
An. Ştiinţ. Univ. Al. I. Cuza Iaşi. Mat. (N.S.)
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Steinhaus type theorems over complete ultrametric fields

P.N. Natarajan

Abstract Throughout this paper,K denotes a complete, non-trivially valued, ultrametric
(or non-archimedean) field. Entries of infinite matrices, sequences and infinite series are
in K. In this paper, following ([4], [5]), we prove some more Steinhaus type theorems over
K.
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1 Introduction

If X,Y are sequence spaces and A = (ank), ank ∈ K, n, k = 0, 1, 2, . . . is an
infinite matrix, we write

A ∈ (X,Y )

if A(x) = {(Ax)n} ∈ Y , whenever x = {xk} ∈ X, xk ∈ K, k = 0, 1, 2, . . . ,
where

(Ax)n =
∞∑

k=0

ankxk, n = 0, 1, 2, . . . ,

supposing that the series on the right converge. If there is a notion of limit
or sum in X and Y and if A ∈ (X,Y ) and A preserves limits or sums in X
and Y , we write

A ∈ (X,Y ;P ).

If A ∈ (X,Y ) and A preserves the limit in X and sum in Y or vice versa,
we write

A ∈ (X,Y ;P ′).
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2 P.N. Natarajan

In the sequel, we need the following sequence spaces

ℓp =

{
x = {xk}

/ ∞∑

k=0

|xk|p <∞
}
, p ≥ 1;

c0 =

{
x = {xk}

/
lim
k→∞

xk = 0

}
;

c =

{
x = {xk}

/
lim
k→∞

xk exists

}
;

ℓ∞ =

{
x = {xk}

/
sup
k≥0

|xk| <∞
}
;

bv =

{
x = {xk}

/ ∞∑

k=0

|xk − xk+1| <∞
}
;

and

bv0 = bv ∩ c0.

Note that ℓp ⊂ c0 ⊂ c ⊂ ℓ∞, p ≥ 1 and ℓ1 ⊂ bv ⊂ c.
In the classical case, the famous Steinhaus theorem can be written in the

form:
(c, c;P ) ∩ (ℓ∞, c) = ϕ.

We can call any result of the form:

(X,Y ;P ) ∩ (Z, Y ) = ϕ,X ⊂ Z

or
(X,Y ;P ′) ∩ (Z, Y ) = ϕ,X ⊂ Z

a “Steinhaus type theorem”. Natarajan [2] proved that the classical Stein-
haus theorem continues to hold when K is a complete, non-trivially valued,
ultrametric (or non-archimedean) field.
A general reference for analysis in ultrametric fields is [1].

2 Some Steinhaus type theorems over K

In [3], Natarajan proved that

(ℓα, ℓα;P )
′ ∩ (ℓβ, ℓα) = ϕ, β > α > 0,

where, (ℓα, ℓα;P )
′ denotes the subclass of (ℓα, ℓα;P ) such that

ank → 0, k → ∞, n = 0, 1, 2, . . . . (2.1)
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Steinhaus type theorems over complete ultrametric fields 3

Noting that ℓβ ⊂ c0, (ℓβ, ℓα) ⊃ (c0, ℓα), β > α > 0, it follows that

(ℓα, ℓα;P )
′ ∩ (c0, ℓα) = ϕ.

Thus, we have, the following result, which we call a Steinhaus type theorem
again.

Theorem 2.1
(ℓα, ℓα;P )

′ ∩ (X, ℓα) = ϕ,

when X = ℓβ, c0, β > α > 0.

Now, we have the following Steinhaus type theorem.

Theorem 2.2
(ℓα, ℓα;P ) ∩ (c, ℓα) = ϕ, α > 0.

Proof. Let A = (ank) ∈ (ℓα, ℓα;P ) ∩ (c, ℓα), α > 0. For the sequence x =
{xk} = {1, 1, 1, . . . } ∈ c,

(Ax)n =
∞∑

k=0

ank

is defined, n = 0, 1, 2, . . . so that (2.1) holds. Thus

A ∈ (ℓα, ℓα;P )
′ ∩ (c, ℓα).

Now, ℓβ ⊂ c, β > α and so (ℓβ, ℓα) ⊃ (c, ℓα), β > α.
Consequently

A ∈ (ℓα, ℓα;P )
′ ∩ (ℓβ, ℓα), β > α

which is a contradiction of Theorem 2.1, completing the proof.
⊓⊔

Corollary 2.3 Since c ⊂ ℓ∞, (c, ℓα) ⊃ (ℓ∞, ℓα) so that

(ℓα, ℓα;P ) ∩ (ℓ∞, ℓα) = ϕ, α > 0.

Consequently, we have

(ℓα, ℓα;P ) ∩ (X, ℓα) = ϕ, α > 0,

when X = c, ℓ∞.

We shall now consider the class (c0, ℓ1;P ). We recall that (c0, ℓ1;P ) is the
subclass of (c0, ℓ1) such that

∞∑

k=0

xk =
∞∑

n=0

(Ax)n, x = {xk} ∈ c0.

We now have the following Steinhaus type result.
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Theorem 2.4

(c0, ℓ1;P ) ∩ (c, ℓ1) = ϕ.

Proof. Let A = (ank) ∈ (c0, ℓ1;P ) ∩ (c, ℓ1). Now, A ∈ (c0, ℓ1;P ). For k =
0, 1, 2, . . . , the sequence x = {0, 0, . . . , 0, 1, 0, . . . }, 1 occurring in the kth
place is in c0 and (Ax)n = ank. Hence,

∞∑

n=0

ank = 1, k = 0, 1, 2, . . . . (2.2)

Also, A ∈ (c, ℓ1). For x = {1, 1, 1, . . . } ∈ c,

(Ax)n =
∞∑

k=0

ank

and so

∞∑

n=0

|(Ax)n| converges,

i.e.,

∞∑

n=0

∣∣∣∣∣
∞∑

k=0

ank

∣∣∣∣∣ converges.

Consequently
∞∑

n=0

∞∑

k=0

ank converges.

Since convergence in K is equivalent to unconditional convergence (see [6]),

∞∑

k=0

∞∑

n=0

ank converges,

which is a contradiction, in view of (2.2), proving the theorem.
⊓⊔

Corollary 2.5 Since c ⊂ ℓ∞, (c, ℓ1) ⊃ (ℓ∞, ℓ1) so that

(c0, ℓ1;P ) ∩ (ℓ∞, ℓ1) = ϕ.

Thus we have

(c0, ℓ1;P ) ∩ (X, ℓ1) = ϕ,

when X = c, ℓ∞.
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We next claim that
(bv, ℓ1;P

′) = ϕ,

where, (bv, ℓ1;P
′) is the subclass of (bv, ℓ1) such that

lim
k→∞

xk =
∞∑

n=0

(Ax)n, x = {xk} ∈ bv.

Let now, A = (ank) ∈ (bv, ℓ1;P
′). The sequence x = {1, 1, 1, . . . } ∈ bv, for

which,

(Ax)n =
∞∑

k=0

ank, n = 0, 1, 2, . . . .

{(Ax)n} ∈ ℓ1 so that
∞∑

n=0

∞∑

k=0

ank converges.

Also ∞∑

n=0

(Ax)n = lim
k→∞

xk = 1,

i.e.,

∞∑

n=0

∞∑

k=0

ank = 1. (2.3)

Now, x = {0, 0, . . . , 0, 1, 0, . . . }, 1 occurring in the kth place is in bv, for
which,

(Ax)n = ank, k = 0, 1, 2, . . .

so that

∞∑

n=0

ank = lim
k→∞

xk = 0. (2.4)

Since convergence in K is equivalent to unconditional convergence (see [6]),
using (2.3) and (2.4),

1 =
∞∑

n=0

∞∑

k=0

ank

=
∞∑

k=0

∞∑

n=0

ank = 0,

a contradiction, proving our claim.
Note that bv0 = bv ∩ c0 ⊂ bv. We now prove the following Steinhaus type

result.
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Theorem 2.6
(bv0, ℓ1;P ) ∩ (bv, ℓ1) = ϕ.

Proof. We recall that (bv0, ℓ1;P ) is the subclass of (bv0, ℓ1) such that

∞∑

k=0

xk =
∞∑

n=0

(Ax)n, x = {xk} ∈ bv0,

noting that bv0 ⊂ c0. Let A = (ank) ∈ (bv0, ℓ1;P ) ∩ (bv, ℓ1). For k =
0, 1, 2, . . . , the sequence x = {0, 0, . . . , 0, 1, 0, . . . }, 1 occurring in the kth
place is in bv0, for which

(Ax)n = ank, k = 0, 1, 2, . . . .

Hence

∞∑

n=0

ank = 1, k = 0, 1, 2, . . . ,

i.e., (2.2) holds.

Again, the sequence x = {1, 1, 1, . . . } is in bv. For this sequence, {(Ax)n} ∈
ℓ1, where

(Ax)n =
∞∑

k=0

ank, n = 0, 1, 2, . . . .

So
∞∑

n=0

(Ax)n converges, i.e.,

∞∑

n=0

∞∑

k=0

ank converges.

In view of the fact that convergence in K is equivalent to unconditional
convergence (see [6]),

∞∑

k=0

∞∑

n=0

ank converges,

which leads to a contradiction, because of (2.2). The proof of the theorem
is now complete.

⊓⊔
Corollary 2.7 Noting that bv ⊂ c ⊂ ℓ∞,

(bv, ℓ1) ⊃ (c, ℓ1) ⊃ (ℓ∞, ℓ1).

Consequently
(bv0, ℓ1;P ) ∩ (c, ℓ1) = ϕ
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and

(bv0, ℓ1;P ) ∩ (ℓ∞, ℓ1) = ϕ.

Thus we have:

(bv0, ℓ1;P ) ∩ (X, ℓ1) = ϕ,

when X = bv, c, ℓ∞.

In the above context, one can note that

(bv0, ℓ1;P ) ∩ (c0, ℓ1) ̸= ϕ.

We note that ℓ1 ⊂ bv. We have the following result.

Theorem 2.8

(ℓ1, ℓ1;P ) ∩ (bv, ℓ1) = ϕ.

Proof. Let A = (ank) ∈ (ℓ1, ℓ1;P ) ∩ (bv, ℓ1). Since A ∈ (ℓ1, ℓ1;P ), (2.2)
holds. The sequence x = {1, 1, 1, . . . } is in bv and so {(Ax)n} ∈ ℓ1, where

(Ax)n =
∞∑

k=0

ank, n = 0, 1, 2, . . . .

Consequently
∞∑

n=0

(Ax)n =
∞∑

n=0

∞∑

k=0

ank converges.

So
∞∑

k=0

∞∑

n=0

ank converges, again using the fact that convergence and uncon-

ditional convergence are equivalent in K (see [6] again). This leads to a
contradiction, in view of (2.2), completing the proof.

⊓⊔

In ([5], p. 153), the following Steinhaus type result was proved.

Theorem 2.9

(c0, c0;P ) ∩ (ℓ∞, c0) = ϕ,

where, (c0, c0;P ) denotes the subclass of (c0, c0) with

∞∑

k=0

xk =
∞∑

n=0

(Ax)n, x = {xk} ∈ c0.
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In the context of Theorem 2.9, it is worth noting that

(c0, c0;P ) ∩ (c, c0) ̸= ϕ,

as the following example illustrates:

A ≡ (ank) =




1 −1 0 0 0 0 · · ·
0 2 −2 0 0 0 · · ·
0 0 3 −3 0 0 · · ·
0 0 0 4 −4 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·


 .

It is easy to check that

sup
n,k

|ank| ≤ 1 <∞;

lim
n→∞

ank = 0, k = 0, 1, 2, . . . ;

∞∑

n=0

ank = 1, k = 0, 1, 2, . . . ;

and
∞∑

k=0

ank = 0, n = 0, 1, 2, . . .

so that

lim
n→∞

∞∑

k=0

ank = 0.

Consequently
A ∈ (c0, c0;P ) ∩ (c, c0).

It is also worthwhile to note that (c0, c0) is an ultrametric (or non-
archimedean) Banach algebra under the norm

∥A∥ = sup
n,k

|ank|, A = (ank) ∈ (c0, c0).

In the context of the ultrametric Banach algebra ((c0, c0), we prove a Mer-
cerian theorem, similar to the one proved in [3].

Theorem 2.10 Let K = Qp, the p-adic field for a prime p.
If

yn = xn + λpn(x0 + x1 + · · ·+ xn) (2.5)

and {yn} ∈ c0, then {xn} ∈ c0, provided

|λ|p < 1,

| · |p being the p-adic valuation.

20



Steinhaus type theorems over complete ultrametric fields 9

Proof. Since (c0, c0) is an ultrametric Banach algebra, if λ ∈ Qp is such that
|λ|p < 1

∥A∥ , A ∈ (c0, c0), then I + λA, where I is the identity matrix, has

an inverse in (c0, c0). The matrix of transformation in the present context
is I + λA, where

A ≡ (ank) =




1 0 0 0 0 · · ·
p p 0 0 0 · · ·
p2 p2 p2 0 0 · · ·
p3 p3 p3 p3 0 · · ·
· · · · · · · · · · · · · · · · · ·


 .

We note that

sup
n,k

|ank| = 1 <∞;

and

lim
n→∞

ank = 0, k = 0, 1, 2, . . . ,

so that

A ∈ (c0, c0).

Also

∥A∥ = sup
n,k

|ank| = 1.

So, if |λ|p < 1, I + λA has an inverse in (c0, c0). We can now write (2.5) in
the form

y = (I + λA)x, where x = {xk}, y = {yk},

from which it follows that

(I + λA)−1y = x.

Since y ∈ c0 and (I + λA)−1 ∈ (c0, c0), it follows that x ∈ c0, completing
the proof of the theorem.

⊓⊔

For the sake of completeness, we conclude the paper with a few observa-
tions recorded earlier (see [5]). With the usual meaning,

(i) (c0, c;P
′) = (ℓ1, c;P

′); ([5], p. 176)
(ii) (c0, c;P

′) ∩ (c, c) ̸= ϕ; ([5], p. 185)
(iii) (c0, c;P

′) ∩ (ℓ∞, c) = ϕ (a Steinhaus type result); ([5], p. 185-186)
(iv) (c, c0;P

′) = ϕ; ([5], p. 187).
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