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Steinhaus type theorems over complete ultrametric fields

P.N. Natarajan

Abstract Throughout this paper, K denotes a complete, non-trivially valued, ultrametric
(or non-archimedean) field. Entries of infinite matrices, sequences and infinite series are
in K. In this paper, following ([4], [5]), we prove some more Steinhaus type theorems over
K.
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1 Introduction

If X,Y are sequence spaces and A = (auk), ank € K, n,k=0,1,2,... is an
infinite matrix, we write

Ae (X,Y)

if A(z) ={(Az),} €Y, whenever z = {z;} € X, 2, € K, k=0,1,2,...,
where

[o.¢]
(Azx), = Zankxk,n =0,1,2,...,
k=0
supposing that the series on the right converge. If there is a notion of limit
or sum in X and Y and if A € (X,Y) and A preserves limits or sums in X
and Y, we write

A€ (X,Y;P).

If A€ (X,Y) and A preserves the limit in X and sum in Y or vice versa,
we write

Ae (X,Y;P).
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2 P.N. Natarajan

In the sequel, we need the following sequence spaces

b= {l’ = {ar} [ D lanl < 00} P> 1;

k=0
:{x:{xk}/ lim xkzo};
k—o0
{m = {mk}/ lim exists} ;
k—o0
{93 = {xk}/supwkl < 00} ;
k>0

bv = {1: = {xz} Z|-T3k — Tpq1] < 00}5

k=0

Co
c
loo

and
bvy = bv N ¢p.

Note that £, Cco Cc Clo,p>1and ¢y Cbv Ce.
In the classical case, the famous Steinhaus theorem can be written in the
form:

(¢,c; P)N (boo, ) = .
We can call any result of the form:

(X,Y:P)N(Z,Y)=¢,X C Z

or
(X,Y:P)N(ZY)=¢,XCZ

a “Steinhaus type theorem”. Natarajan [2] proved that the classical Stein-
haus theorem continues to hold when K is a complete, non-trivially valued,
ultrametric (or non-archimedean) field.

A general reference for analysis in ultrametric fields is [1].

2 Some Steinhaus type theorems over K
In [3], Natarajan proved that

(barlo; P)' 0 (Lg,80) = ¢, 8> a >0,
where, (¢4, {y; P)" denotes the subclass of (£, y; P) such that

ank — 0,k > 00,n=0,1,2,.... (2.1)
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Steinhaus type theorems over complete ultrametric fields 3

Noting that ¢3 C co, (¢g,€a) D (co,%a), B > a >0, it follows that
(Eouga; P)/ N (COaga) = gb

Thus, we have, the following result, which we call a Steinhaus type theorem
again.

Theorem 2.1
(‘emga; P)/ N (X7 Za) = ¢,

when X = {g,co, 3> a > 0.
Now, we have the following Steinhaus type theorem.

Theorem 2.2
Loy lo; P)N (e, ly) = ¢y > 0.

Proof. Let A = (ank) € (ba,la; P) N (¢, 4y), a > 0. For the sequence x =
{z} ={1,1,1,... } €¢,

(Ax), = Zank
k=0
is defined, n = 0,1,2,... so that (2.1) holds. Thus
A€ (bo,la; P) N (e, ly).

Now, €3 C ¢, B > a and so ({3,4a) D (¢, 4a), B> .
Consequently
A€ (bo,la; P) N (L, 0a), >

which is a contradiction of Theorem 2.1, completing the proof.

Corollary 2.3 Since ¢ C loo, (¢,40) D (dso,ba) so that
(Lo, Lo; P) N (boo, be) = 0 > 0.
Consequently, we have
(Lo, lo; PYN (X, Ly) = ¢, > 0,
when X = ¢, £o.

We shall now consider the class (cg, £1; P). We recall that (cg, ¢1; P) is the
subclass of (¢, ¢1) such that

Zxk = Z(Aa;)n,x = {zx} € .
k=0 n=0

We now have the following Steinhaus type result.
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4 P.N. Natarajan

Theorem 2.4
(Co,fl;P) N (c,él) = ¢
Proof. Let A = (ank) € (co,¢1;P) N (¢, ¢1). Now, A € (cop,l1; P). For k =
1

0,1,2,..., the sequence = = {0,0,...,0,1,0,...}, 1 occurring in the kth
place is in ¢g and (Ax), = a,k. Hence,

Yt =1k=0,12,.... (2.2)

n=0

Also, A € (¢c,£1). For x ={1,1,1,...} € ¢,

(Ax)n = Z Ank
k=0

and so
o
E |(Az),| converges,
n=0
o o0
i.€., E E apk| converges.
n=0 | k=0
Consequently

(o] (o]
E E Gpp CONVErges.

n=0 k=0

Since convergence in K is equivalent to unconditional convergence (see [6]),
oo oo
E E (pk CONVErges,
k=0n=0

which is a contradiction, in view of (2.2), proving the theorem.

Corollary 2.5 Since ¢ C loo, (¢,01) D (beo, 1) so that
(o, l1; P) N (Lo, 1) = ¢.

Thus we have
(COagl;P) N (X7€1) = d)a

when X = ¢, £.
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Steinhaus type theorems over complete ultrametric fields 5

We next claim that

(b1)7£1; P/) = (b?
where, (bv, £1; P’) is the subclass of (bv, ¢1) such that
I = S (Az), = .
Jim 7;)( Z)n,x = {z} € bv

Let now, A = (apk) € (bv,£f1; P'). The sequence = = {1,1,1,...} € by, for
which,

(Ax), = Zank,n: 0,1,2,....
k=0

{(Az),} € £ so that
Z Z Apj converges.

n=0 k=0
Also

o

g (Az), = lim zp =1,
k—o0
n=0

ie, > Y ang =1. (2.3)

Now, z = {0,0,...,0,1,0,...}, 1 occurring in the kth place is in bv, for
which,
(Az)p = ank, k =0,1,2,...

so that
oo
> ank = lim z;, = 0. (2.4)
k—o0
n=0

Since convergence in K is equivalent to unconditional convergence (see [6]),
using (2.3) and (2.4),

=3 S

n=0 k=0
0o 00

= E E apk = 07
k=0n=0

a contradiction, proving our claim.
Note that bvg = bv N ¢y C bv. We now prove the following Steinhaus type
result.
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Theorem 2.6
(bvo,fl;P) N (b’U,fl) = ¢

Proof. We recall that (bvg, £1; P) is the subclass of (bvg, ¢1) such that

> wk =) (Az)n,x = {zx} € bug,
k=0

n=0

noting that buvg C co. Let A = (ank) € (bvg,£1; P) N (bv,41). For k =
0,1,2,..., the sequence = = {0,0,...,0,1,0,...}, 1 occurring in the kth
place is in bvg, for which

(Az)y, = ank, k=0,1,2,....

Hence

o0

Y a=1,k=0,1,2,...,

n=0

i.e., (2.2) holds.

Again, the sequence x = {1,1,1,...} is in bv. For this sequence, {(Az),} €
£y, where

o0
(Az)n =k, =10,1,2,....
k=0
o0
So Z(Am)n converges, i.e.,

n=0

o o
E E Gnk CONVErges.

n=0 k=0

In view of the fact that convergence in K is equivalent to unconditional

convergence (see [6]),
o0 o0
Z Z Qpj converges,
k=0n=0

which leads to a contradiction, because of (2.2). The proof of the theorem
is now complete.
O

Corollary 2.7 Noting that bv C ¢ C Lo,
(bv,él) D) (C,el) D) (600761)-

Consequently
(bvo, t1; P) N (¢, b1) = ¢
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Steinhaus type theorems over complete ultrametric fields 7

and
(bvo, £1; P) N (oo, £1) = ¢

Thus we have:
(b’UO7£1;P) N (X7 gl) = ¢a

when X = bv, ¢, lx.
In the above context, one can note that
(bvg, £1; P) N (co, b1) # .
We note that ¢; C bv. We have the following result.

Theorem 2.8
(61,61; P) n (bv,El) = d)

Proof. Let A = (ang) € (¢1,41; P) N (bv, 7). Since A € (¢1,41; P), (2.2)
holds. The sequence x = {1,1,1,...} is in bv and so {(Ax),} € {1, where

oo
(Ax)nzzank,n2071,27...,

k=0
Consequently
oo o0 o0
Z(A:L“)n = Z Zank converges.
n=0 n=0 k=0
o0 o0

So Z Z ank converges, again using the fact that convergence and uncon-
k=0n=0
ditional convergence are equivalent in K (see [6] again). This leads to a
contradiction, in view of (2.2), completing the proof.
0

In ([5], p. 153), the following Steinhaus type result was proved.

Theorem 2.9
(COa Co; P) N (gom CO) = ¢7

where, (cg, co; P) denotes the subclass of (co,co) with

ka = Z(Am)n,m = {z1} € .
k=0 n=0
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In the context of Theorem 2.9, it is worth noting that

(COa CO;P) N (Cv CO) 7é (bv

as the following example illustrates:

1 -100 0 0 -
0 2-200 0 -
A=(@w)=]0 0 3 =30 0 -
0 0 -

0 0 4 —4

It is easy to check that

sup |ang| <1 < o0;
n,k

lim a,, =0,k=0,1,2,...;
n—oo

oo
Yt =1,k=0,1,2,..;

n=0
and
o
>t =0,n=0,1,2,...
k=0
so that
o
Jim ) ank =0,
k=0
Consequently

A € (ep,co; P) N (c,co).

It is also worthwhile to note that (cg,cg) is an ultrametric (or non-
archimedean) Banach algebra under the norm

1Al = su]£)|ank|,A = (ank) € (co, co)-
n,
In the context of the ultrametric Banach algebra ((co, co), we prove a Mer-

cerian theorem, similar to the one proved in [3].

Theorem 2.10 Let K = Q,, the p-adic field for a prime p.
If

Yn = Tp + A" (T + 21 + -+ + ) (2.5)
and {yn} € co, then {x,} € co, provided
|)‘|p < 17

| - |p being the p-adic valuation.
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Steinhaus type theorems over complete ultrametric fields 9

Proof. Since (co, ¢o) is an ultrametric Banach algebra, if A € Q) is such that
IAp < HT}H’ A € (co,¢p), then I + AA, where I is the identity matrix, has

an inverse in (cg, ¢p). The matrix of transformation in the present context
is I + \A, where

We note that

sup |ank| = 1 < oo

nk
and
nli_)rroloank =0,k=0,1,2,...,
so that
A € (e, o).
Also

Al = sup |ank| = 1.
n,k

So, if |A|, < 1, I + AA has an inverse in (co, ¢p). We can now write (2.5) in
the form

y=(I+MA)zx, where z = {zr}, v ={ys},

from which it follows that
(I+XA) 'y =n2a.

Since y € ¢ and (I + AA)~! € (co, o), it follows that = € ¢, completing
the proof of the theorem.
O

For the sake of completeness, we conclude the paper with a few observa-
tions recorded earlier (see [5]). With the usual meaning,

() (co.c P') = (b2, ') ([, p. 1760

(i) (corc: P11 (e0) # 05 (5] p. 185)
(iii) (e, c; P') N (boo,c) = ¢ (a Steinhaus type result); ([5], p. 185-186)
(iv) (e, co; P') = &5 ([5], p. 187).
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