then by [18], k(R(q)) =
((g ++/3q+1). Since 31|k(K/H), so we consider(q + /3¢ + 1) = 31, so we
have 32m+1 4 3m+1 1 1 = 31. Now, we consider 3™ = z so we have the equa-
tion 322 4 32 — 30 = 0. It follows that this equation has not any solution.
Hence K/H = PSL(5,2). Now, since |K/H| = |G| = |L|, this implies that
G = K/H = PSL(5,2).

4 Proof of the main theorem B

Here we prove the main theorem B. First, we denote the group PSL(4,5)
by L. We recall that G is a group with |G| = |L| and k(G) = k(L).

Since k(L) = 39, we conclude that k(G) = 39. Thus 31 is an isolated vertex
of I'(G) and hence t(G) > 2. So, Lemma (2.4) implies that G satisfies in
item (iii).

First, we prove that G is not a Frobenius and 2-Frobenius group. Hence,
Let G be a Frobenius group with kernel K and complement H. As seen
before, we have either |H| = |G|/31 and |K| = 31, or |H| = 31 and |K| =
|G|/31. Then Lemma (2.1) implies that |G|/31 divides 31 — 1 and hence
234000000 | 30 which is impossible. So the case |H| = 31 and |K| = |G|/31
can be occured. Lemma (2.1) implies that 31 divides |G|/31 — 1. Therefore
31]|233999999 that is a contradiction. Therefore, G is not a Frobenius group.
Now, we show the group G is not a 2-Frobenius group. For this purpose as-

137



6 Behnam Ebrahimzadeh, Behnam Azizi

sume G be a 2-Frobenius group. Then, by Lemma (2.3), there is a normal
series 1 < H < K <G such that G/H and K are Frobenius groups with ker-
nels K/H and H respectively. Also, we have ¢(G) = 2, 7(G/K)Un(H) =
7, m(K/H) = m and |G/K| divides |Aut(K/H)|. Since 31 is an iso-
lated vertex of I'(G), we deduce that w3 = {31} and |K/H| = 31. Hence
|Aut(K/H)| = 30. As |G/K| divides |Aut(K/H)|, we deduce that |G/K]|30.
Hence, |G/ K| belongs {1,2,3,5,6,10,15,30}. For this purpose, we consider
only the case 30 (with lost generality) so |H| | W It follows that

|H| | ‘Pigff | Hence, |H|| 28355 13. Since that H is nilpotent group,
so H = Hy x H3 x H5 x Hys. As a result, G must be have the element of
order 2-3-5-13, which is a contradiction. So G is not 2-Frobenius group.
Now by Lemma (2.4) G has a normal series 1 < H <4 K < G such that
H and G/K are m-groups, K/H is a non-abelian simple group, H is a
nilpotent group and |G/ K| divides |Out(K/H)|. Since 31 is an isolated ver-
tex of I'(G), we deduce that 31 | |K/H|. On the other hand |7 (G)| = 5,
thus K/H is a simple K,-group where n < 6. It is clear that K/H is
not a simple Kjs-group, since 31 ¢ «(K/H). Suppose now that K/H is a
simple Ky4-group. As 31 € n(K/H) and k(K/H) = 31, we conclude that
31 < k(K/H) < 39. Thus K/H is isomorphic with the groups PSL(3,5)
or PSL(2,q). If K/H = PSL(3,5), then since |K/H| = 2°-3-53 .31, we
conclude that |G/K]| divides |Out(K/H)| = 2, hence |G/K]| | 2. So we have
|H| = 235313 where i | 2. Since H is a nilpotent group, H is the direct
product of Sylow subgroups. Thus we have H = Hy x H3 X Hs x Hy3. So G
must has an element of order 2 -3 -5 - 13 which is a contradiction because
k(K/H) < 39.1f K/H = PSL(2,q), where q(¢>—1) = 2%-3*-p°-r? where a, b,
¢, d > 1 and p, r is a prime number larger than 3, then k(K/H) = g+1 or q.
Since 31 € n(K/H) and k(K/H) < 39, we deduce that 31 < k(K/H) < 39.
Hence ¢ = 31 and |Out(K/H)| = 2. Thus |G/K||2 and |H| =2¢-3-5°-13
where i | 2. Now since H is nilpotent group, similary to part (i) G must has
an element of order 2-3-5-13 which is a contradiction because k(K /H) < 39.
Therefore, it remains to consider the case when K/H is a simple K5-group,
which we now assume.

Since 31 € 7(K/H), we deduce that K/H is isomorphic with one of the
groups PSL(2,q), PSL(3,q), PSU(3.0), Os(a), R(a), Sz(q), PSL(4,5),
G2(5), PSL(5,2), where the restrictions on ¢ are given as in Lemma(2.7).
Now, we have the following subcases:

(i) If K/H = PSL(2,q), then by [18] k(PSL(2,q)) = q + 1 or g. Since
31 < k(K/H) < 39, we conclude that ¢ = 31, ¢ = 32 or 37. Hence, if ¢ = 31,
then K/H = PSL(2,31). On the other hand, |G/K| | |Out(PSL(2,31))|2,

so |H| | % As aresult |H||2.3.5°.13 so H = Hy x Hs x H5 x His.
As a result, GG must be have the element of order 2 -3 -5 - 13, which is a
contradiction.

(ii) If K/H = PSL(3,q), then by [18] k(PSL(3,q)) = (¢* + ¢+ 1) or
(¢> +q+1)/3. Since 31 < k(K/H) < 39, we conclude that ¢ = 5. if ¢ = 31,
then K/H = PSL(3,5). On the other hand, |G/K| | |Out(PSL(3,5))|2, so
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|H| | 5g5sbsar. As a result |H| | 2.3.5%.13 so H = Hy x Hy x Hs x H3.

As a result, G must be have the element of order 2 -3 -5 - 13, which is a
contradiction.Thus |K/H| t |G| which is a contradiction.

(iii) If K/H = PSU(3,q), then by [18] k(PSU(3,q)) = (¢* + ¢+ 1) or
(¢> +q+1)/3. Since 31 < k(K/H) < 39, we deduce that ¢ = 5 which is a
contradiction.

(iv) If K/H = Sz(q) where ¢ = 2?™*1 > 2 then by [18] k(Sz(q)) =
(g ++/2¢ + 1). Since that 31 < k(K/H) < 39, so we consider 31 < 22m+1 4
2m+1l 11 < 39, it follows thatm = 1 so ¢ = 8. But |Sz(8)| { |G|, which this
is a contradiction.

(v) If K/H = Os(q), then by [18], [20], k(Os(q)) = (¢* + 1)/2. Since
31 < k(K/H) < 39, s0 31 < (¢* +1)/2 < 39, we deduce that ¢ = 8.
But |S4(8)] 1 |G| which is a contradiction.

(vi) If K/H = R(q) where ¢ = 3?™*1 m > 1, then by [18] k(R(q)) =
(¢ + +v3q+ 1). Since 31 < k(K/H) < 39, we deduce that ¢ = 27. Thus
|R(27)| 1 |G| which is a contradiction.

So, we conclude that K/H = PSL(4,5). Now since |K/H| = |G| = |L|, this
implies that G = K/H = PSL(4,5).
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