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Abstract Let N be the set of nonnegative integers and G = (A, M, N, B) be a 2-torsion
free generalized matrix algebra over a commutative ring R. In the present paper, under
some lenient assumptions on G, it is shown that if A = {J, }nen is a sequence of mappings
0n 1 G = G (not necessarily linear) satisfying 0, ([[a,b],c]) = > [[6r(a),ds(D)], 6:(c)]

r+s+t=n
for all a,b,c € G, then for each n € N, §,, = d,, + 7n; where d,, : G — G is an additive
mapping satisfying dn(ab) = > d,(a)ds(b) for all a,b € G, i.e., D = {dn}nen is an
r4+s=n
additive higher derivation on G and 7, : G — Z(G)(where Z(G) is the center of G) is a
map vanishing at every second commutator [[a, b], c].

Keywords generalized matrix algebra - higher derivation - multiplicative Lie higher
derivation - multiplicative Lie triple higher derivation
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1 Introduction

Let R be a commutative ring with unity, .4 be an algebra over R and
Z(A) be the center of A. Recall that an R-linear mapping d : A — A is
said to be a derivation if d(ab) = d(a)b + ad(b) holds for all a,b € A. If
the condition of linearity is replaced by additivity in the above definition,
then d is said to be an additive derivation. In particular, derivation d is
called an inner derivation if there exists some a € A such that d(a) =
ar — xa for all x € A. A linear mapping d : A — A is called a Lie (resp.
Lie triple) derivation if d([a,b]) = [d(a),b] + [a,d(b)] (resp. d([[a,b],c]) =
[[d(a),b], c]+[[a, d(])], c] + [[a, b], d(c)]) holds for all a,b, c € A, where [a,b] =
ab— ba is the usual Lie product. If the condition of linearity is dropped from
the above definition, then the corresponding Lie derivation and Lie triple
derivation are called multiplicative Lie derivation and multiplicative Lie
triple derivation respectively. Obviously, every derivation is a Lie derivation
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and every Lie derivation is a Lie triple derivation. However, the converse
statements are not true in general. For example if we consider the algebra
A of all 3 x 3 strictly upper triangular matrices over Z, the ring of integers,

Ozxzy 0y0
and define amap d: A— Asuchthat d| 002z | =[ 00z |].
000 000

Then it can easily be seen that d is a Lie triple derivation on A which is
neither a derivation nor a Lie derivation on A.

Let us recall some basic facts related to Lie derivations, Lie higher deriva-
tions and Lie triple higher derivation of an associative algebra. Many kinds
of higher derivations, which consist of a family of some additive mappings,
have been widely studied in commutative and noncommutative rings. Let
N be the set of non-negative integers and D = {d, }nen be a family of linear
mappings d,, : A — A such that dy = id 4, the identity map on A. Then D
is called

(7) a higher derivation on A if for every n € N, d,,(ab) = > d;(a)d;(b) for

i+j=n

all a,b € A.

(1) a Lie higher derivation on A if for every n € N, d,,([a, b]) =>_ [di(a), d;(D)]
i+j=n

for all a,b € A.
(791) a Lie triple higher derivation on A if for every n € N,

dn([la,b],c]) = > [ldi(a),d;(b)],di(c)] for all a,b,c € A.

i+j+k=n

If we assume D = {d,, }nen be a family of mappings d,, : A — A (not neces-
sarily linear) in the above definitions then the corresponding higher deriva-
tion, Lie higher derivation and Lie triple higher derivation is said to be mul-
tiplicative higher derivation, multiplicative Lie higher derivation and multi-
plicative Lie triple higher derivation respectively. Moreover, if D = {d,, }nen
is assumed to be the family of additive mappings, then in the above defini-
tion higher derivation, Lie higher derivation and Lie triple higher derivation
is said to be additive higher derivation, additive Lie higher derivation and
additive Lie triple higher derivation respectively. Note that d; is always
a derivation, Lie derivation and Lie triple derivation if D = {d,}nen is
a higher derivation, Lie higher derivation and Lie triple higher derivation
respectively.

Let A and B be two unital algebras over a fixed unital 2-torsion free
commutative ring R. A Morita context consists of two R-algebras A and B,
two bimodules 4Mp and gN 4, and two bimodule homomorphisms called
the pairings fanv : MQzN — A and Yapm : N Q 4 M — B satisfying

the following commutative diagrams:
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If (A, B, M, N, fpmwn, Yaaq) is a Morita context, then the set

o= (¥5)=10%)

is an algebra under the usual matrix operations. Such an R-algebra is called
a generalized matrix algebra (see [3]). We assume that M and N is a faithful
(A, B)-bimodule and (B, .A)-bimodule respectively. Obviously, when M = 0
or N =0, then G exactly degenerates to the so-called triangular algebra.
Let 14 (resp. 1p) be the identity of the algebra A (resp. B) and let

I = <164 1%) be the identity of generalized matrix algebra G. Through-

aeA,meM,neN,beB}

out this paper, we shall use the following notations: p; = <164 8) and py =

T () o My

Gop = { <28) n € N} and Goo = { <00>b € B}. Then we can write

0b

G = G11+G12+Go1+Gas, where G11 is a subalgebra of G isomorphic to A, Gao
is a subalgebra of G isomorphic to B, Gi3 is a (G11, G22)-bimodule isomor-
phic to the bimodule M and Ga; is a (Gaz, G11)-bimodule isomorphic to the
bimodule . To simplify the notation we will use the following convention:
a11 € A= Gi1, aze € B = Gao, a12 € M = G2 and ag; € N = Goy. Then
each element x € G can be represented in the form x = a1 4+ a12 +a21 + ags,

where a11 € Gi1,a22 € G2z, a12 € Gi2 and a2 € Gio.
The center of G is

Z(Q)Z{a ® b= (g 2)

Define two natural projections 74 : G — A and 73 : G — B by

WA(ZT;;L) =a and 7g (ZT;}) =b.
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Moreover, m4(Z(G)) € Z(A) and 73(Z(G)) C Z(B), and there exists a
unique algebra isomorphism 7 : 75(Z(G)) = 7w4(Z(G)) such that n(b)m =
mb and nn(b) = bn for all m € M, n € N. The proof of the following lemma
can be seen in [16, Lemma 3.2].

Lemma 1.1 Let G = (A, M, N, B) be a generalized matriz algebra.

If taA(Z(G)) = Z(A) and mg(Z(G)) = Z(B), then there is a unique algebra
isomorphismn : Z(B) — Z(A) such that n(b)m = mb and nn(b) = bn for all
be Z(B), m e M,n € N; or equivalently, n(b) &b € Z(G) for allb € Z(B).

There has been a great interest in the study of characterization of Lie
derivations and Lie triple derivations for many years. The first quite sur-
prising result is due to Martindale who proved that every multiplicative
bijective mapping from a prime ring containing a nontrivial idempotent
onto an arbitrary ring is additive (see [12]). Miers [13] initially established
that every Lie derivation d on a von Neumann algebra 4 can be uniquely
written as the sum d = 6 + 7 where 6 is an inner derivation of A and 7 is a
linear mapping from A into its center Z(.A) vanishing on each commutator.
Furthermore, Miers [14] obtained an analogous decomposition for Lie triple
derivations of von Neumann algebras with no abelian summands. Yu and
Zhang [18] proved that every nonlinear Lie derivation of triangular algebras
is the sum of an additive derivation and a map from triangular algebra into
its center sending commutators to zero. Ji, Liu and Zhao [6] proved the
similar result for nonlinear Lie triple derivation of triangular algebras. In
addition, the characterization of Lie derivations and Lie triple derivations
on various rings and algebras are considered in [4], [5],[1], [2], [7], [9], [11],
17], [15).

It is the objective of this article is to investigate multiplicative Lie triple
higher derivation on generalized matrix algebras. Many researchers have
made important contributions to the related topics (see [16], [15], [10],[8]).
Xiao and Wei [17] proved that every multiplicative Lie higher derivation
of triangular algebras is the sum of an additive higher derivation and a
multiplicative functional vanishing on all commutators. Ji, Liu and Zhao
[6] gave a characterization of nonlinear Lie triple derivations on triangular
algebras. Motivated by the above work, we study the characterization of
multiplicative Lie triple higher derivations on generalized matrix algebras.

2 Characterizations of multiplicative Lie triple higher derivations

The main result states as follows:

Theorem 2.1 Let G = j‘/\é}'/\[;) be a 2-torsion free generalized matriz

algebra consisting of algebras A and B over a commutative ring R with unity
14 and 1p respectively and M & N be a faithful (A,B) & (B, .A)-bimodule
respectively. Suppose that
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(1) ma(Z(9)) = Z(A) and 75(Z(G)) = Z(B).
(17) For any a € A, if [a, Al € Z(A), then a € Z(A) or for any b € B, if
[b,B] € Z(B), then b € Z(B).
(13i) Either A or B does not contain nonzero central ideals.
(iv) If N # 0, then for each M € M, the condition MN =0 = N'M implies
M =o0.
(v) For each N € N, the condition MN =0 = NM implies N = 0.

If A = {dn}nen is a sequence of maps 6, : G — G (not necessarily linear)

such that 0plla,b],c] = > [[0r(a),ds(D)],0:(c)] for all a,b,c € G, then
r+s+t=n

for each n € N, 6, = dp, + Tn; where d, : G — G is an additive mapping

satisfying dp(ab) = > dy(a)ds(b) for all a,b € G, i.e., D = {dp}nen is
r+s=n

an additive higher derivation of G and 7, : G — Z(G) is a map vanishing at

every second commutator [[a, b], c].

The proof of the above theorem proceeds by induction on n. In fact, the
proof for the case n = 1 can be derived directly from Theorem 1 of [15].
But in order to develop the proof of our main theorem for multiplicative Lie
triple higher derivation, we need entirely different set of properties ( see By
and By, in the proof of Theorem 2.1). Hence, we first prove Theorem 2.1 for
the case n = 1 and show that for every multiplicative Lie triple derivation &
on G there exist a derivation d on G and a mapping 7 : G — Z(G) vanishing
on the second commutators such that d(a) = d(a) + 7(a) for all a € G. We
facilitate our discussion with the following Lemmas.

Lemma 2.2 §(0) =0

Proof. 5(0) = 4([[0, 0], 0]) = [[6(0), 0], 0] + [[0, 6(0)], 0] + [[0, 0], 6(0)] = 0. -

Lemma 2.3 p15(p1)p1 + p20(p1)p2 € Z(G).
Proof. For any ais € Gio. Since [[a12,p1], p1] = 0, we have
5(a12) = 5([[a12,p1],p1})
= [[0(a12), p1], p1] + [[a12,0(p1)], p1] + [[a12, 1], 0 (p1)]
= 0(a12)p1 — p1d(ai2)p1r — p1d(a12)p1 + p16(ai2) + ai26(p1)p1
—a120(p1) + p16(p1)aiz — a120(p1) + d(p1)aiz.

On multiplying the above equation from left by p; and right by ps, we get
2(p15(p1)a12—a125(p1)p2) = 0, this implies that p15(p1)a12—a126(p1)p2 =0.
That is

P10(p1)praiz — a12p20(p1)p2 =0 for all ajz € Gia. (2.1)

Similarly, for any as; € Go1. Since [[as1, p1], p1] = 0, we have

as1p19(p1)p1 — p26(p1)p2azr =0 for all ag; € Goy. (2.2)
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and hence from (2.1) and (2.2) together with Lemma 1.1, we get p16(p1)p1 +
p20(p1)p2 € Z(G).
O
In the sequel, we define f : G — G by
f(a) =6(a) + 0p,6(p1)pa—pad(pr)p: (@) for all a € G

where 6y, 5(p1)ps—pad(p1)p: 15 an inner derivation determined by p16(p1)p2 —
p20(p1)p1- It is easy to verify that

f(lla, 0], ) = [[f(a), ], c] +[[a, f(B)]; ¢] + [a, 0], f(c)]

holds for all a, b, c € G. Moreover, by Lemma 2.3, we have

f(p1) = d(p1) — p1d(p1)p2 — p20(p1)p1
= d(p1)p1 + 6(p1)p2 — P10(P1)p2 — P26(P1)P1
= p10(p1)p1 + p20(p1)p2 € Z(G)

Thus f(p1) € Z(G).
Lemma 2.4 f(piap2 + p2ap1) = p1f(a)p2 + p2f(a)py for alla € G.

Proof. Since [[a,p1],p1] = pra — 2p1ap1 + ap1 = prape + p2apy, it follows
that

f(prapa + paap1) = f([[a, p1], p1]) = [[f(a), p1], 1]
=p1f(a)p2 + p2f(a)p;.

Lemma 2.5 f(ps) € Z(G).

Proof. Using the similar arguments as that used in the proof of Lemma 2.3,
we get

p1f(p2)p1 + p2f(p2)p2 € Z(G).

Since f(p2) = p1f(p2)p1 + p1f(p2)p2 + p2f(P2)p1 + P2f(p2)p2, by Lemma
2.4, we have

p1f(p2)p2 + p2f(p2)p1 = f(p1pep2 + p2p2p1) = 0.

Consequently, we get f(p2) = p1f(p2)p1 + p2f(p2)p2 € Z(9).
a

Lemma 2.6 If [a,b] € Z(G) for any a,b € G, then [f(a),b] + [a, f(b)] €
Z(G).
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Proof. For [a,b] € Z(G), we have [[a,b],c¢] =0 for all ¢c € G.

0= f(0) = flla, 0], d = [[f(a),b], ] +[la, F(b)]; ¢]
= [[f(a),b] +[a, f ()], c]

for all ¢ € G. Thus [f(a),b] + [a, f(b)] € Z(G).

Lemma 2.7 f(a;;) C Gy, 1 <i#j<2.
Proof. For ais € Gi2, we have ais = [[a12,p1], p1]. Thus

flai2) = f([lar2, p1), p1]) = [[f(@a12),p1],p1] = p1f(ai2)p2 + p2f(ai2)p1,

and hence we see that p1 f(ai12)p1 = p2f(ai2)p2 = 0. Now for any ai2,b12 €
G12, by Lemma 2.6, we have

[f(a12), b12] + [a12, f(b12)] € Z(G). (2.3)

Since a12 = [p1, a12], we have

[a12, f(b12)] = [[p1, a12], f(b12)]
= f([[p1, a12], b12])
by

—I[lp1, f(a12)],

= [[f(p1), ar2], b12] — [[p1, f(a12)], bi2]
2].
Now, we have

[f(a12),b12] + [a12, f(b12)] = [p2f(a12)p1, b12] — [[p1, f(a12)], b12]
= 2[pa2f(ai2)p1,bi2) € Z(G). (2.4)

It follows that [paf(ai12)p1,bi2] = paf(ai2)pibiz — biapaf(ai2)pr € Z(G)
for all ajz,bi2 € Gia. Thus, Mpsf(aiz)pr € Z(A) and psf(aiz)prM C
Z(B). Since Mpsyf(ai2)p1 is central ideal of A. So, by assumption (i),
Mpaof(a12)p1 = 0, so paf(aiz)p1tM = 0. Applying condition (v), we have,
p2f(aiz)pr = 0. Thus, f(a12) = p1f(ai2)p2 and f(ai2) € Gia.

Similarly, using condition (iv) and by the same argument one can prove

that f(a21) = paf(ag1)p1 and f(ag1) € Goi.
O

Lemma 2.8 f(Gii) € Gis @ Gjj. There exists a mapping 7; : Gy — Z(G)
such that f(ay;) — 7i(ai) € Gi; for all a;; € Gy, where 4,5 = 1,2 and i # j.

Proof. For any a;; € Gi;, where i = 1,2. First we show for i = 1, by Lemma
2.4, we have

p1f(a1)p2 = f(pranpe) = f(0) =

Similarly, we can get paf(a11)p1 = 0, hence, f(a11) € G11 D Gao
Similarly, we can prove the result for i — 2. Thus f(Gii) € Gii @ Gjj.
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Now we can write f(a11)=p1f(a11)p1+p2f(a11)p2. Moreover, since ajjage =
0 for any ase € Goo and ¢ € G, it is easy to check that

0 = f([la11, azz], c]) = [[f(a11), a2, ] + [[a11, f(az2)], ]
= [[f(a11), az2] + [a11, f(a22)], d].
Multiplying by ps on both the sides of the above equation we get
0 = pa[[f(a11), aza] + [a11, f(az2)], c|p2

= [[p2f(a11)p2,p2a22p2] + [p2a11p2,p2f(a22)p2],p20p2]
= Hpr(an)pQ, a22]7p26p2].

This implies that [paf(a11)p2,azs] € Z(Ga2). Hence by hypothesis (i), we

find that

p2f(ai1)p2 € Z(Ga2).

Define 71 : Gi11 — Z(G) such that 71(a11) = n(p2f(a11)p2) ® paf(ai1)pe,

where 7 is the map defined in Lemma 1.1. Thus we get

f(an) - 71(011) = plf(an)il?l +P2f(a11)172 - U(pzf(an)m) - pzf(an)pz
= p1f(a11)pr — n(p2f(air)p2) € G1.

Similarly, we can define a mapping 75 : Gag — Z(G) by 72 (ag2)=p1 f(a22)p1

n~'(p1f(az2)p1). Then

f(a22) - 7'2(CL22) = P1f(a22)p1 + p2f(a22)p2 - Plf(a22)P1 - n_l(p1f(a22)p1)
= paf(az)ps —n "' (p1f(az)p1) € Gao.

Our next aim is to show that f is additive on Gi2 and Go.

Lemma 2.9 Let a;; € Gy and a;j € Gij, 1 <i# j < 2. Then f(ay; + ai;) —
flaii) — flaiz) € Z(G).

Proof. Let a1 € Gi11, a12 € Gi2. We have
f(lla11 + a12, p1], p1]) = [[f (@11 + a12), p1), p1] + [[a11 + a1z, f(p1)], p1]

a1 + axz, f(p1)], f(p1)]
= [[f(a11 + a12),p1], p1]-

On the other hand, we have
f([lar1 + a1z, p1], p1]) = f([[ar1, p1]. p1]) + f([[ar2, 1], p1])
= [[f(a11), p1],p1] + [[f(a12), p1], p1].

Combining the above two identities, we get
[[f(a11 + a12) = f(a11) — fa12), p1], p1] = 0, that is

0 =pi(f(a1 + a12) — f(ai1) — f(a12))p2 (2.5)
+p2(f(a1r + a12) — f(a11) — f(a12))ps.
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Now, for any b1s € G12 and by Lemma 2.4, we have

f([[a11 + a12,b12], p1]) = [[f(a11 + a12), bi], p1] + [[a11 + a12, f(bi2)], p1]-
On the other hand, we have
f([larr + a12, i), p1]) = f([[a11, bi2], p1]) + f([[a12, b12], p1])

= [[f(a11), b12], p1] + [[a11, f(b12)], p1]
+[[f(a12), bi2], p1] + [[a12, f(b12)], P1]-

Combining the above two identities, we arrive at

[[f(a11 + a12) — f(a11) — f(ai2),biz], p1] = 0.

In other words,

(p1(f(a11 + ai2) — fai1) — f(ai2))p1)bio (2.6)
= bia(p2(f(a11 + ai2) — fla1) — f(ai2))p2)-

Similarly, for any ba; € Ga1, one can get

ba1(p1(f(a1n + a12) — f(a1) — f(ai2))p1) (2.7)
= (p2(f(air + a12) — f(a11) — f(a12))p2)ba1.
Equations (2.6) and (2.7), together with Lemma 1.1, gives that f(a1; +
a12) — f(a11) — f(a12) € Z(G). Similarly, one can easily prove the other

part.
O

Lemma 2.10 f is additive on Gio and Ga1.
Proof. Let a12,b12 € G12. By Lemmas 2.4, 2.6 & 2.7, we see that

flaiz +b12) = f([[p1 + ai2,p2 + b12], p2])
= [[f(p1 + a12),p2 + bi2], p2] + [[p1 + a2, f(p2 + b12)], p2]
+([p1 + a12, p2 + bi2], f(p2)]
= [[f(p1) + f(a12),p2 + bi2],p2] + [[p1 + a12, f(p2) + f(b12)], p2]
= f(a12) + f(bi2).

Hence, f is additive on Gi5. Similarly, one can prove that f is additive on

Go1.
O

For any a € G, define d(a) = f(p1ap1) + f(p1ap2) + f(p2ap1) + f(p20p2) —
(t1(p1ap1) + 12(p2ap2)). By Lemmas 2.7 and 2.8, we have

Lemma 2.11 Let a;j € gij, 1<i#35<2. Then

(1) d(aij) € Gij, 1 <i#j <2,
(i) d(ai2) = f(a12) and d(az1) = f(a21),
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(Z’LZ) d(a11 + a1z + a1 + a22) = d(an) + d(alz) + d(a21) + d(agg).

Now, we shall show that d is an additive derivation. First, we shall prove
the additivity of d.

By Lemma 2.10 and (4i) part of Lemma 2.11, we immediately get the
following result.

Lemma 2.12 d is additive on Gio and Gop.
Lemma 2.13 Let ay; € Gy, a;5 € Gij, 1 < i # j < 2. Then

(Z) d(an‘bij) = d(aii)bij + an‘d(bij),
(i) d(bsjaz;) = d(bij)aj; + bijd(aj;).

Proof. Since a11b12 = [[a11, b12], p2], by Lemmas 2.5 & 2.11, we have

d(allblz) = f(allblz) ([[all, 512] 2])
= [[f(a11), b12], p2] + [[a11, f(b12)], p2] + [[a11, b12], f(p2)]
= [[d(a11), b12], p2] + [[a11, d(b12)], 2]
= d(a11)b12 + a11d(b12).

Similarly, it is easy to prove the other identities.

Lemma 2.14 d is additive.

Proof. We divide the proof into the following two steps.
Step 1. Let a1, b11 € G11. For any ba; € Go1, by Lemma 2.13, we have

d(ba1(a11 + b11)) = d(b21)(a11 + b11) + bard(a11 + ba1).
On the other hand, by Lemmas 2.12 and 2.13, we have

d(b21(a11 + b11)) = d(berarr + ba1b11) = d(berair) + d(b21b11)
= d(ba1)a11 + bard(ai1) + d(ba1)bi1 + b21d(b11).

Comparing the above two equalities, we get
ba1(d(ay1 4 b11) — d(ar1) — d(b11)) = 0.

Since, d(a11+b11)—d(a11)—d(b11) € g11 andN is a faithful (B, A)—bimodule,
it follows that

d(air +b11) = d(ai1) + d(b11).

Hence d is additive on Gi.
Similarly, one can prove that d is additive on Gos.
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Step 2. Let * = a11 + a12 + as1 + as2, ¥y = b1 + bia + bay + bog be in
G. By Lemmas 2.11, 2.12 and Step 1, we have

d(z +y) = d((a11 + a12 + a21 + ag2) + (b1 + b2 + ba1 + ba2))

=d(ai1 + b11) + d(ai2 + bi2) + d(az1 + ba1) + d(aze + b22)
d(a11)+d(bi1)+d(ai12)+d(bi2)+d(az1)+d(b21)+d(az)+d(be2)
= (d(a11 Hd(ar2)Hd(az Hd(az2))+(d(bi1)+d(bi2 )Hd(ba1 Hd(ba2))
=d(a11 + a12 + az1 + ag2) + d(bi1 + b1z + ba1 + b22)

= d(z) +d(y).

Lemma 2.15 d is a derivation.

Proof. We divide the proof into the following two steps.
Step 1. Let a1, b11 € G11. For any as; € Go1, by Lemma 2.13, we have

d(agia11bi1) = d(az1)ai1bir + ag1d(ar1b11).
On the other hand,

d(az1a11b11) = d(a21a11)b11 + aziaind(biy)
= d(ag1)a11by1 + a21d(a11)br1 + ag1a11d(by).
Comparing these two equalities, we have
ag1(d(ai1bi1) — d(a11)bir — arnd(bi1)) =0
for all ag; € Go;. Since N is a faithful (B,.4)-bimodule, we get
d(a11b11) = d(a11)bi1 + a11d(bi1).
Similarly, for any ass, bas € Goo, we can get
d(az2be2) = d(ag2)bas + azed(bas).

Step 2. Let x = a1 + a12 + az1 + ags, y = b1 + b1 + by + bog be in G. On
the one hand, by Lemmas 2.11, 2.12 and Step 1, we have

d(zy) = d((a11 + a12 + a21 + az2)(b11 + biz + ba1 + b22))
= d(a11b11) + d(a11b12) + d(a12b21) + d(a12b22)
+d(ag1b11) + d(az1b12) + d(a2ba1) + d(az2b22)
= d(a11)b11 + a11d(b11) + d(a11)b12 + a11d(b12)
+d(a12)b21 + a12d(ba1) + d(a12)baz + a12d(ba2)
+d(az1)bi1 + a21d(b11) + d(az1)bi2 + a21d(b12)
+d(agz)ba1 + agad(ba1) + d(agz)baz + azad(baz).
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On the other hand, since d(G;;) C Gij;, we have

d(z)y + zd(y) = d(a11 + a12 + a1 + a22)(b11 + b1z + bay + ba2)
+(a11 + a1z + a21 + ag2)d(bi1 + bia + b1 + ba2)
= d(a11)biitar1d(bi)Hd(ar1)biotarid(bigHd(ai2)bait+ai2d(bar)
+d(ai12)baz + ai2d(baz) + d(a21)bi1 + a21d(b11) + d(az1)ai2
+a21d(a12) + d(azg)bgl + a22d(b21) + d(azz)bgg + a22d(b22).

Hence, d(xy) = d(z)y + xd(y), i.e., d is a derivation.
O

Lemma 2.16 For all a € G, there holds p1 f(a)p1 + p2f(a)pes — f(prap1) —
f(p2ap2) € Z(G).

Proof. Let by € G152 and a € G. since
[p1, [bi2,a]] = biap2aps — prapibia,

it follows

f(bi2p2aps — prapibiz) = f([p1, [b12,al])
= [p1, [f(b12), al] + [p1, [b12, f(a)]]
= p1f(bi2)praps — prapy f(b12)p2 + p2apa f(bi2)p1
+biopa f(a)p2 — p1f(a)pibiz — p2f(bi2)prap:.
On the other hand, by Lemmas 2.4 and 2.10, we have
f(bizp2aps — prap1by2)
= f(biapaapa) — f(prap1b12)
= f([[p1, b1z}, p2ap2]) — f([prap1, [p1, bi2]])
= [[p1, f(b12)], p2apa] + [[p1, b12], f(p2ap2)]
—[f(p1ap1), [p1, bi2]] — [prap1, [p1, f(b12)]]
= p1f(bi2)p2aps + p2aps f(b12)p1 + b1z f(p2ap2) — f(p2ap2)bi2
—f(prap1)biz + bz f(prap1) — prap1 f(b12)p2 — p2f(b12)p1ap:.

Comparing the above two equalities, we get
(f(prap1)+ f (p2ap2) —p1 f(a)p1)bra=b12(f (p2ap2) + f (prap1) —p2 f (a)p2).
Since 71 (p1ap1), T2(p2ap2) € Z(G), we have

(p1f(a)p1 — (f(prap1) — Ti(p1ap1)) — (f(p2ap2) — T2(p2ap2)))bi2
= bia(p2f(a)p2 — (f(prap1) — Ti(prap1)) — (f(p2ap2) — T2(p2ap2))).

Since f(p1ap1) — mi(p1ap1) € G11 and f(paaps) — 72(p2ap2) € Gao, we get

(p1f(@)p1—(f(prapr)—ri(prap1)))bia=b12(p2 f (a)p2—(f (p2ap2)—T2(p2ap2))).
(2.8)
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Similarly, for any ba; € Go21 and a € G, one can get

ba1(p1f(a)p1—(f(prap1)—Ti(prap1)))=(p2f (a)p2—(f (p2ap2)—T2(p2apz2)))b21.
(2.9)

Equation (2.8), (2.9) together with Lemma 1.1, we have

p1f(a)pi—(f(prap1)—r1(prap1)) +p2f(a)p2—(f(p2ap2)—T2(p2ap2)) € Z(G).

Thus, p1f(a)p1 + paf(a)pz — f(prap1) — f(p2ap2) € Z(G).
O

Lemma 2.17 For all a € G, there holds f(a) — f(piap1) — f(praps2) —
f(p2ap1) — f(p2ap2) € Z(G).

Proof. By Lemmas 2.4 and 2.16, we get

f(a) — f(prap1) — f(prap2) — f(p2ap1) — f(p2ap2)

=p1f(a)pr + p1f(a)ps + p2f(a)p1 + p2f(a)pe — f(prap1) — f(prap2)
—f(p2ap1) — f(p2apz)

= p1f(a)pr + p2f(a)p2 — f(prap1) — f(p2ap2) € Z(G).

O
Lemma 2.18 7 vanishes at second commutator [[a,b],c| for all a,b,c € G.

Proof. By Lemma, 2.15 and the definition of d and 7, we see that 7(a) € G
for all a € G. For any a,b,c € G, since d is an additive derivation, we have

7([la, 8], ]) = f([la, 0], ¢]) = d([[a, ], ¢])

= [[f(a),b]; ] + [[a, £ (b)), ¢] + [[a, b],
= [ld(a) + 7(a), ], ] + [[a, d(b) + 7(
—d([la, 0], ¢])

[d(a), bl ] + [[a, d(b)} ] + [[a, b], ()] — d([[a, b], c])

f(©)] = d([la, 0], c])
b)], ] + [la, 0], d(c) + 7(c)]

([l
.©7—|

This completes the proof for the case n = 1.
d

Proof of Theorem 2.1. For n = 1, the expression of d,([[a, ], c]) reduces to
01 ([[a, 0], ¢]) = [[61(a),b],c] + [[a,d1(b)], c] + [[a,b],d1(c)] for all a,b,c € G.
We proceed by induction on n € N. In view of the above lemmas, it is clear
that 61 = dy + 71, where d; is an additive derivation, 7 is a mapping from
G into Z(G) satistying 71 ([[a,b],c]) = 0 for all a,b,c € G. i.e.; Theorem 2.1
is true for n = 1.
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By Lemmas 2.2-2.18, we have

p101(p1)p1 + p2d1(p1)p2 € Z(G);
p101(p2)p1 + p2d1(p2)p2 € Z(G);
f1 (prapz + p2ap1) = p1fi(a)p2 + p2fi(a)py where
fi(a) = 61(a) + 6p,6(p1)pa—pad(pr)p: (0);
filp) € Z2(9), fi(p2) € Z(9);
fi(aij) € Gy, 1 <i#j<2
filay) — m1(aii) € Giiy, © ={1,2};
Filas + aig) = filaa) — filay) € 2(9), 1<i#j<2.
We now assume that dp, = dp(a) + Tm(a) for all a € G and for all

(a) =
m < n, where 7, : G — Z(G) such that 7,,([[a, b], ]) =0 for all a,b,c € G
o =

and 0,, satisfies d,,[[a, ], > ldi(a),d;(b)], 0k (c)]. Thus we have the
i+j+k=m

B,

following properties;

P16m(p1)p1 + P20m(p1)p2 € Z(G);
P16m(p2)p1 + P20m(p2)p2 € Z(G);
fm(p1ap2 + p2ap1) = p1fm(a)p2 + p2fm(a)pr where
(@) = dm(a) + 5m(?15m (Pl)Pz—m(sm(Pl)Pl)(a);
(p1) € Z(G), fm(p2) € Z(G);
fm(aij) € Gij, 1 <i#j <2
fm(au) fm1<a“) € Gii, 1= {172}; ;
(aii + aij) — fm(ai) — fm(ai;) € Z(G), 1 <i#j <2
Our aim is to show that ¢, also satisfies the similar properties and d,,(a) =
dp(a) 4+ 1n(a) for all a € G, where 7, : G — Z(G) such that 7,([[a,b],c]) =0

for all a,b,c € G. Now we shall prove the following Lemmas to obtain our
main result.

Lemma 2.19 plén(pl)pl +p25n(p1)p2 € Z(Q)
Proof. Let a1s € G12. Then

5n(a12) = 5n([[a127p1],p1]) = [[5n(a12)7p1]7p1] + [[a12,5n(p1)}7p1]
+[a12, p1], 6n(p1)] + Z [[6r(a12), 6s(p1)], 6¢(p1)]

r+s+t=n
0<r,s,t<n—1

= pabn(ai12)p1 + p10n(ai2)p2—a120,(p1)p2 + P16n(p1)a12—a120, (p1)

+0n(p1)aiz + Z [[0r(a12), 65 (p1)], 0t (p1)]-

r4+s+t=n
0<r,s,t<n—1

On multiplying by p; from the left and by ps from the right in the above
equation, we get 2(p10,(p1)aiz — a120,(p1)p2) = 0. This gives that
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P10n(p1)aiz — a120,(p1)p2 = 0, that is, p16,(p1)p1a12 = a12p20,(p1)p2-
Similarly, for any ba; €G21 one can get easily ag1p10,(p1)p1=p20n(p1)p2aso:.
Hence, we get p16,(p1)p1 + p2dn(p1)p2 € Z(G).

0
Lemma 2.20 f,(p1) € Z(G).
Proof. Using Lemma 2.19, we have
fn(p1) = 0n(p1) — P1on(p1)p2 — P20n(p1)p1

= 0n(P1)P1 + On(P1)P2 — P10n(P1)P2 — P20n(P1)P1

= P10n(P1)p1 + P20n(p1)Pp2-
Thus fn(p1) € Z(G).

]

Lemma 2.21 For a€G, we have f,(p1aps + paap1)=p1 fn(a)p2+p2fn(a)p:.

Proof. For any a € G, we have

fn(prapz + p2ap1) = fu([la, p1], p1])
= [[fn(a)apl]apl] + Ha7fn(p1)]7pﬂ + [[a7p1]7fn(p1)]

+ Y (@), S, filpr)]

0 aten
= p1fu(a)p2 + p2fula)pr + Z [[fr(a), fs(p1)], fe(p1)]-
r+s+t=n
0<r,s,t<n—1

By Lemma 2.20, f,(p1) € Z(G) for all n € N, we see that

Jn(prap2 + paap1) = p1fu(a)pz + p2fala)p:.

Lemma 2.22 f,(p2) € Z(G).

Proof. The proof is same as that of Lemma 2.20.

Lemma 2.23 f,(a;;) CGij, 1 <i#j<2.
Proof. For any a1s € G125 using Lemma 2.20 and B,,,, we have

fn(a12) = fu([lar2, p1], p1]) = [[fn(a12), p1], 1]

+ Z [[fr(a12), fs(p1)); fe(p1)]

r+s+t=n
0<r,s,t<n—1

= p1fu(a12)p2 + p2fnlai2)pi, (2.10)
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from this we see that py fn(a12)p1 = p2fu(ai2)p2 = 0. Now if a12,b12 € G2,
then [a12,b12] = 0. Thus for any ¢ € G, we have

0= fu([la12, b12], c]) = [[fn(a12), bi2], c] + [[ai2, fn(b12)], ]
+ Y f(a12), fo(bi2)], filc)]-

r+s+t=n
0<r,s,t<n—1

By applying B,,,, i.e.; fm(Ui;) C Gij, 1 <i%# j <2, m <n, we have

[[fn(a12),b12], c] + [[a12, fn(b12)],¢] = 0 for all c € G.
Thus, we get

[fn(a12), bi2] + [a12, fu(bi2)] € Z(G). (2.11)

Since a1z = [p1, a12], we have

[(1127 fn(b12)] = [[Pl,au], fn(blz)]
= fu([[p1, a12], b12]) — [[fn(p1), a12], b12] — [[p1, fula12)], bi2]
— > ) frla)], fi(bio)]

r+s+t=n
0<r,s,t<n—1

= —[lp1, fala12)], brz]-

Now, we have

[fn(a12),b12] + [a12, fn(b12)] = [p2fn(a12)p1, bi2] — [[P1, fa(@12)], bi2]
= 2[pafu(ai2)p1, bi2] € Z(G). (2.12)

Applying the same arguments as used in Lemma 2.7, we obtain f,(G12) C

Gia.
Similarly, fn(a21) = pafn(az1)p1 € Ga1 for each as; € Go1 and therefore

fn(G21) C Gor.
O

Lemma 2.24 f,(Gii) C Gii & Gjj. There exists a mapping Tn; : Gii — Z(G)
such that fn(ai;) — Thi(ai) € Gy for all a;; € Gy, where 1,5 = 1,2 and i # j.

Proof. First we show the result for ¢ = 1. Since a11p2 = 0 for any a1; € G11
and f,,(p2) € Z(G), using induction hypothesis it follows that

0 = fu([lai1,p2],p2])
= [[fn(a11), p2], p2] + [la11, fn(p2)]; p2] + [[a11, p2], fn(p2)]

+ >0 (filann), (2], fr(p2)]

i+j+k=n
0<4,5,k<n

= fn(a11)p2 — p2fn(a11)102 - p2fn(a11)p2 + pafnlan).
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Multiply by p; from the left to get p1 fr(a11)p2 = 0. So, fn(a11) € G11 D Gao.
Similarly we can find the result for i = 2. Thus f,(Gi;) C Gii & Gjj.

Now we can write f,(a11) = p1fn(a11)p1 + p2fn(a11)p2. Moreover, since
aj1a22 = 0 for any age € Gos and ¢ € G, it is easy to observe that

0= fu(llar1, azal, c])=[[fn(a11), aza], c|+[[a11, fn(az2)], c] +[la11, azz], fu(c)]
+ Z fz a11 f] a22)] fk(c)]

i+j+k=n
0<i,5,k<n

= [[fn(a11), az2], d + [[a11, fr(a22)], ]
= [[fna11), aze] + [a11, fu(az2)], c].
Multiplying by ps on both the sides we get
0 = pa[[fnlair), az] + [ai1, fn(a22)], c|p2
= [[p2fn(a11)p2, p2a22p2] + [P2011D2, P2 fr(a22)p2], P2cp2]
= [[p2fn(a11)p27a22]7p20p2]-
This implies that [pafn(a11)pe,aze] € Z(gzg). Hence by assumption (i3),
we get pgfn(au)pg € Z(ggg) Define Tnl g11 — Z(g) by Tnl(a11) =
n(p2fnai1)p2) ® pafn(air)ps, where 7 is the map defined in Lemma 1.1.
Thus we get
falai1) —mn1(a11) = p1fu(ai)pitpa fo(arr)pe—n(p2 fnaii)pe)—pa folaii)pz
= p1falain)pr — n(p2fulain)p2) € Gii.
Similarly, we can define 7,2 : Gaa — Z(G) by mna(age) = p1fn(ae)pr @
7~ (p1.fn(azz2)p1). Then
fn(ag2)—Tn2(az2) = p1 fn(az2)p1-tp2 fr(az2)pe—p1 fr(az2)p1—n~" (p1 fr(az2)p)
= pafn(as2)p2 — 07 (p1 frlaz2)p1) € Goo.
O

Our next goal is to show that f,, is additive on G5 and Ga;.
Lemma 2.25 Let a; € Gy and aj; € Gij, 1 < i # j < 2. Then fn(ai +
aij) — fnlai) = fnlaij) € Z(G).
Proof. For a1 € G171 and a1o € Gio, by Lemma 2.20, we find that
fu([la1r + ar2,p1],p1]) = [[fu(a11 + a12),p1], p1] + [[a11 + a1z, fu(p1)], p1]
+[a11 + a12, p1], fu(p1)]
+ Z [[fr(a11 + a12), fs(p1)], fi(p1)]

r+s+t=n
0<r,s,t<n—1

= [[fnla11 + a12), p1], 1]
+ > (felan) + frlarz), £ (o), filpr)].

r+s+t=n
0<r,s,t<n—1
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On the other hand, we have

fa(llarr + a1z, p1], p1]) = fulllarr, prl, p1]) + fu(llar2, p1], p1])
= [[fu(a11), pal, 1] + > [[fr(a11), fo(@1)], fi(p1)]

r+s+t=n
0<r,s,t<n—1

Hlfnlarz), prlopa] + D [fr(arz), fopa)], fe(p)):

r+s+t=n
0<r,s,t<n—1

Combining the above two identities, we get

[[fn(a11 + a12) = fu(air) — fu(ar2), p1],p1] =0,
that is
0= pi1(falain +a12) — falar1) — fu(ai2))p2 (2.13)
+p2(fu(arr + a12) — fu(a1r) — fu(ai2))pr.

Now, for any b1 € G12 , by Lemma 2.20 and using B,,,, we have

(a1 + a12,b12], p1]) = [[fn(a11 + a12), bi], p1] + [[a11 + a12, fn(bi2)], 1]
+ Z [[fr(a11 + a12), fs(b12)], fi(p1)]

r+s+t=n
0<r,s,t<n—1

= [[fn(a11 + a12), bi2],p1] + [[a11 + @12, fn(b12)], P1]
+ Y (felan) + frlarz), fo(b12)], fu(pr))-

r+s+t=n
0<r,s,t<n—1

On the other hand, we have
fu([[a11 + a12,b12], p1])
= fu([la11,b12], p1]) + fu([la12, b12), 1])
= [[fn(a11), brz),pa] + [[arn, fu(br2)pa] + Y [[fe(any), f(br2)], fr(p1)]

r+s+t=n
0<r,s,t<n—1

H[fn(a12),br2], 1] + [[arz, fa(0r2)l, 1)+ D [[fr(a12), fs(br2)], filpa)]-
0<r S h<n
Combining the above two identities, we arrive at

[fn(ai1 + a12) = fula11) — fu(aiz), biz,p1] = 0.

In other words,

(p1(fnlair + a12) — fular1) — fu(aiz))p1)biz (2.14)
= bi2(p2(fn(a11 + a12) — fula11) — fu(ai2))p2).
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Similarly, for any by; € Go1 one can find that

ba1 (p1(fu(arn + ar2) — falarr) — fula12))p1) (2.15)
= (p2(fulann + a12) — fulai1) — fu(ai2))p2)bar
Equations (2.14) and (2.15), together with Lemma 1.1, gives that f,(a11 +
a12) — fu(a11) — fu(a12) € Z(G). Similarly, one can easily prove the other

part.
O

Lemma 2.26 f,, is additive on G1o and Ga;.
Proof. Let aja,b12 € Gi2. By Lemmas 2.20, 2.22 & 2.25, we have

fn(a12 + b12) = fu([p1 + a2, p2 + b12], p2])
= [[fa(p1 + a12),p2 + bia2], p2] + [[P1 + @12, fu(p2 + b12)], 2]
+[p1 + a12, p2 + b2, fn(p2)]
+ > (o1 + ar2), fs(pa + bi2)], fi(p2)]

r+s+t=n
0<r,s,t<n—1

= [[fn(p)+Sfn(a12), prtbiz], p2H[P1ta12, fr(p2)Hfn(b12)], p2]
+ Y ) + frlaw), fo(p2) + fo(bi2)], fulpa)].

r+s+t=n
0<r,s,t<n—1
Since E [[f?“(pl) + fr(am)a fs(pQ) + fs(bIZ)L ft(p2)] = 0, the above
r+s+t=n
0<r,s,t<n—1

identity gives that f,(a12 + b12) = fn(a12) + fn(b12). Hence f, is additive
on Gio. Similarly f, is additive on Go;.
O

Now for any a € G, define d,(a) = fu(prap1) + fu(prapz) + fu(p2ap1) +
fa(paap2) — Tr1(prap1) — Tha(p2ap2). By Lemmas 2.23 and 2.24, we have

Lemma 2.27 For a;; € Gi;, 1 <i# j <2, we have

(i1) dn(a12) = fn(ai2) and dp(az1) = fn(az),
(i17) dn(a11 + a12 + az1 + ag2) = dy(a11) + dy(ai2) + dy(a21) + dy(aze).

The following lemma immediately follows from Lemma 2.26 and Lemma
2.27.

Lemma 2.28 d,, is additive on Gio and Go.
Lemma 2.29 Let a;; € Gy, aij € Gij, 1 <i# j <2. Then
(@) dn(aiibij) = > dr(aii)ds(biz),

r+s=n
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(#1) dn(bijajj) = > dr(aij)ds(bjs)-

r+s=n

Proof. By Lemmas 2.22 & 2.27, we have

dn(a11b12) = fa(a11bi2) = fu([[a11, bi2), p2])
= [[fu(a11), b1z}, p2] + [[a11, fu(bi2)], p2] + [[a11, b12], frn(p2)]

+ > (felan), fs(0r2)], filp2)]

r+s+t=n
0<r,s,t<n—1

= [[fn(a11), b12], p2] + [[a11, fa(b12)], p2]
+ ) (@), fo(ba2)), fi(p2)]-
0Lt atent

Here it is to be noted that ¢ runs from 0 and n € N, so using fo(p2) = po
and induction hypothesis, we have

dn(anbiz) = [[dn(an1), biz], p2] + [[a11, dn(b12)], p2] + > [[dr(a11), ds(b12)], po]

r+s=n
0<r,s<n—1
= dp(a11)b12 + a11d, (b12) + Z dy(a11)ds(bi2)
OSrr?:!_sSS:nn—l

= Y dr(an)ds(br2).

r+s=n

Similarly, it is easy to prove the other three identities.

Lemma 2.30 d,, is additive.

Proof. We divide the proof into the following two steps.
Step 1. Let a11,b11 € G11. For any b12 € G12, by Lemma 2.29, we have

dy((a11+b11)b12)=dn(a11+b11)b12+(a11 +b11)dn(512)+Zdr(a11+b11)ds(b12)-

r4+s=n
0<r,s<n—1

On the other hand, by Lemmas 2.28 and 2.29, we have
dn((a11 + b11)b12) = dp(a11biz + bi1b12) = dp(a11b12) + dn(b11b12)
=dp(a11)bi2 + a11dp(b12) + Z dr(a11)ds(bi2)

r+s=n
0<r,s<n—1

+d, (b11)b12 + b11dn(b12) + Z dr(b11)ds(bi2).

rT+s=n
0<r,s<n—1
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Comparing the above two equalities, we get
dn(@11 + b11)b12 = dy(a11)b12 + dy(b11)b12.

This is equivalent to
(dn(a11 + b11) — dp(a11) — dp(b11))bi2 = 0.

Since, dn(au + bll) — dn(an) — dn(bll) € G11 and M is a faithful left A-
module, it follows that

dp(ai1 + b11) = dp(ai1) + dn(bi1).

Hence d,, is additive on G1.
Similarly, one can prove that d, is additive on Gas.

Step 2. Let x = a11 + a12 + a21 + a9z, y = b1y + bia + bay + boy be in
G. By Lemmas 2.27, 2.28 and Step 1, we have

dn(z+y) = dn((a11 + a12 + a21 + ag2) + (b11 + b1z + ba1 + ba2))
=dp(a11 + b11) + dp(a12 + bi2) + dp(azi + bay) + dn(age + ba2)
=dp(a11) + dn(b11) + dn(a12) + dn(b12) + dn(az1) + dn(b21)
+dp(az2) + dy(b22)
= (dn(a11) + dn(ai2) + dp(az1) + dn(az2)) + (dn(b11) + dn(bi2)
+dp (b21) + dy(b22))
= dp(a11 + a12 + az1 + ag2) + dn(b11 + b1z + ba1 + ba2)
=dp(z) + dp(y).

Lemma 2.31 d,, is a derivation.

Proof. We divide the proof into the following two steps.
Step 1. Let a11,b11 € G11. For any a12 € G2, by Lemma 2.29, we have

dp(ai1biiarz) = Z di(a11b11)d(a12)
k+t=n

= dp(a11b11)a12 + Z di(a11b11)di(ar2)

k+t=n
t£0

= dp(a11b11)a12 + E dy(a11)ds(bi1)de(ar2).
r+s+t=n
t£0
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On the other hand,
dn(allbllalz) = Z dr(all)dk(bualz)

r+k=n
- Z dr(a11)ds(b11)di(a12)
r+s+t=n
= > de(an)ds(bi)arn+ Y dr(an)ds(bin)di(arn).
rs=n r+s+t=n
140

Comparing the above two equalities, we have
(dn(a11b11) — Z dr(a11)ds(b11)) a1z = 0.
r+s=n

Since M is a faithful left A-module, we get
a11b11 z d all bll)

r+s=n

Similarly, we can calculate

a22b22 Z d (122 b22)

r+s=n

Step 2. Let = a1 + a12 + a21 + age, y = bi1 + b12 + bay + bao be in G. On
the one hand, by Lemmas 2.27, 2.29 and Step 1, we have
dn(zy) = dp((a11 + a12 + a1 + azz)(b11 + b1z + ba1 + ba2))
= dp(a11b11) + dn(a11b12) + dp(a12b21) + dn(a12b22)
+dp(az1b11) + dp(azibi2) + dp(aebar) + dp(a2b22)
= dp(a11)b11 + a11dy(b11) + dn(a11)bi2 + a11d,(b12)
+dp(a12)b21 + a12dy,(b21) + dp(a12)baz + a12dy, (b22)
+dp(az1)bi1 + a21dp(bi1) + dp(azi)biz + ag1dn(b12)
+dp, (a22)ba1 + azadn (ba1) + dp(az2)bas + agedy, (ba2).
On the other hand, since d(G;;) C Gi;, we have

dn(2)y + xdy (y)

= dp(a11 + a12 + ag1 + a22)(b11 + b1z + bo1 + ba2)
+(a11 + a12 + a1 + ag2)dn (b1 + b1z + ba1 + ba2)

= dp(a11)b114a11dn (b11)+dn(a11)biotar1d, (b Hdy (a12)ba1ta12dy, (b21)
+dp(a12)baotai2dy (ba2)+dy (a21)bi1+az1dy (b11 Hdn (az1)ar2t+az1dn (a12)
+dn(a22)b21 + a22dn(b21) + dp(a22)bz + a22d;,(ba2).

Hence, d,,(zy) = dn(2)y + 2d,(y), i-e., d,, is a derivation.
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Lemma 2.32 For alla € G, there holds p1 fn(a)p1+p2fn(a)p2— frn(prapr) —
fn(p2ap2) € Z(G).

Proof. Let bia € G2 and a € G. Since [py, [b12,a]] = biap2aps — prap1bia,
using Lemmas 2.20, 2.26 and induction hypothesis, we get

fn(b12p2aps — prap1bi2)

= fu([p1, [b12,a]])

= [p1, fabr2),all + o1, b1z, fa(@)] + D [1fe(02), fo(br2)], fela)]

r+s+t=n
0<r,s,t<n—1

= p1fu(br2)praps — prapy fn(bi2)p2 + p2apa fr(b12)p1 + bi2p2 fr(a)p2
—p1 fu(a)prbiz — p2fu(bi2)prap:.

On the other hand, by Lemmas 2.20, 2.26 and using induction hypothesis,
we have
fn(bi2p2ap2 — prapibiz)
= fu(bi2p2ap2) — fu(prapibiz)
= fu([[p1, b12]; p2ap2]) — fu([prap1, [p1, bi2]])
= [[p1, fa(b12)], p2apa] +[[p1, bral, fr(p2ap2)]+ > [[fr(p1), fo(b12)], fi(paapa)]

r+s+t=n
=[fn(prap1), [p1, b12]] = [prap1, [p1, fn(b12)]] +Z[[fr(P1ap1), fs(p1)], fe(b12)]

r+s+t=n
0<r,s,t<n—1

= p1fn(bi2)p2apa + paapa frn(b12)p1 + bia fr(p2aps) — fr(p2ap2)bis
—fa(p1ap1)biz + bia fu(prap1) — prapy fn(bi2)p2 — p2fu(bi2)piap:.

Comparing the above two equalities, we get
(fn(Prap1)+fn(p2ap2)—1 fr(a)p1)bi2=b12(frn(p2ap2 Hfn(prap)—p2 fn(a)p2).
Since 7,1 (p1ap1), Tha(p2ap2)€Z(G), we have

(prfn(a)pr — (fu(prap1) — Tni(prap1)) — (fu(p2ap2) — Tn2(p2ap2)))biz
= bia(p2fu(a)p2 — (fa(prap1) — mna(prapr)) — (fa(p2ap2) — Tn2(p2ap2))).

Since fr(prap1) —7n1(prap1) €Gi1 and fr(p2ap2) — T2 (p2ap2) € Gao, we get
(

(p1 fr(a)p1—(fru(prapi)—Tn1(P1ap1)))bi2=b12(p2 frn(a)p2—(frn(P2ap2)—Tn2 (P2ap2))).
(2.16)

Similarly, for any ba1 € Go1 and a € G, one can get

ba1(p1 fr(@)p1—(fn(prap1)—mn1(prap1)))=(p2 fn(a)p2—(fn(p2ap2)—Tn2(p2ap2)))bo1 .
(2.17)
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From (2.16), (2.17) and using Lemma 1.1, we have
p1fa(@)p1—fu(pPrapy) —7a1 (Prap1)) +p2 fr(a)p2— (fr(P2ap2) — Tz (p2ap2) )EZ ().

Thus, p1 fn(a)p1 + p2fu(a)p2 — fu(prapr) — fu(p2ap2) € Z(G).
0

Lemma 2.33 For all a € G, there holds fn(a) — fn(prap1) — fn(prapa) —
fn(p2ap1) — fu(p2ape) € Z(G).

Proof. By Lemmas 2.21 and 2.32, we get
fla) = fu(prap1) — fu(prapz) — fa(p2ap1) — fu(p2ap2)
= p1fn(a)p1 + prful(a)pz + p2fu(a)pr + p2fn(a)p:

—fn(Plapl) - fn(plapz) - fn(pzap1) - fn(p2ap2)
= p1fala)pr + p2fu(a)ps — fu(prapr) — fu(p2ap2) € Z(G).

g
Lemma 2.34 7 vanishes at second commutator [[a,b], c] for all a,b,c € G.

Proof. By Lemma 2.33 and the definition of d,, and 7,,, we see that 7,,(a) €
Z(G) for all @ € G. For any a,b,c € G, since d,, is an additive Lie triple
higher derivation, we have

7a(lla, 0], c]) = fu((la, b], c]) = dn([[a, b], c])
= Y (lf(a), 5O file)) = du(lla,b], ¢])

r+s+t=n
= > ([[dr(a) + (@), ds(b) + 75(0)), du(c) + 7 (c)])
r+s+t=n
—dn([[a, b], c])
= Y [ld(a),ds(b)], di(e)] = du([[a, 8], ¢])
r4+s+t=n
=0.

This completes the proof of the theorem.
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