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Abstract Let N be the set of nonnegative integers and G = (A,M,N ,B) be a 2-torsion
free generalized matrix algebra over a commutative ring R. In the present paper, under
some lenient assumptions on G, it is shown that if ∆ = {δn}n∈N is a sequence of mappings
δn : G → G (not necessarily linear) satisfying δn([[a, b], c]) =

∑
r+s+t=n

[[δr(a), δs(b)], δt(c)]

for all a, b, c ∈ G, then for each n ∈ N, δn = dn + τn; where dn : G → G is an additive
mapping satisfying dn(ab) =

∑
r+s=n

dr(a)ds(b) for all a, b ∈ G, i.e., D = {dn}n∈N is an

additive higher derivation on G and τn : G → Z(G)(where Z(G) is the center of G) is a
map vanishing at every second commutator [[a, b], c].

Keywords generalized matrix algebra · higher derivation · multiplicative Lie higher
derivation · multiplicative Lie triple higher derivation

Mathematics Subject Classification (2010) 16W25 · 15A78

1 Introduction

Let R be a commutative ring with unity, A be an algebra over R and
Z(A) be the center of A. Recall that an R-linear mapping d : A → A is
said to be a derivation if d(ab) = d(a)b + ad(b) holds for all a, b ∈ A. If
the condition of linearity is replaced by additivity in the above definition,
then d is said to be an additive derivation. In particular, derivation d is
called an inner derivation if there exists some a ∈ A such that d(a) =
ax − xa for all x ∈ A. A linear mapping d : A → A is called a Lie (resp.
Lie triple) derivation if d([a, b]) = [d(a), b] + [a, d(b)] (resp. d([[a, b], c]) =
[[d(a), b], c]+[[a, d(b)], c]+[[a, b], d(c)]) holds for all a, b, c ∈ A, where [a, b] =
ab−ba is the usual Lie product. If the condition of linearity is dropped from
the above definition, then the corresponding Lie derivation and Lie triple
derivation are called multiplicative Lie derivation and multiplicative Lie
triple derivation respectively. Obviously, every derivation is a Lie derivation
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and every Lie derivation is a Lie triple derivation. However, the converse
statements are not true in general. For example if we consider the algebra
A of all 3× 3 strictly upper triangular matrices over Z, the ring of integers,

and define a map d : A → A such that d

(
0 x y
0 0 z
0 0 0

)
=

(
0 y 0
0 0 z
0 0 0

)
.

Then it can easily be seen that d is a Lie triple derivation on A which is
neither a derivation nor a Lie derivation on A.

Let us recall some basic facts related to Lie derivations, Lie higher deriva-
tions and Lie triple higher derivation of an associative algebra. Many kinds
of higher derivations, which consist of a family of some additive mappings,
have been widely studied in commutative and noncommutative rings. Let
N be the set of non-negative integers and D = {dn}n∈N be a family of linear
mappings dn : A → A such that d0 = idA, the identity map on A. Then D
is called

(i) a higher derivation on A if for every n ∈ N, dn(ab) =
∑

i+j=n
di(a)dj(b) for

all a, b ∈ A.
(ii) a Lie higher derivation onA if for every n ∈ N, dn([a, b]) =

∑
i+j=n

[di(a), dj(b)]

for all a, b ∈ A.
(iii) a Lie triple higher derivation on A if for every n ∈ N,

dn([[a, b], c]) =
∑

i+j+k=n

[[di(a), dj(b)], dk(c)] for all a, b, c ∈ A.

If we assume D = {dn}n∈N be a family of mappings dn : A → A (not neces-
sarily linear) in the above definitions then the corresponding higher deriva-
tion, Lie higher derivation and Lie triple higher derivation is said to be mul-
tiplicative higher derivation, multiplicative Lie higher derivation and multi-
plicative Lie triple higher derivation respectively. Moreover, if D = {dn}n∈N
is assumed to be the family of additive mappings, then in the above defini-
tion higher derivation, Lie higher derivation and Lie triple higher derivation
is said to be additive higher derivation, additive Lie higher derivation and
additive Lie triple higher derivation respectively. Note that d1 is always
a derivation, Lie derivation and Lie triple derivation if D = {dn}n∈N is
a higher derivation, Lie higher derivation and Lie triple higher derivation
respectively.

Let A and B be two unital algebras over a fixed unital 2-torsion free
commutative ring R. A Morita context consists of two R-algebras A and B,
two bimodules AMB and BNA, and two bimodule homomorphisms called
the pairings fMN : M⊗

B N → A and ψNM : N⊗
AM → B satisfying

the following commutative diagrams:
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M⊗
B
N ⊗

A
M fMN⊗IM //

IM⊗ΨNM

��

A⊗
A
M

∼=

��
M⊗

B
B ∼= //M

and N ⊗
A
M⊗

B
N ΨNM⊗IN //

IN⊗fMN

��

B ⊗
B
N

∼=

��
N ⊗

A
A ∼= // N .

If (A,B,M,N , fMN , ψNM) is a Morita context, then the set

G =

(
A M
N B

)
=

{(
a m
n b

)
a ∈ A,m ∈ M, n ∈ N , b ∈ B

}

is an algebra under the usual matrix operations. Such an R-algebra is called
a generalized matrix algebra (see [3]). We assume thatM and N is a faithful
(A,B)-bimodule and (B,A)-bimodule respectively. Obviously, when M = 0
or N = 0, then G exactly degenerates to the so-called triangular algebra.
Let 1A (resp. 1B) be the identity of the algebra A (resp. B) and let

I =

(
1A 0
0 1B

)
be the identity of generalized matrix algebra G. Through-

out this paper, we shall use the following notations: p1 =

(
1A 0
0 0

)
and p2 =

I − p1 =

(
0 0
0 1B

)
. Set G11 =

{(
a 0
0 0

)
a ∈ A

}
, G12 =

{(
0 m
0 0

)
m ∈ M

}
,

G21 =

{(
0 0
n 0

)
n ∈ N

}
and G22 =

{(
0 0
0 b

)
b ∈ B

}
. Then we can write

G = G11+G12+G21+G22, where G11 is a subalgebra of G isomorphic to A, G22

is a subalgebra of G isomorphic to B, G12 is a (G11,G22)-bimodule isomor-
phic to the bimodule M and G21 is a (G22,G11)-bimodule isomorphic to the
bimodule N . To simplify the notation we will use the following convention:
a11 ∈ A = G11, a22 ∈ B = G22, a12 ∈ M = G12 and a21 ∈ N = G21. Then
each element x ∈ G can be represented in the form x = a11+a12+a21+a22,
where a11 ∈ G11, a22 ∈ G22, a12 ∈ G12 and a21 ∈ G12.
The center of G is

Z(G)=
{
a⊕ b=

(
a 0
0 b

)
a∈A, b∈B, am = mb, na = bn for all m∈M, n∈N

}
.

Define two natural projections πA : G → A and πB : G → B by

πA

(
a m
n b

)
= a and πB

(
a m
n b

)
= b.
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Moreover, πA(Z(G)) ⊆ Z(A) and πB(Z(G)) ⊆ Z(B), and there exists a
unique algebra isomorphism η : πB(Z(G)) → πA(Z(G)) such that η(b)m =
mb and nη(b) = bn for all m ∈ M, n ∈ N . The proof of the following lemma
can be seen in [16, Lemma 3.2].

Lemma 1.1 Let G = (A,M,N ,B) be a generalized matrix algebra.
If πA(Z(G)) = Z(A) and πB(Z(G)) = Z(B), then there is a unique algebra
isomorphism η : Z(B) → Z(A) such that η(b)m = mb and nη(b) = bn for all
b ∈ Z(B), m ∈ M, n ∈ N ; or equivalently, η(b)⊕ b ∈ Z(G) for all b ∈ Z(B).
There has been a great interest in the study of characterization of Lie

derivations and Lie triple derivations for many years. The first quite sur-
prising result is due to Martindale who proved that every multiplicative
bijective mapping from a prime ring containing a nontrivial idempotent
onto an arbitrary ring is additive (see [12]). Miers [13] initially established
that every Lie derivation d on a von Neumann algebra A can be uniquely
written as the sum d = δ + τ where δ is an inner derivation of A and τ is a
linear mapping from A into its center Z(A) vanishing on each commutator.
Furthermore, Miers [14] obtained an analogous decomposition for Lie triple
derivations of von Neumann algebras with no abelian summands. Yu and
Zhang [18] proved that every nonlinear Lie derivation of triangular algebras
is the sum of an additive derivation and a map from triangular algebra into
its center sending commutators to zero. Ji, Liu and Zhao [6] proved the
similar result for nonlinear Lie triple derivation of triangular algebras. In
addition, the characterization of Lie derivations and Lie triple derivations
on various rings and algebras are considered in [4], [5],[1], [2], [7], [9], [11],
[17], [15].
It is the objective of this article is to investigate multiplicative Lie triple

higher derivation on generalized matrix algebras. Many researchers have
made important contributions to the related topics (see [16], [15], [10],[8]).
Xiao and Wei [17] proved that every multiplicative Lie higher derivation
of triangular algebras is the sum of an additive higher derivation and a
multiplicative functional vanishing on all commutators. Ji, Liu and Zhao
[6] gave a characterization of nonlinear Lie triple derivations on triangular
algebras. Motivated by the above work, we study the characterization of
multiplicative Lie triple higher derivations on generalized matrix algebras.

2 Characterizations of multiplicative Lie triple higher derivations

The main result states as follows:

Theorem 2.1 Let G =

(
A M
N B

)
be a 2-torsion free generalized matrix

algebra consisting of algebras A and B over a commutative ring R with unity
1A and 1B respectively and M & N be a faithful (A,B) & (B,A)-bimodule
respectively. Suppose that
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(i) πA(Z(G)) = Z(A) and πB(Z(G)) = Z(B).
(ii) For any a ∈ A, if [a,A] ∈ Z(A), then a ∈ Z(A) or for any b ∈ B, if

[b,B] ∈ Z(B), then b ∈ Z(B).
(iii) Either A or B does not contain nonzero central ideals.
(iv) If N ̸= 0, then for each M ∈ M, the condition MN = 0 = NM implies

M = 0.
(v) For each N ∈ N , the condition MN = 0 = NM implies N = 0.

If ∆ = {δn}n∈N is a sequence of maps δn : G → G (not necessarily linear)
such that δn[[a, b], c] =

∑
r+s+t=n

[[δr(a), δs(b)], δt(c)] for all a, b, c ∈ G, then

for each n ∈ N, δn = dn + τn; where dn : G → G is an additive mapping
satisfying dn(ab) =

∑
r+s=n

dr(a)ds(b) for all a, b ∈ G, i.e., D = {dn}n∈N is

an additive higher derivation of G and τn : G → Z(G) is a map vanishing at
every second commutator [[a, b], c].

The proof of the above theorem proceeds by induction on n. In fact, the
proof for the case n = 1 can be derived directly from Theorem 1 of [15].
But in order to develop the proof of our main theorem for multiplicative Lie
triple higher derivation, we need entirely different set of properties ( see B1

and Bm in the proof of Theorem 2.1). Hence, we first prove Theorem 2.1 for
the case n = 1 and show that for every multiplicative Lie triple derivation δ
on G there exist a derivation d on G and a mapping τ : G → Z(G) vanishing
on the second commutators such that δ(a) = d(a) + τ(a) for all a ∈ G. We
facilitate our discussion with the following Lemmas.

Lemma 2.2 δ(0) = 0.

Proof. δ(0) = δ([[0, 0], 0]) = [[δ(0), 0], 0] + [[0, δ(0)], 0] + [[0, 0], δ(0)] = 0.
⊓⊔

Lemma 2.3 p1δ(p1)p1 + p2δ(p1)p2 ∈ Z(G).
Proof. For any a12 ∈ G12. Since [[a12, p1], p1] = 0, we have

δ(a12) = δ([[a12, p1], p1])

= [[δ(a12), p1], p1] + [[a12, δ(p1)], p1] + [[a12, p1], δ(p1)]

= δ(a12)p1 − p1δ(a12)p1 − p1δ(a12)p1 + p1δ(a12) + a12δ(p1)p1
−a12δ(p1) + p1δ(p1)a12 − a12δ(p1) + δ(p1)a12.

On multiplying the above equation from left by p1 and right by p2, we get
2
(
p1δ(p1)a12−a12δ(p1)p2

)
= 0, this implies that p1δ(p1)a12−a12δ(p1)p2 = 0.

That is

p1δ(p1)p1a12 − a12p2δ(p1)p2 = 0 for all a12 ∈ G12. (2.1)

Similarly, for any a21 ∈ G21. Since [[a21, p1], p1] = 0, we have

a21p1δ(p1)p1 − p2δ(p1)p2a21 = 0 for all a21 ∈ G21. (2.2)
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and hence from (2.1) and (2.2) together with Lemma 1.1, we get p1δ(p1)p1+
p2δ(p1)p2 ∈ Z(G).

⊓⊔

In the sequel, we define f : G → G by

f(a) = δ(a) + δp1δ(p1)p2−p2δ(p1)p1(a) for all a ∈ G

where δp1δ(p1)p2−p2δ(p1)p1 is an inner derivation determined by p1δ(p1)p2 −
p2δ(p1)p1. It is easy to verify that

f([[a, b], c]) = [[f(a), b], c] + [[a, f(b)], c] + [[a, b], f(c)]

holds for all a, b, c ∈ G. Moreover, by Lemma 2.3, we have

f(p1) = δ(p1)− p1δ(p1)p2 − p2δ(p1)p1
= δ(p1)p1 + δ(p1)p2 − p1δ(p1)p2 − p2δ(p1)p1
= p1δ(p1)p1 + p2δ(p1)p2 ∈ Z(G)

Thus f(p1) ∈ Z(G).
Lemma 2.4 f(p1ap2 + p2ap1) = p1f(a)p2 + p2f(a)p1 for all a ∈ G.

Proof. Since [[a, p1], p1] = p1a − 2p1ap1 + ap1 = p1ap2 + p2ap1, it follows
that

f(p1ap2 + p2ap1) = f([[a, p1], p1]) = [[f(a), p1], p1]

= p1f(a)p2 + p2f(a)p1.

⊓⊔

Lemma 2.5 f(p2) ∈ Z(G).

Proof. Using the similar arguments as that used in the proof of Lemma 2.3,
we get

p1f(p2)p1 + p2f(p2)p2 ∈ Z(G).

Since f(p2) = p1f(p2)p1 + p1f(p2)p2 + p2f(p2)p1 + p2f(p2)p2, by Lemma
2.4, we have

p1f(p2)p2 + p2f(p2)p1 = f(p1p2p2 + p2p2p1) = 0.

Consequently, we get f(p2) = p1f(p2)p1 + p2f(p2)p2 ∈ Z(G).
⊓⊔

Lemma 2.6 If [a, b] ∈ Z(G) for any a, b ∈ G, then [f(a), b] + [a, f(b)] ∈
Z(G).
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Proof. For [a, b] ∈ Z(G), we have [[a, b], c] = 0 for all c ∈ G.

0 = f(0) = f [[a, b], c] = [[f(a), b], c] + [[a, f(b)], c]

= [[f(a), b] + [a, f(b)], c]

for all c ∈ G. Thus [f(a), b] + [a, f(b)] ∈ Z(G).
⊓⊔

Lemma 2.7 f(aij) ⊆ Gij , 1 ≤ i ̸= j ≤ 2.

Proof. For a12 ∈ G12, we have a12 = [[a12, p1], p1]. Thus

f(a12) = f([[a12, p1], p1]) = [[f(a12), p1], p1] = p1f(a12)p2 + p2f(a12)p1,

and hence we see that p1f(a12)p1 = p2f(a12)p2 = 0. Now for any a12, b12 ∈
G12, by Lemma 2.6, we have

[f(a12), b12] + [a12, f(b12)] ∈ Z(G). (2.3)

Since a12 = [p1, a12], we have

[a12, f(b12)] = [[p1, a12], f(b12)]

= f([[p1, a12], b12])− [[f(p1), a12], b12]− [[p1, f(a12)], b12]

= −[[p1, f(a12)], b12].

Now, we have

[f(a12), b12] + [a12, f(b12)] = [p2f(a12)p1, b12]− [[p1, f(a12)], b12]

= 2[p2f(a12)p1, b12] ∈ Z(G). (2.4)

It follows that [p2f(a12)p1, b12] = p2f(a12)p1b12 − b12p2f(a12)p1 ∈ Z(G)
for all a12, b12 ∈ G12. Thus, Mp2f(a12)p1 ⊆ Z(A) and p2f(a12)p1M ⊆
Z(B). Since Mp2f(a12)p1 is central ideal of A. So, by assumption (iii),
Mp2f(a12)p1 = 0, so p2f(a12)p1M = 0. Applying condition (v), we have,
p2f(a12)p1 = 0. Thus, f(a12) = p1f(a12)p2 and f(a12) ∈ G12.
Similarly, using condition (iv) and by the same argument one can prove

that f(a21) = p2f(a21)p1 and f(a21) ∈ G21.
⊓⊔

Lemma 2.8 f(Gii) ⊆ Gii ⊕ Gjj. There exists a mapping τi : Gii → Z(G)
such that f(aii)− τi(aii) ∈ Gii for all aii ∈ Gii, where i, j = 1, 2 and i ̸= j.

Proof. For any aii ∈ Gii, where i = 1,2. First we show for i = 1, by Lemma
2.4, we have

p1f(a11)p2 = f(p1a11p2) = f(0) = 0.

Similarly, we can get p2f(a11)p1 = 0, hence, f(a11) ∈ G11 ⊕ G22

Similarly, we can prove the result for i = 2. Thus f(Gii) ⊆ Gii ⊕ Gjj .
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Now we can write f(a11)=p1f(a11)p1+p2f(a11)p2. Moreover, since a11a22 =
0 for any a22 ∈ G22 and c ∈ G, it is easy to check that

0 = f([[a11, a22], c]) = [[f(a11), a22], c] + [[a11, f(a22)], c]

= [[f(a11), a22] + [a11, f(a22)], c].

Multiplying by p2 on both the sides of the above equation we get

0 = p2[[f(a11), a22] + [a11, f(a22)], c]p2
= [[p2f(a11)p2, p2a22p2] + [p2a11p2, p2f(a22)p2], p2cp2]

= [[p2f(a11)p2, a22], p2cp2].

This implies that [p2f(a11)p2, a22] ∈ Z(G22). Hence by hypothesis (ii), we
find that
p2f(a11)p2 ∈ Z(G22).
Define τ1 : G11 → Z(G) such that τ1(a11) = η(p2f(a11)p2) ⊕ p2f(a11)p2,
where η is the map defined in Lemma 1.1. Thus we get

f(a11)− τ1(a11) = p1f(a11)p1 + p2f(a11)p2 − η(p2f(a11)p2)− p2f(a11)p2
= p1f(a11)p1 − η(p2f(a11)p2) ∈ G11.

Similarly, we can define a mapping τ2 : G22 → Z(G) by τ2(a22)=p1f(a22)p1⊕
η−1(p1f(a22)p1). Then

f(a22)− τ2(a22) = p1f(a22)p1 + p2f(a22)p2 − p1f(a22)p1 − η−1(p1f(a22)p1)

= p2f(a22)p2 − η−1(p1f(a22)p1) ∈ G22.

⊓⊔
Our next aim is to show that f is additive on G12 and G21.

Lemma 2.9 Let aii ∈ Gii and aij ∈ Gij, 1 ≤ i ̸= j ≤ 2. Then f(aii + aij)−
f(aii)− f(aij) ∈ Z(G).
Proof. Let a11 ∈ G11, a12 ∈ G12. We have

f([[a11 + a12, p1], p1]) = [[f(a11 + a12), p1], p1] + [[a11 + a12, f(p1)], p1]

+[[a11 + a12, f(p1)], f(p1)]

= [[f(a11 + a12), p1], p1].

On the other hand, we have

f([[a11 + a12, p1], p1]) = f([[a11, p1], p1]) + f([[a12, p1], p1])

= [[f(a11), p1], p1] + [[f(a12), p1], p1].

Combining the above two identities, we get
[[f(a11 + a12)− f(a11)− f(a12), p1], p1] = 0, that is

0 = p1(f(a11 + a12)− f(a11)− f(a12))p2 (2.5)

+p2(f(a11 + a12)− f(a11)− f(a12))p1.
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Now, for any b12 ∈ G12 and by Lemma 2.4, we have

f([[a11 + a12, b12], p1]) = [[f(a11 + a12), b12], p1] + [[a11 + a12, f(b12)], p1].

On the other hand, we have

f([[a11 + a12, b12], p1]) = f([[a11, b12], p1]) + f([[a12, b12], p1])

= [[f(a11), b12], p1] + [[a11, f(b12)], p1]

+[[f(a12), b12], p1] + [[a12, f(b12)], p1].

Combining the above two identities, we arrive at

[[f(a11 + a12)− f(a11)− f(a12), b12], p1] = 0.

In other words,

(p1(f(a11 + a12)− f(a11)− f(a12))p1)b12 (2.6)

= b12(p2(f(a11 + a12)− f(a11)− f(a12))p2).

Similarly, for any b21 ∈ G21, one can get

b21(p1(f(a11 + a12)− f(a11)− f(a12))p1) (2.7)

= (p2(f(a11 + a12)− f(a11)− f(a12))p2)b21.

Equations (2.6) and (2.7), together with Lemma 1.1, gives that f(a11 +
a12) − f(a11) − f(a12) ∈ Z(G). Similarly, one can easily prove the other
part.

⊓⊔
Lemma 2.10 f is additive on G12 and G21.

Proof. Let a12, b12 ∈ G12. By Lemmas 2.4, 2.6 & 2.7, we see that

f(a12 + b12) = f([[p1 + a12, p2 + b12], p2])

= [[f(p1 + a12), p2 + b12], p2] + [[p1 + a12, f(p2 + b12)], p2]

+[[p1 + a12, p2 + b12], f(p2)]

= [[f(p1) + f(a12), p2 + b12], p2] + [[p1 + a12, f(p2) + f(b12)], p2]

= f(a12) + f(b12).

Hence, f is additive on G12. Similarly, one can prove that f is additive on
G21.

⊓⊔
For any a ∈ G, define d(a) = f(p1ap1)+f(p1ap2)+f(p2ap1)+f(p2ap2)−

(τ1(p1ap1) + τ2(p2ap2)). By Lemmas 2.7 and 2.8, we have

Lemma 2.11 Let aij ∈ Gij, 1 ≤ i ̸= j ≤ 2. Then

(i) d(aij) ∈ Gij, 1 ≤ i ̸= j ≤ 2,
(ii) d(a12) = f(a12) and d(a21) = f(a21),
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(iii) d(a11 + a12 + a21 + a22) = d(a11) + d(a12) + d(a21) + d(a22).

Now, we shall show that d is an additive derivation. First, we shall prove
the additivity of d.
By Lemma 2.10 and (ii) part of Lemma 2.11, we immediately get the

following result.

Lemma 2.12 d is additive on G12 and G21.

Lemma 2.13 Let aii ∈ Gii, aij ∈ Gij, 1 ≤ i ̸= j ≤ 2. Then

(i) d(aiibij) = d(aii)bij + aiid(bij),
(ii) d(bijajj) = d(bij)ajj + bijd(ajj).

Proof. Since a11b12 = [[a11, b12], p2], by Lemmas 2.5 & 2.11, we have

d(a11b12) = f(a11b12) = f([[a11, b12], p2])

= [[f(a11), b12], p2] + [[a11, f(b12)], p2] + [[a11, b12], f(p2)]

= [[d(a11), b12], p2] + [[a11, d(b12)], p2]

= d(a11)b12 + a11d(b12).

Similarly, it is easy to prove the other identities.
⊓⊔

Lemma 2.14 d is additive.

Proof. We divide the proof into the following two steps.
Step 1. Let a11, b11 ∈ G11. For any b21 ∈ G21, by Lemma 2.13, we have

d(b21(a11 + b11)) = d(b21)(a11 + b11) + b21d(a11 + b11).

On the other hand, by Lemmas 2.12 and 2.13, we have

d(b21(a11 + b11)) = d(b21a11 + b21b11) = d(b21a11) + d(b21b11)

= d(b21)a11 + b21d(a11) + d(b21)b11 + b21d(b11).

Comparing the above two equalities, we get

b21(d(a11 + b11)− d(a11)− d(b11)) = 0.

Since, d(a11+b11)−d(a11)−d(b11) ∈ G11 andN is a faithful (B,A)-bimodule,
it follows that

d(a11 + b11) = d(a11) + d(b11).

Hence d is additive on G11.
Similarly, one can prove that d is additive on G22.
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Step 2. Let x = a11 + a12 + a21 + a22, y = b11 + b12 + b21 + b22 be in
G. By Lemmas 2.11, 2.12 and Step 1, we have

d(x+ y) = d((a11 + a12 + a21 + a22) + (b11 + b12 + b21 + b22))

= d(a11 + b11) + d(a12 + b12) + d(a21 + b21) + d(a22 + b22)

= d(a11)+d(b11)+d(a12)+d(b12)+d(a21)+d(b21)+d(a22)+d(b22)

= (d(a11)+d(a12)+d(a21)+d(a22))+(d(b11)+d(b12)+d(b21)+d(b22))

= d(a11 + a12 + a21 + a22) + d(b11 + b12 + b21 + b22)

= d(x) + d(y).

⊓⊔

Lemma 2.15 d is a derivation.

Proof. We divide the proof into the following two steps.
Step 1. Let a11, b11 ∈ G11. For any a21 ∈ G21, by Lemma 2.13, we have

d(a21a11b11) = d(a21)a11b11 + a21d(a11b11).

On the other hand,

d(a21a11b11) = d(a21a11)b11 + a21a11d(b11)

= d(a21)a11b11 + a21d(a11)b11 + a21a11d(b11).

Comparing these two equalities, we have

a21(d(a11b11)− d(a11)b11 − a11d(b11)) = 0

for all a21 ∈ G21. Since N is a faithful (B,A)-bimodule, we get

d(a11b11) = d(a11)b11 + a11d(b11).

Similarly, for any a22, b22 ∈ G22, we can get

d(a22b22) = d(a22)b22 + a22d(b22).

Step 2. Let x = a11 + a12 + a21 + a22, y = b11 + b12 + b21 + b22 be in G. On
the one hand, by Lemmas 2.11, 2.12 and Step 1, we have

d(xy) = d((a11 + a12 + a21 + a22)(b11 + b12 + b21 + b22))

= d(a11b11) + d(a11b12) + d(a12b21) + d(a12b22)

+d(a21b11) + d(a21b12) + d(a22b21) + d(a22b22)

= d(a11)b11 + a11d(b11) + d(a11)b12 + a11d(b12)

+d(a12)b21 + a12d(b21) + d(a12)b22 + a12d(b22)

+d(a21)b11 + a21d(b11) + d(a21)b12 + a21d(b12)

+d(a22)b21 + a22d(b21) + d(a22)b22 + a22d(b22).

33



12 Mohammad Ashraf, Mohd Shuaib Akhtar, Bilal Ahmad Wani

On the other hand, since d(Gij) ⊆ Gij , we have

d(x)y + xd(y) = d(a11 + a12 + a21 + a22)(b11 + b12 + b21 + b22)

+(a11 + a12 + a21 + a22)d(b11 + b12 + b21 + b22)

= d(a11)b11+a11d(b11)+d(a11)b12+a11d(b12)+d(a12)b21+a12d(b21)

+d(a12)b22 + a12d(b22) + d(a21)b11 + a21d(b11) + d(a21)a12
+a21d(a12) + d(a22)b21 + a22d(b21) + d(a22)b22 + a22d(b22).

Hence, d(xy) = d(x)y + xd(y), i.e., d is a derivation.
⊓⊔

Lemma 2.16 For all a ∈ G, there holds p1f(a)p1 + p2f(a)p2 − f(p1ap1)−
f(p2ap2) ∈ Z(G).
Proof. Let b12 ∈ G12 and a ∈ G. since

[p1, [b12, a]] = b12p2ap2 − p1ap1b12,

it follows

f(b12p2ap2 − p1ap1b12) = f([p1, [b12, a]])

= [p1, [f(b12), a]] + [p1, [b12, f(a)]]

= p1f(b12)p1ap2 − p1ap1f(b12)p2 + p2ap2f(b12)p1
+b12p2f(a)p2 − p1f(a)p1b12 − p2f(b12)p1ap1.

On the other hand, by Lemmas 2.4 and 2.10, we have

f(b12p2ap2 − p1ap1b12)

= f(b12p2ap2)− f(p1ap1b12)

= f([[p1, b12], p2ap2])− f([p1ap1, [p1, b12]])

= [[p1, f(b12)], p2ap2] + [[p1, b12], f(p2ap2)]

−[f(p1ap1), [p1, b12]]− [p1ap1, [p1, f(b12)]]

= p1f(b12)p2ap2 + p2ap2f(b12)p1 + b12f(p2ap2)− f(p2ap2)b12
−f(p1ap1)b12 + b12f(p1ap1)− p1ap1f(b12)p2 − p2f(b12)p1ap1.

Comparing the above two equalities, we get

(f(p1ap1)+f(p2ap2)−p1f(a)p1)b12=b12(f(p2ap2)+f(p1ap1)−p2f(a)p2).
Since τ1(p1ap1), τ2(p2ap2) ∈ Z(G), we have

(p1f(a)p1 − (f(p1ap1)− τ1(p1ap1))− (f(p2ap2)− τ2(p2ap2)))b12
= b12(p2f(a)p2 − (f(p1ap1)− τ1(p1ap1))− (f(p2ap2)− τ2(p2ap2))).

Since f(p1ap1)− τ1(p1ap1) ∈ G11 and f(p2ap2)− τ2(p2ap2) ∈ G22, we get

(p1f(a)p1−(f(p1ap1)−τ1(p1ap1)))b12=b12(p2f(a)p2−(f(p2ap2)−τ2(p2ap2))).
(2.8)
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Similarly, for any b21 ∈ G21 and a ∈ G, one can get

b21(p1f(a)p1−(f(p1ap1)−τ1(p1ap1)))=(p2f(a)p2−(f(p2ap2)−τ2(p2ap2)))b21.
(2.9)

Equation (2.8), (2.9) together with Lemma 1.1, we have

p1f(a)p1−(f(p1ap1)−τ1(p1ap1))+p2f(a)p2−(f(p2ap2)−τ2(p2ap2)) ∈ Z(G).

Thus, p1f(a)p1 + p2f(a)p2 − f(p1ap1)− f(p2ap2) ∈ Z(G).
⊓⊔

Lemma 2.17 For all a ∈ G, there holds f(a) − f(p1ap1) − f(p1ap2) −
f(p2ap1)− f(p2ap2) ∈ Z(G).

Proof. By Lemmas 2.4 and 2.16, we get

f(a)− f(p1ap1)− f(p1ap2)− f(p2ap1)− f(p2ap2)

= p1f(a)p1 + p1f(a)p2 + p2f(a)p1 + p2f(a)p2 − f(p1ap1)− f(p1ap2)

−f(p2ap1)− f(p2ap2)

= p1f(a)p1 + p2f(a)p2 − f(p1ap1)− f(p2ap2) ∈ Z(G).

⊓⊔

Lemma 2.18 τ vanishes at second commutator [[a, b], c] for all a, b, c ∈ G.

Proof. By Lemma 2.15 and the definition of d and τ , we see that τ(a) ∈ G
for all a ∈ G. For any a, b, c ∈ G, since d is an additive derivation, we have

τ([[a, b], c]) = f([[a, b], c])− d([[a, b], c])

= [[f(a), b], c] + [[a, f(b)], c] + [[a, b], f(c)]− d([[a, b], c])

= [[d(a) + τ(a), b], c] + [[a, d(b) + τ(b)], c] + [[a, b], d(c) + τ(c)]

−d([[a, b], c])
= [[d(a), b], c] + [[a, d(b)], c] + [[a, b], d(c)]− d([[a, b], c])

= 0.

This completes the proof for the case n = 1.
⊓⊔

Proof of Theorem 2.1. For n = 1, the expression of δn([[a, b], c]) reduces to
δ1([[a, b], c]) = [[δ1(a), b], c] + [[a, δ1(b)], c] + [[a, b], δ1(c)] for all a, b, c ∈ G.
We proceed by induction on n ∈ N. In view of the above lemmas, it is clear
that δ1 = d1 + τ1, where d1 is an additive derivation, τ1 is a mapping from
G into Z(G) satisfying τ1([[a, b], c]) = 0 for all a, b, c ∈ G. i.e.; Theorem 2.1
is true for n = 1.
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By Lemmas 2.2-2.18, we have

B1





p1δ1(p1)p1 + p2δ1(p1)p2 ∈ Z(G);
p1δ1(p2)p1 + p2δ1(p2)p2 ∈ Z(G);
f1(p1ap2 + p2ap1) = p1f1(a)p2 + p2f1(a)p1 where

f1(a) = δ1(a) + δp1δ(p1)p2−p2δ(p1)p1(a);

f1(p1) ∈ Z(G), f1(p2) ∈ Z(G);
f1(aij) ⊆ Gij , 1 ≤ i ̸= j ≤ 2;

f1(aii)− τ1(aii) ∈ Gii, i = {1, 2};
f1(aii + aij)− f1(aii)− f1(aij) ∈ Z(G), 1 ≤ i ̸= j ≤ 2.

We now assume that δm(a) = dm(a) + τm(a) for all a ∈ G and for all
m < n, where τm : G → Z(G) such that τm([[a, b], c]) = 0 for all a, b, c ∈ G
and δm satisfies δm[[a, b], c] =

∑
i+j+k=m

[[δi(a), δj(b)], δk(c)]. Thus we have the

following properties;

Bm





p1δm(p1)p1 + p2δm(p1)p2 ∈ Z(G);
p1δm(p2)p1 + p2δm(p2)p2 ∈ Z(G);
fm(p1ap2 + p2ap1) = p1fm(a)p2 + p2fm(a)p1 where

fm(a) = δm(a) + δm(p1δm(p1)p2−p2δm(p1)p1)(a);

fm(p1) ∈ Z(G), fm(p2) ∈ Z(G);
fm(aij) ⊆ Gij , 1 ≤ i ̸= j ≤ 2;

fm(aii)− fmi(aii) ∈ Gii, i = {1, 2}; ;
fm(aii + aij)− fm(aii)− fm(aij) ∈ Z(G), 1 ≤ i ̸= j ≤ 2.

Our aim is to show that δn also satisfies the similar properties and δn(a) =
dn(a) + τn(a) for all a ∈ G, where τn : G → Z(G) such that τn([[a, b], c]) = 0
for all a, b, c ∈ G. Now we shall prove the following Lemmas to obtain our
main result.

Lemma 2.19 p1δn(p1)p1 + p2δn(p1)p2 ∈ Z(G).
Proof. Let a12 ∈ G12. Then

δn(a12) = δn([[a12, p1], p1]) = [[δn(a12), p1], p1] + [[a12, δn(p1)], p1]

+[[a12, p1], δn(p1)] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[δr(a12), δs(p1)], δt(p1)]

= p2δn(a12)p1 + p1δn(a12)p2−a12δn(p1)p2 + p1δn(p1)a12−a12δn(p1)
+δn(p1)a12 +

∑

r+s+t=n
0≤r,s,t≤n−1

[[δr(a12), δs(p1)], δt(p1)].

On multiplying by p1 from the left and by p2 from the right in the above
equation, we get 2(p1δn(p1)a12 − a12δn(p1)p2) = 0. This gives that
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p1δn(p1)a12 − a12δn(p1)p2 = 0, that is, p1δn(p1)p1a12 = a12p2δn(p1)p2.
Similarly, for any b21∈G21 one can get easily a21p1δn(p1)p1=p2δn(p1)p2a21.
Hence, we get p1δn(p1)p1 + p2δn(p1)p2 ∈ Z(G).

⊓⊔
Lemma 2.20 fn(p1) ∈ Z(G).
Proof. Using Lemma 2.19, we have

fn(p1) = δn(p1)− p1δn(p1)p2 − p2δn(p1)p1
= δn(p1)p1 + δn(p1)p2 − p1δn(p1)p2 − p2δn(p1)p1
= p1δn(p1)p1 + p2δn(p1)p2.

Thus fn(p1) ∈ Z(G).
⊓⊔

Lemma 2.21 For a∈G, we have fn(p1ap2 + p2ap1)=p1fn(a)p2+p2fn(a)p1.

Proof. For any a ∈ G, we have

fn(p1ap2 + p2ap1) = fn([[a, p1], p1])

= [[fn(a), p1], p1] + [[a, fn(p1)], p1] + [[a, p1], fn(p1)]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a), fs(p1)], ft(p1)]

= p1fn(a)p2 + p2fn(a)p1 +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a), fs(p1)], ft(p1)].

By Lemma 2.20, fn(p1) ∈ Z(G) for all n ∈ N, we see that

fn(p1ap2 + p2ap1) = p1fn(a)p2 + p2fn(a)p1.

⊓⊔
Lemma 2.22 fn(p2) ∈ Z(G).
Proof. The proof is same as that of Lemma 2.20.

⊓⊔
Lemma 2.23 fn(aij) ⊆ Gij , 1 ≤ i ̸= j ≤ 2.

Proof. For any a12 ∈ G12 using Lemma 2.20 and Bm, we have

fn(a12) = fn([[a12, p1], p1]) = [[fn(a12), p1], p1]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a12), fs(p1)], ft(p1)]

= p1fn(a12)p2 + p2fn(a12)p1, (2.10)
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from this we see that p1fn(a12)p1 = p2fn(a12)p2 = 0. Now if a12, b12 ∈ G12,
then [a12, b12] = 0. Thus for any c ∈ G, we have

0 = fn([[a12, b12], c]) = [[fn(a12), b12], c] + [[a12, fn(b12)], c]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a12), fs(b12)], ft(c)].

By applying Bm, i.e.; fm(Uij) ⊆ Gij , 1 ≤ i ̸= j ≤ 2, m < n, we have

[[fn(a12), b12], c] + [[a12, fn(b12)], c] = 0 for all c ∈ G.
Thus, we get

[fn(a12), b12] + [a12, fn(b12)] ∈ Z(G). (2.11)

Since a12 = [p1, a12], we have

[a12, fn(b12)] = [[p1, a12], fn(b12)]

= fn([[p1, a12], b12])− [[fn(p1), a12], b12]− [[p1, fn(a12)], b12]

−
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1), fr(a12)], fs(b12)]

= −[[p1, fn(a12)], b12].

Now, we have

[fn(a12), b12] + [a12, fn(b12)] = [p2fn(a12)p1, b12]− [[p1, fn(a12)], b12]

= 2[p2fn(a12)p1, b12] ∈ Z(G). (2.12)

Applying the same arguments as used in Lemma 2.7, we obtain fn(G12) ⊆
G12.
Similarly, fn(a21) = p2fn(a21)p1 ∈ G21 for each a21 ∈ G21 and therefore
fn(G21) ⊆ G21.

⊓⊔
Lemma 2.24 fn(Gii) ⊆ Gii ⊕ Gjj. There exists a mapping τni : Gii → Z(G)
such that fn(aii)− τni(aii) ∈ Gii for all aii ∈ Gii, where i, j = 1, 2 and i ̸= j.

Proof. First we show the result for i = 1. Since a11p2 = 0 for any a11 ∈ G11

and fn(p2) ∈ Z(G), using induction hypothesis it follows that

0 = fn([[a11, p2], p2])

= [[fn(a11), p2], p2] + [[a11, fn(p2)], p2] + [[a11, p2], fn(p2)]

+
∑

i+j+k=n
0≤i,j,k<n

[[fi(a11), fj(p2)], fk(p2)]

= fn(a11)p2 − p2fn(a11)p2 − p2fn(a11)p2 + p2fn(a11).
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Multiply by p1 from the left to get p1fn(a11)p2 = 0. So, fn(a11) ∈ G11⊕G22.
Similarly we can find the result for i = 2. Thus fn(Gii) ⊆ Gii ⊕ Gjj .
Now we can write fn(a11) = p1fn(a11)p1 + p2fn(a11)p2. Moreover, since
a11a22 = 0 for any a22 ∈ G22 and c ∈ G, it is easy to observe that

0 = fn([[a11, a22], c])=[[fn(a11), a22], c]+[[a11, fn(a22)], c]+[[a11, a22], fn(c)]

+
∑

i+j+k=n
0≤i,j,k<n

[[fi(a11), fj(a22)], fk(c)]

= [[fn(a11), a22], c] + [[a11, fn(a22)], c]

= [[fn(a11), a22] + [a11, fn(a22)], c].

Multiplying by p2 on both the sides we get

0 = p2[[fn(a11), a22] + [a11, fn(a22)], c]p2
= [[p2fn(a11)p2, p2a22p2] + [p2a11p2, p2fn(a22)p2], p2cp2]

= [[p2fn(a11)p2, a22], p2cp2].

This implies that [p2fn(a11)p2, a22] ∈ Z(G22). Hence by assumption (ii),
we get p2fn(a11)p2 ∈ Z(G22). Define τn1 : G11 → Z(G) by τn1(a11) =
η(p2fn(a11)p2) ⊕ p2fn(a11)p2, where η is the map defined in Lemma 1.1.
Thus we get

fn(a11)−τn1(a11) = p1fn(a11)p1+p2fn(a11)p2−η(p2fn(a11)p2)−p2fn(a11)p2
= p1fn(a11)p1 − η(p2fn(a11)p2) ∈ G11.

Similarly, we can define τn2 : G22 → Z(G) by τn2(a22) = p1fn(a22)p1 ⊕
η−1(p1fn(a22)p1). Then

fn(a22)−τn2(a22) = p1fn(a22)p1+p2fn(a22)p2−p1fn(a22)p1−η−1(p1fn(a22)p1)

= p2fn(a22)p2 − η−1(p1fn(a22)p1) ∈ G22.

⊓⊔
Our next goal is to show that fn is additive on G12 and G21.

Lemma 2.25 Let aii ∈ Gii and aij ∈ Gij, 1 ≤ i ̸= j ≤ 2. Then fn(aii +
aij)− fn(aii)− fn(aij) ∈ Z(G).
Proof. For a11 ∈ G11 and a12 ∈ G12, by Lemma 2.20, we find that

fn([[a11 + a12, p1], p1]) = [[fn(a11 + a12), p1], p1] + [[a11 + a12, fn(p1)], p1]

+[[a11 + a12, p1], fn(p1)]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11 + a12), fs(p1)], ft(p1)]

= [[fn(a11 + a12), p1], p1]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11) + fr(a12), fs(p1)], ft(p1)].
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On the other hand, we have

fn([[a11 + a12, p1], p1]) = fn([[a11, p1], p1]) + fn([[a12, p1], p1])

= [[fn(a11), p1], p1] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11), fs(p1)], ft(p1)]

+[[fn(a12), p1], p1] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a12), fs(p1)], ft(p1)].

Combining the above two identities, we get

[[fn(a11 + a12)− fn(a11)− fn(a12), p1], p1] = 0,

that is

0 = p1(fn(a11 + a12)− fn(a11)− fn(a12))p2 (2.13)

+p2(fn(a11 + a12)− fn(a11)− fn(a12))p1.

Now, for any b12 ∈ G12 , by Lemma 2.20 and using Bm, we have

fn([[a11 + a12, b12], p1]) = [[fn(a11 + a12), b12], p1] + [[a11 + a12, fn(b12)], p1]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11 + a12), fs(b12)], ft(p1)]

= [[fn(a11 + a12), b12], p1] + [[a11 + a12, fn(b12)], p1]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11) + fr(a12), fs(b12)], ft(p1)].

On the other hand, we have

fn([[a11 + a12, b12], p1])

= fn([[a11, b12], p1]) + fn([[a12, b12], p1])

= [[fn(a11), b12], p1] + [[a11, fn(b12)], p1] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11), fs(b12)], ft(p1)]

+[[fn(a12), b12], p1] + [[a12, fn(b12)], p1] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a12), fs(b12)], ft(p1)].

Combining the above two identities, we arrive at

[[fn(a11 + a12)− fn(a11)− fn(a12), b12], p1] = 0.

In other words,

(p1(fn(a11 + a12)− fn(a11)− fn(a12))p1)b12 (2.14)

= b12(p2(fn(a11 + a12)− fn(a11)− fn(a12))p2).
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Similarly, for any b21 ∈ G21 one can find that

b21(p1(fn(a11 + a12)− fn(a11)− fn(a12))p1) (2.15)

= (p2(fn(a11 + a12)− fn(a11)− fn(a12))p2)b21

Equations (2.14) and (2.15), together with Lemma 1.1, gives that fn(a11 +
a12) − fn(a11) − fn(a12) ∈ Z(G). Similarly, one can easily prove the other
part.

⊓⊔
Lemma 2.26 fn is additive on G12 and G21.

Proof. Let a12, b12 ∈ G12. By Lemmas 2.20, 2.22 & 2.25, we have

fn(a12 + b12) = fn([[p1 + a12, p2 + b12], p2])

= [[fn(p1 + a12), p2 + b12], p2] + [[p1 + a12, fn(p2 + b12)], p2]

+[[p1 + a12, p2 + b12], fn(p2)]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1 + a12), fs(p2 + b12)], ft(p2)]

= [[fn(p1)+fn(a12), p2+b12], p2]+[[p1+a12, fn(p2)+fn(b12)], p2]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1) + fr(a12), fs(p2) + fs(b12)], ft(p2)].

Since
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1) + fr(a12), fs(p2) + fs(b12)], ft(p2)] = 0, the above

identity gives that fn(a12 + b12) = fn(a12) + fn(b12). Hence fn is additive
on G12. Similarly fn is additive on G21.

⊓⊔
Now for any a ∈ G, define dn(a) = fn(p1ap1) + fn(p1ap2) + fn(p2ap1) +
fn(p2ap2)− τn1(p1ap1)− τn2(p2ap2). By Lemmas 2.23 and 2.24, we have

Lemma 2.27 For aij ∈ Gij, 1 ≤ i ̸= j ≤ 2, we have

(i) dn(aij) ∈ Gij, 1 ≤ i ̸= j ≤ 2,
(ii) dn(a12) = fn(a12) and dn(a21) = fn(a21),
(iii) dn(a11 + a12 + a21 + a22) = dn(a11) + dn(a12) + dn(a21) + dn(a22).

The following lemma immediately follows from Lemma 2.26 and Lemma
2.27.

Lemma 2.28 dn is additive on G12 and G21.

Lemma 2.29 Let aii ∈ Gii, aij ∈ Gij, 1 ≤ i ̸= j ≤ 2. Then

(i) dn(aiibij) =
∑

r+s=n
dr(aii)ds(bij),
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(ii) dn(bijajj) =
∑

r+s=n
dr(aij)ds(bjj).

Proof. By Lemmas 2.22 & 2.27, we have

dn(a11b12) = fn(a11b12) = fn([[a11, b12], p2])

= [[fn(a11), b12], p2] + [[a11, fn(b12)], p2] + [[a11, b12], fn(p2)]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11), fs(b12)], ft(p2)]

= [[fn(a11), b12], p2] + [[a11, fn(b12)], p2]

+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(a11), fs(b12)], ft(p2)].

Here it is to be noted that t runs from 0 and n ∈ N, so using f0(p2) = p2
and induction hypothesis, we have

dn(a11b12) = [[dn(a11), b12], p2] + [[a11, dn(b12)], p2] +
∑

r+s=n
0≤r,s≤n−1

[[dr(a11), ds(b12)], p2]

= dn(a11)b12 + a11dn(b12) +
∑

r+s=n
0≤r,s≤n−1

dr(a11)ds(b12)

=
∑

r+s=n

dr(a11)ds(b12).

Similarly, it is easy to prove the other three identities.
⊓⊔

Lemma 2.30 dn is additive.

Proof. We divide the proof into the following two steps.
Step 1. Let a11, b11 ∈ G11. For any b12 ∈ G12, by Lemma 2.29, we have

dn((a11+b11)b12)=dn(a11+b11)b12+(a11+b11)dn(b12)+
∑

r+s=n
0≤r,s≤n−1

dr(a11+b11)ds(b12).

On the other hand, by Lemmas 2.28 and 2.29, we have

dn((a11 + b11)b12) = dn(a11b12 + b11b12) = dn(a11b12) + dn(b11b12)

= dn(a11)b12 + a11dn(b12) +
∑

r+s=n
0≤r,s≤n−1

dr(a11)ds(b12)

+dn(b11)b12 + b11dn(b12) +
∑

r+s=n
0≤r,s≤n−1

dr(b11)ds(b12).
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Comparing the above two equalities, we get

dn(a11 + b11)b12 = dn(a11)b12 + dn(b11)b12.

This is equivalent to

(dn(a11 + b11)− dn(a11)− dn(b11))b12 = 0.

Since, dn(a11 + b11) − dn(a11) − dn(b11) ∈ G11 and M is a faithful left A-
module, it follows that

dn(a11 + b11) = dn(a11) + dn(b11).

Hence dn is additive on G11.
Similarly, one can prove that dn is additive on G22.

Step 2. Let x = a11 + a12 + a21 + a22, y = b11 + b12 + b21 + b22 be in
G. By Lemmas 2.27, 2.28 and Step 1, we have

dn(x+ y) = dn((a11 + a12 + a21 + a22) + (b11 + b12 + b21 + b22))

= dn(a11 + b11) + dn(a12 + b12) + dn(a21 + b21) + dn(a22 + b22)

= dn(a11) + dn(b11) + dn(a12) + dn(b12) + dn(a21) + dn(b21)

+dn(a22) + dn(b22)

= (dn(a11) + dn(a12) + dn(a21) + dn(a22)) + (dn(b11) + dn(b12)

+dn(b21) + dn(b22))

= dn(a11 + a12 + a21 + a22) + dn(b11 + b12 + b21 + b22)

= dn(x) + dn(y).

⊓⊔

Lemma 2.31 dn is a derivation.

Proof. We divide the proof into the following two steps.
Step 1. Let a11, b11 ∈ G11. For any a12 ∈ G12, by Lemma 2.29, we have

dn(a11b11a12) =
∑

k+t=n

dk(a11b11)dt(a12)

= dn(a11b11)a12 +
∑

k+t=n
t̸=0

dk(a11b11)dt(a12)

= dn(a11b11)a12 +
∑

r+s+t=n
t̸=0

dr(a11)ds(b11)dt(a12).
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On the other hand,

dn(a11b11a12) =
∑

r+k=n

dr(a11)dk(b11a12)

=
∑

r+s+t=n

dr(a11)ds(b11)dt(a12)

=
∑

r+s=n

dr(a11)ds(b11)a12 +
∑

r+s+t=n
t̸=0

dr(a11)ds(b11)dt(a12).

Comparing the above two equalities, we have
(
dn(a11b11)−

∑

r+s=n

dr(a11)ds(b11)
)
a12 = 0.

Since M is a faithful left A-module, we get

dn(a11b11) =
∑

r+s=n

dr(a11)ds(b11).

Similarly, we can calculate

dn(a22b22) =
∑

r+s=n

dr(a22)ds(b22).

Step 2. Let x = a11 + a12 + a21 + a22, y = b11 + b12 + b21 + b22 be in G. On
the one hand, by Lemmas 2.27, 2.29 and Step 1, we have

dn(xy) = dn((a11 + a12 + a21 + a22)(b11 + b12 + b21 + b22))

= dn(a11b11) + dn(a11b12) + dn(a12b21) + dn(a12b22)

+dn(a21b11) + dn(a21b12) + dn(a22b21) + dn(a22b22)

= dn(a11)b11 + a11dn(b11) + dn(a11)b12 + a11dn(b12)

+dn(a12)b21 + a12dn(b21) + dn(a12)b22 + a12dn(b22)

+dn(a21)b11 + a21dn(b11) + dn(a21)b12 + a21dn(b12)

+dn(a22)b21 + a22dn(b21) + dn(a22)b22 + a22dn(b22).

On the other hand, since d(Gij) ⊆ Gij , we have

dn(x)y + xdn(y)

= dn(a11 + a12 + a21 + a22)(b11 + b12 + b21 + b22)

+(a11 + a12 + a21 + a22)dn(b11 + b12 + b21 + b22)

= dn(a11)b11+a11dn(b11)+dn(a11)b12+a11dn(b12)+dn(a12)b21+a12dn(b21)

+dn(a12)b22+a12dn(b22)+dn(a21)b11+a21dn(b11)+dn(a21)a12+a21dn(a12)

+dn(a22)b21 + a22dn(b21) + dn(a22)b22 + a22dn(b22).

Hence, dn(xy) = dn(x)y + xdn(y), i.e., dn is a derivation.
⊓⊔
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Lemma 2.32 For all a ∈ G, there holds p1fn(a)p1+p2fn(a)p2−fn(p1ap1)−
fn(p2ap2) ∈ Z(G).
Proof. Let b12 ∈ G12 and a ∈ G. Since [p1, [b12, a]] = b12p2ap2 − p1ap1b12,
using Lemmas 2.20, 2.26 and induction hypothesis, we get

fn(b12p2ap2 − p1ap1b12)

= fn([p1, [b12, a]])

= [p1, [fn(b12), a]] + [p1, [b12, fn(a)]] +
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1), fs(b12)], ft(a)]

= p1fn(b12)p1ap2 − p1ap1fn(b12)p2 + p2ap2fn(b12)p1 + b12p2fn(a)p2
−p1fn(a)p1b12 − p2fn(b12)p1ap1.

On the other hand, by Lemmas 2.20, 2.26 and using induction hypothesis,
we have

fn(b12p2ap2 − p1ap1b12)

= fn(b12p2ap2)− fn(p1ap1b12)

= fn([[p1, b12], p2ap2])− fn([p1ap1, [p1, b12]])

= [[p1, fn(b12)], p2ap2]+[[p1, b12], fn(p2ap2)]+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1), fs(b12)], ft(p2ap2)]

−[fn(p1ap1), [p1, b12]]−[p1ap1, [p1, fn(b12)]]+
∑

r+s+t=n
0≤r,s,t≤n−1

[[fr(p1ap1), fs(p1)], ft(b12)]

= p1fn(b12)p2ap2 + p2ap2fn(b12)p1 + b12fn(p2ap2)− fn(p2ap2)b12
−fn(p1ap1)b12 + b12fn(p1ap1)− p1ap1fn(b12)p2 − p2fn(b12)p1ap1.

Comparing the above two equalities, we get

(fn(p1ap1)+fn(p2ap2)−p1fn(a)p1)b12=b12(fn(p2ap2)+fn(p1ap1)−p2fn(a)p2).
Since τn1(p1ap1), τn2(p2ap2)∈Z(G), we have

(p1fn(a)p1 − (fn(p1ap1)− τn1(p1ap1))− (fn(p2ap2)− τn2(p2ap2)))b12
= b12(p2fn(a)p2 − (fn(p1ap1)− τn1(p1ap1))− (fn(p2ap2)− τn2(p2ap2))).

Since fn(p1ap1)−τn1(p1ap1)∈G11 and fn(p2ap2)− τn2(p2ap2)∈G22, we get

(p1fn(a)p1−(fn(p1ap1)−τn1(p1ap1)))b12=b12(p2fn(a)p2−(fn(p2ap2)−τn2(p2ap2))).
(2.16)

Similarly, for any b21 ∈ G21 and a ∈ G, one can get

b21(p1fn(a)p1−(fn(p1ap1)−τn1(p1ap1)))=(p2fn(a)p2−(fn(p2ap2)−τn2(p2ap2)))b21.
(2.17)
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From (2.16), (2.17) and using Lemma 1.1, we have

p1fn(a)p1−(fn(p1ap1)−τn1(p1ap1))+p2fn(a)p2−(fn(p2ap2)−τn2(p2ap2))∈Z(G).
Thus, p1fn(a)p1 + p2fn(a)p2 − fn(p1ap1)− fn(p2ap2) ∈ Z(G).

⊓⊔
Lemma 2.33 For all a ∈ G, there holds fn(a) − fn(p1ap1) − fn(p1ap2) −
fn(p2ap1)− fn(p2ap2) ∈ Z(G).
Proof. By Lemmas 2.21 and 2.32, we get

fn(a)− fn(p1ap1)− fn(p1ap2)− fn(p2ap1)− fn(p2ap2)

= p1fn(a)p1 + p1fn(a)p2 + p2fn(a)p1 + p2fn(a)p2
−fn(p1ap1)− fn(p1ap2)− fn(p2ap1)− fn(p2ap2)

= p1fn(a)p1 + p2fn(a)p2 − fn(p1ap1)− fn(p2ap2) ∈ Z(G).
⊓⊔

Lemma 2.34 τ vanishes at second commutator [[a, b], c] for all a, b, c ∈ G.
Proof. By Lemma 2.33 and the definition of dn and τn, we see that τn(a) ∈
Z(G) for all a ∈ G. For any a, b, c ∈ G, since dn is an additive Lie triple
higher derivation, we have

τn([[a, b], c]) = fn([[a, b], c])− dn([[a, b], c])

=
∑

r+s+t=n

([[fr(a), fs(b)], ft(c)])− dn([[a, b], c])

=
∑

r+s+t=n

([[dr(a) + τr(a), ds(b) + τs(b)], dt(c) + τt(c)])

−dn([[a, b], c])
=

∑

r+s+t=n

[[dr(a), ds(b)], dt(c)]− dn([[a, b], c])

= 0.

This completes the proof of the theorem.
⊓⊔
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