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Some Lj-biconservative Lorentzian hypersurfaces in
Minkowski 5-space

Firooz Pashaie

Abstract A Lorentzian hypersurface M} of Minkowski 5 — space (i.e. E), defined by an
isometric immersion x : M — EJ, is said to be Ly-biconservative if the tangent component

of L?x is identically zero, where Lj is the kth extension of Laplace operator A = Lo.
The operator Ly is the linearized operator arisen from the first variation of (k + 1)th
mean curvature vector field on M. This subject is motivated by a well-known conjecture
of Bang-Yen Chen which says that the condition A*x = 0 implies the minimality for
submanifolds of Euclidean spaces. In this paper, we study Lg-biconservative Lorentzian
hypersurfaces of E in four different cases based on the matrix representation forms of the
shape operator. We show that if such a hypersurface has constant mean curvature and at
most two distinet principal curvatures, then its (k + 1)th mean curvature is constant.
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1 Introduction

Let x : M™ — E™*! be an isometric immersion of a hypersurface M™ in the
Euclidean (n 4 1)-space with Laplace operator A, shape operator S asso-
ciated to a chosen unit normal vector field n and ordinary mean curvature
function H. By definition, M™ is said to be harmonic (biharmonic) if x sat-
isfies equation Ax = 0 (A%x = 0, respectively). It is called biconservative
if the tangent component of A%x vanishes identically. A famous equality
due to Beltrami says that Ax = —nHn. Then, the conditions Ax = 0 and
A?x = 0 are equivalent to H = 0 and A(Hn) = 0, respectively. Clearly,
every minimal hypersurface is biharmonic but not vice versa. In this con-
text, a well-known conjecture of Bang-Yen Chen (in 1987) says that each
biharmonic submanifold of a Euclidean space is minimal. In 1992, Dimitri¢
proved that every biharmonic hypersurface in a Euclidean space with at
most two distinct principal curvatures is minimal [5]. Also, Hasanis and
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Vlachos [6] and Defever [4] have proved the Chen conjecture on hypersur-
faces of Euclidean 4-space. In 2007, biharmonic Lorentz hypersurfaces of
Minkowski 4-space have been studied [3]. In 2013, Akutagawa and Maeta
have affirmed the conjecture on some submanifolds of Euclidean spaces [1].

In this paper, we study Lg-biconservative Lorentzian hypersurfaces of
pseudo-Euclidean 5-space E?. The operator Ly, is an extension of the Laplace
operator Ly = A, which stands for the linearized operator of the first varia-
tion of (k4 1)th mean curvature function (see, for instance, [2,7,11,12]). L,
is defined (on M) by Lp(f) = tr(PyoV2f) for any f € C®(M), where P
denotes the kth Newton transformation associated to the second fundamen-
tal from of the hypersurface and V2 is the hessian of f. The hypersurface
x : M{t — E? is said to be Lp-harmonic (Lj-biharmonic) if x satisfies con-
dition Lgx = 0 (Lix = 0, respectively). It is called Ly-biconservative if
the tangent component of Lix vanishes identically. We show that, every
Ly-biconservative Lorentzian hypersurface of E3, with constant kth mean
curvature and some additional conditions on principal curvatures, has con-
stant (k + 1)th mean curvature.

Here, we present the organization of paper. In section 2 we remember
some notations and definitions which will be needed in paper. In section 3,
we illustrate some examples of standard Lj-biconservative Lorentzian hy-
persurfaces of E7 for nonnegative integers k less than 4. In section 4, we
study the Lg-biconservative Lorentzian hypersurfaces with constant mean
curvature and at most two distinct principal curvatures, separately accord-
ing to four possible types I, I'1, I11 and IV. We show that, if a hypersurface
M} of type I has constant mean curvature and at most two distinct princi-
pal curvatures, then it has constant mean curvature (see theorems 4.1, 4.2
and 4.3). In Theorem 4.4, we study Lg-biconservative Lorentzian hypersur-
faces of type I, and we show that if such a hypersurface has at most two
distinct principal curvatures, then it’s (k4 1)th mean curvature is constant.
Theorems 4.5 and 4.6 state the same result on L-biconservative Lorentzian
hypersurfaces Mj of types I11 and IV.

2 Preliminaries

First, we recall some preliminaries from [2,7,8] and [9]-[13]. The 5-dimen-
sional pseudo-Euclidean space, E?, is the Euclidean 5-space endowed with
the Lorentz product defined by

<X,y >i= -1y + 2wy,

for every two vectors x,y € R®. Throughout the paper, we study on every
Lorentzian hypersurface of [E3, defined by an isometric immersion x : M3} —
E}. The symbols V and V stand for the Levi-Civita connection on M and
[E3, respectively. For every tangent vector fields X and Y on M, the Gauss
formula is given by VxY = VxY+ < SX,Y > n, for every X,Y € x(M),
where, n is a (locally) unit normal vector field on M and S is the shape



Some Ly -biconservative Lorentzian hypersurfaces in Minkowski 5-space 3

operator of M relative to n. For each non-zero vector X € E3, the real value
< X, X > may be a negative, zero or positive number and then, the vector
X is said to be time-like, light-like or space-like, respectively. According to
whether the induced metric on a nondegenerate hypersurface M, of index
v in E} is positive definite or indefinite, M is called Riemannian (when
v = 0) or Lorentzian (when v = 1), and therefore every normal vector on
M} is time-like or light-like, respectively.

Definition 2.1 For a 4-dimensional Lorentzian vector space V14, a basis
B := {e1, - ,eq} is said to be orthonormal if it satisfies < e;,e; >= ei5f
for i,j = 1,---,4, where ¢ = —1 and ¢ = 1 for i = 2,3,4. As usual,
&/ stands for the Kronecker function. B is called pseudo-orthonormal if it
satisfies < e1,e1 >=< eg,e3 >=0, < e1,e3 >= —1 and < ¢;,¢; >= 5?, for
1=1,2,3,4 and j = 3,4.

The shape operator of M{ in E?, as a self-adjoint linear map on the
tangent bundle of M, locally can be put into one of four possible canonical
matrix forms, usually denoted by I, I1, IIT and IV (see for instance [8,
13]). In cases I and IV, with respect to an orthonormal basis of the tangent
space of M3, the matrix representation of the induced metric on M; is

-1000

- 0100
G = 0010
0001

and the shape operator of M{ can be put into matrix forms

M0 00 kK A0 O

— 0 X 0 O _ Ak 0 O

Bl— 0 0 Az 0 and B4— 0 0m 0 s (/\#0)
0 0 0 X4 000 n

respectively. For cases Il and III, using a pseudo-orthonormal basis of
the tangent space of M, the induced metric on which has matrix form

0100
_[1000
Gy = 0010
0001

and the shape operator of M can be put into matrix forms

“0 0 0 K 000
1k 0 0 0 K10

BQ—(OO/\lo) and Bs = —“10k0 |
00 0 A 000X

respectively. In case I'V, the matrix B4 has two conjugate complex eigen-
values k & i\, but in other cases the eigenvalues of the shape operator are
real numbers.
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Remark 2.1 In two cases II and III, one can substitute the pseudo-
orthonormal basis B := {ey, ez, e3,e4} by a new orthonormal basis B :=
{€1, €2, €3,e4} where € := %(61 +e9) and €3 := %(el — e3). Therefore, we

obtain new matrix representations By and B; (instead of By and Bg, re-
spectively) as

2
k+1 1 0 0 ko0 o

~ 1 1 ~ V2
-5 k—3 0 0 0 kK —%=0

By = 2 2 and B3 = 2
0 0 X1 O N2 N2 g

2 2

0 0 0 X o o 0

After this changes, to unify the notations we denote the orthonormal basis
by B in all cases.

Notation: According to four possible matrix representations of the shape
operator of M;, we define its principal curvatures, denoted by unified no-
tations k; for i = 1,--- , 4, as follow.

In case I, we put k; := \;, for i = 1,--- .4, where \;’s are the eigenvalues
of B]_ .

In case 11, we take x; := k for i = 1,2, and k; := \;_o, for i = 3,4.

In case 111, the shape operator S has matrix representation B3 and we
take k; ;== k for ¢t = 1,2,3, and k4 := .

Finally, in case IV, S is of form B4 and we put k1 = kK + A, Ko = K — i),
and k; := n;_o, for i = 3,4.

The characteristic polynomial of S on M is of the form Q(t) = [[}_, (t —
Ki) = Z?:O(—l)Jsjt‘l_J, where, so 1= 1, 8; 1= 3 1 .._j <a gy Ky, for
1=1,2,3,4.

For j = 1,---,4, the jth mean curvature H; of M is defined by H; =
é)sj. When H; is identically null, M} is said to be (j — 1)-minimal.
Definition 2.2 (i) A timelike hypersurface x : M{ — E, with diago-
nalizable shape operator, is said to be isoparametric if all of it’s principal
curvatures are constant.

(ii) A timelike hypersurface x : M{ — E}, with non-diagonalizable shape
operator, is said to be isoparametric if the minimal polynomial of it’s shape
operator is constant.

Remark 2.2 Here we remember Theorem 4.10 from [8], which assures us
that there is no isoparametric timelike hypersurface of E with complex
principal curvatures.

The well-known Newton transformations P; : x(M) — x(M) on M{, is
defined by

PO = I, Pj = Sj[—SOPj_l, (] = 1,2,3,4), (21)

where, I is the identity map. Using its explicit formula, Pj="7_ (—1)"s;_;S"
(where S° = I), and the well-known Cayley-Hamilton theorem (which says
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that every operator is annihilated by its characteristic polynomial) we get
Py = 0. Clearly, P; is self-adjoint and it commutes with S (see [2,11]).
Also, we will use the following notation:

[hik = > Ky - s (i=1,2,3,4; 1<k<3).
1<j1 < <jgu <4351 70
(2.2)
Corresponding to four possible matrix forms of S, the Newton transforma-
t.ion P; has different forms. In case I, we have P; = diag[u1,5,- - - , jta;5], for
j=1,2,3.
In case I1, for j = 1,2,3 we have
#1,2;;+(K*%)#1,2u71 *%#1,2;]'71
P](p) _ Sr1o51 B12:5 + (54 $)p121 »
37
Hasj
In case III, P;(p) is of form
wj 4 2ru5_1 + (k2 = Huj_o —duj o — Y2 (uj_q + Kuj_2)
Fuj—2 uj +20uj o1+ (62 + Duje R (g1 + muj2)
)
@(uj71+nujfz) g(uj—l+ﬁuj—2) wj + 2muj_1 + K2uj_o

K45

where uz = us =0,u; =\, up =1 and u_; = u_s = 0. In case IV, we have

KH1,2i5-1 + H1,255 —AR1,255-1
o Al1,2;5-1 K1,2;5-1 + H1,2;5
P = .
H3;5
Ha;j

Fortunately, in all cases we have the following important identities, similar
to those in [2,11].
(1) Sjt1 = Kiftiyj + pijr1, (1 <1 <41<5<3) (2.3)
(49) i1 = Kz + pigie, (1 <i,0 <4, 0 #1) '
(1) tr(Pj) = (n—j)sj = c;H;j
(i) tr(PjoS)=(n—(n—j—1))sj+1=(J+1)sj41 = ¢jHjt1,

where ¢; = (n —j)(7) = (7 + 1)(}11)-

(2.4)

trS* = 4(4HY —3H,),  tr(PjoS%) = (},))[nH1Hj41 — (n—j — 1)Hj o).

(2.5)
The linearized operator of the (j+1)th mean curvature of M, L; : C*°(M) —
C*° (M) is defined by the formula

Li(f) :==tr(P; OVZf),



6 Firooz Pashaie

where, < V2f(X),Y >=< VxV/f,Y > for every X, Y € x(M).

Associated to the orthonormal frame {eg, - - ,e4} of tangent space on M,
for k=0,---,3, Lp(f) has an explicit expression as
Li(f) =Y eipinleieif — Veeif). (2.6)
i=1

For a Lorentzian hypersurface x : M — E}, with a chosen (local) unit
normal vector field n, for an arbitrary vector a € E} we use the decom-

position a = a” + a® where al € TM is the tangential component of a,
a¥ | TM, and we have the following formulae from [2,11].

T

V<x,a>=al, V<na>=-Sa’l.

(2.7)
(Z) ka = Cka+1n,
(i1) Lyn = —(i+1)VHk+1 - (%+1)[4H1Hk+1 — (4 =k — 1)Hppon.

Then, we get

(2.8)

(i) Lin= —6[VHy+2(2H,Hy; — H3)n]

(ii) Lon = —4[VHs + (4H,Hs — Hy)n]

(it4) Lsn=—-VH4y—4HHyn

(iv) L2?x = 24[P,VHy — 9H,V Hy| 4+ 12[Ly Hy — 12H5(2H, Hy — H3)|n
(v)  L3x = 24[PsVHs — 6H3V Hs| + 12[LoHy — 4H3(4Hy Hs — Hy)n
(vi) Lix=—12H,VHy+4(L3Hy — AH,H?)n

(2.9)
Assume that a hypersurface x : M{ — Ef satisfies the condition L?x = 0,

then it is said to be Lg-biharmonic. By equalities (2.9)(iv, v, vi), x : M} —
[ is Lg-biharmonic (for k& = 1,2,3) if and only if it satisfies conditions:

(1) LiHpy1 = <k: N 1>Hk+1(4H1Hk+1 — (4 =k — 1)Hyy2),
(i) Poy1VHiy1 = 3(4 — k)Hp1 VHp.

(2.10)

Also, x : M{ — E3 is said to be Lg-biconservative, if its (k + 1)th mean
curvature satisfies the condition (2.10)(iz).
5
The well-known structure equations on ES are given by dw; = wij Awj,
=1

J
5

wij +wji = 0 and dw;j = Y wi A wyy. Restricted on M, we have ws = 0
=1
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4
and then, 0 = dws = ) ws; A w;. So, by Cartan’s lemma, there exist
i=1
4
functions h;; such that ws; = ) hjjw; and h;; = hj;, which gives the
j=1
second fundamental form of M, as B = )_ h;jw;wjes. The mean curvature
4,
4
H is given by H = i hi;. Therefore, we obtain the structure equations
i=1
on M as follow.
4
dw; = Zwij A wj, wij + wj; = 0, (2.11)
j=1
4 138
dwij = ];wik ANWkj = 5 kgl Rijriwr N wi, (2.12)

for i,j = 1,2,3, and the Gauss equations Rjji; = (hihji — hihji), where
R;j;; denotes the components of the Riemannian curvature tensor of M.
Denoting the covariant derivative of h;; by h;j;, we have

4 4 4
dh;j = Z hijrwi + Z hijwir + Z higwik, (2.13)
k=1 k=1 k=1

and by the Codazzi equation we get
hijie = Nk (2.14)

3 Examples

In this section, we see some examples of Li-biconservative Lorentzian hy-
persurfaces in ES.

Example 3.1 Consider the hypersurface {y = (yi,...,ys) € E}| —y? + 32 +
y3 +y3 = r?} representing S3(r) x E! C E$ (for r > 0) with the Gauss map
n(y) = —%(yl,yg,yg,y4,0). Clearly, it has two distinct constant principal
curvatures K1 = kg = K3 = % and k4 = 0 and constant higher order mean
curvatures Hy = 3r=!, Hy = 2r=2, Hy = 2r=3 and H, = 0.

1
57"
Ezample 3.2 Consider {y = (y1,...,y5) € E3| — v} + v3 + v3 = r?} rep-
resenting the hypersurface S2(r) x E? C E} (for r > 0), with the Gauss
0

map n(y) = —%(yl,yg,yg,O, . It has two distinct principal curvatures
K1 = Ko = % and k3 = k4 = 0 and constant higher order mean curva-
tures H; = %7‘1, Hy = %rﬁ and Hs = Hy = 0.
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Ezample 3.3 Consider the submanifold {y = (y1,...,y5) € L°| —y§ + 33 =
r?} representing the hypersurface Si(r) x E* C E} (for r > 0), with the
Gauss map n(y) = —%(yl,yg,0,0,0). Clearly, it has two distinct principal
curvatures k1 = %, Ko = k3 = kg = 0, and constant higher order mean
curvatures Hy = gr~%, and Hy = H3 = Hy = 0.

Ezample 3.4 Consider the submanifold {y = (y1,...,y5) € ES|y7 + y2 = r?}
denoting the hypersurface E$ x St(r) C L (for r > 0) with the Gauss map
n(y) = —%(O, 0,0,y4,ys5). It has two distinct principal curvatures k1 = kg =

k3 = 0 and kg4 = % and constant higher order mean curvatures H; = 417,
and Hp =0 for k = 2,3, 4.

Ezample 3.5 Consider {y = (y1,..,y5) € E3|y3 + y3 + y2 = r?} defining
the product E2? x S%(r) Cc E} (for » > 0) with the Gauss map n(y) =
—%(O,O,yg,y4,y5). it has two distinct principal curvatures kK1 = ko = 0
and K3 = Kg4 = % and constant higher order mean curvatures H; =
Hy = ¢r~? and Hy =0 for k = 3,4.

o

4 Results

In this section, we prove six theorems on Lj-biconservative connected ori-
entable Lorentzian hypersurface in the Minkowski 5-space with constant
ordinary mean curvature. Theorems 4.1, 4.2 and 4.3 state the case that the
shape operator on hypersurface is diagonalizable. Theorems 4.4, 4.5 and 4.6
are related to the cases that the shape operator on hypersurface is of type
II, II] and IV, respectively.

Theorem 4.1 Let x : M{ — E} be isometric immersion of a Lj-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space E{ having diagonalizable shape opera-
tor. If M{ has a principal curvature of multiplicity four, then it has constant
(k 4+ 1)th mean curvature.

Proof. Considering the open subset U of M as U := {p € M} : VH?_, (p) #
0}, we prove that U is empty. Assuming U # &, we consider {e1, ez, e3,¢e4}
as a local orthonormal frame of principal directions of A on U such that for
1 =1,2,3,4 we have Se; = Ae; and then, for j = 1,2, 3, we have

3 .
g = ()A Hy = . (4.1)
J

By condition (2.10) (i), we have to consider two different cases based on the
choice of the value of k.
Consider the cases k = 1,2. Applying condition (2.10)(i7) on the both

sides of the polar decomposition VHy,1 = Z?:l € < VHyi1,e; > e;, we
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get € < VHpi1,6i > (pig+1 —3(4 —k)Hpy1) =0on U for i =1,2,3,4. If
< VHj,e; ># 0 on U for some i, then we get p; 41 = 3(4—k)Hjy1, which,
using equalities (4.1), gives A**' = 0 and then Hy i = 0 on U, which is a
contradiction. Hence U/ is empty and Hyq is constant on M.
If k = 3, then we have VH? = 0 which, gives Hy is constant on M.
d

Theorem 4.2 Let x : M{ — EJ be isometric immersion of a L-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space Ef having diagonalizable shape opera-
tor with constant ordinary mean curvature. If M} has exactly two principal
curvatures A and 7 of multiplicities 3 and 1 (respectively), then it’s (k+1)th
mean curvature is constant.

Proof. Taking the open set U := {p € M} : VH; ,(p) # 0}, we prove
that it is empty. Assuming U # &, we consider {ej,eq,e3,e4} as a local
orthonormal frame of principal directions of the shape operator A on U
such that Se; = Ae; for i = 1,2,3 and Se, = ney. Therefore, we obtain

1,2 = fi22 =32 =N 420, Ha 2 =32, 13 = fiz 3 = p33 = A2, paz = 33,
4H; = 3\ +1,6Hy = 3\ +n),4Hs = \2(\ 4 3n), Hy = \.
(4.2)

We have to consider three different cases based on the choice of the value
of k.

Case 1: k = 1. In this case, by conditions (2.10)(i¢) we have P,VHy =
9H>V Hs, which, using the polar decomposition VHy = Z?:l €, < VHay, e; >
ei, gives €, < VHa,e; > (pi2 —9H2) =0 on U for i = 1,2,3, 4. Hence, if for
some i we have < VHg,e; ># 0 on U, then we get

Hi2 = 9H2. (43)

By assumption we have VHy # 0 on U, which gives one or both of the
following states.

State 1. < VHa,e; ># 0, for some i € {1,2,3}. Using equalities (4.2),
from (4.3) we obtain A(5n7 4 7A\) = 0. If A = 0 then Hy = 0. Otherwise, we
get A = ng, n= —%Hl and Hy = —%H%.

State 2. < VHsy,e; >= 0, for i € {1,2,3} and < VHy,eq ># 0. By
equalities (4.2) and (4.3), we obtain 3\ = 2(An + A?), which gives A(3n +
A) = 0. If A\ =0 then H, = 0. Otherwise, we have A = 3H;, n = —3H; and
H, = 3H3.

Hence, Hy is constant on M. Case 2: k = 2. In this case we have
P3VHs = 6H3V H3, which, using the polar decomposition VH3z = Z?Zl € <
VHs,e; > e, gives ¢, < VHsz,e; > (3 —6H3) = 0on U for i =1,2,3,4.
Hence, if for some ¢ we have < VHy1,e; >7# 0 on U, then we get

f1i.s = 6Hs. (4.4)
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Now, by definition we have VHs # 0 on U, which gives one or both of the
following states.

State 1. < VHjs,e; ># 0, for some i € {1,2,3}. Using equalities (4.2),
from (4.4) we obtain A\2(7n+ 3\) = 0. If A = 0 then H3 = 0. Otherwise, we
get A= Hy, n=—2H, and H3 = B3H;.

State 2. < VHyiq,e; >= 0, for 7 € {1,2,3} and < VHpiq,eq ># 0.
By equalities (4.2) and (4.4), we obtain 3A* = (A + A?), which gives
A2(Bn—A) = 0. If A = 0 then Hz = 0. Otherwise, we have A = SH,
n= %Hl and H3 = %Hf’

Hence, Hj is constant on M.

Case 3: k = 3. In this case by (2.10)(ii) we have VH3 = 0, which, means
that H4 is constant on M.

O

Theorem 4.3 Let x : M{ — E be isometric immersion of a L-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space E? having constant ordinary mean
curvature and diagonalizable shape operator. If M has two principal cur-
vatures A and 7 both of multiplicity 2, then it is (k + 1)th mean curvature
is constant.

Proof. Taking the open subset U of M as U := {p € M} : VHZ,(p) # 0},
we prove that U is empty. Assuming U # &, we use the local orthonormal
frame {e1, ea, e3,e4} of principal directions of A on U such that Se; = Ae;
for i = 1,2, and Se; = ne; for i = 3,4. Therefore, we obtain

[12=p22 =1 +2\, 32 = a2 = A*+ 2Xn, 2Hy = A+, 6 Hy = A +4 n+1%,

[13 = pog = An%, pzs = paz = A’1, 2Hs = \>n+An?, Hy = \n>
(4.5)

We consider three distinct cases based on the possible values of k.

Case 1: k = 1. By condition (2.10)(i7), we have Po(VHsy) = 9H2V Ho,
which, using the polar decomposition VHs = Z?Zl €; < VHa,e; > e;, gives
€, < VHa,e; > (pi2 —9Hz) = 0 on U for i = 1,2,3,4. Hence, for some i
such that < VHj,e; ># 0 on U, we get

/,Li72 = 9H2 (46)

By definition, we have VHy # 0 on U, which gives one or both of the
following states.
State 1. < VHag, e; ># 0, for some i € {1,2}. Using equalities (4.5), from
(4.6) we obtain 3\24124+8\n = 0, which gives = co\ where ¢g := —4++/13.
Then, we have:

2 200

260
H n =
1 + Co b

(1 + 60)2

A= YH?. (4.7)

10
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State 2. < VHj,e; >= 0 for i € {1,2}, and < VHy,e; >%# 0 for some
j € {3,4}. By equalities (4.5) and (4.6), we obtain 3A* = 5(Ax -+ A?), which
gives A = con where ¢y := —4 £ +/13. Then, we have:

2¢o 2 2 2¢q

Hy, n=—H, Hy=-(14+ —2 _
Thteg b Ui 1, 112 ( +(1+00)2

A=
1+Co 3

YH?. (4.8)

Hence, H, is constant on M.

Case 2: k = 2. By condition (2.10)(i7), we have P3(VHsy) = 6H3V Hs,
which, using the polar decomposition VHs = Z?Zl €; < VHs,e; > e;, gives
€; < VHs,e; > (puig —9Hs) = 0 on U for i = 1,2,3,4. Hence, for some i
such that < VHs,e; ># 0 on U, we get

Hi3 = 6H3 (49)

By definition, we have VHs # 0 on U, which gives one or both of the
following states.

State 1. < VHs,e; ># 0, for some i € {1,2}. Using equalities (4.5), from
(4.9) we obtain An(3A + 2n) = 0. If Ayp = 0, then Hs = 0 and it remains
nothing to prove. If An # 0, then we get n = —%)\, which gives

A= —4H,, n=6H,, Hs;=—24H3}. (4.10)

State 2. < VHs,e; >= 0 for ¢ € {1,2}, and < VH;s,e; >%# 0 for some
Jj € {3,4}. By equalities (4.5) and (4.9), we obtain nA(3n + 2X) = 0. If
An = 0, then Hs = 0 and it remains nothing to prove. If An # 0, then we
get A = —%77, which gives

A\=6H,, n=—4H,, Hs= —24H3}. (4.11)

Hence, Hj is constant on M.
Case 3: k = 3. In this case by (2.10)(ii) we have VH3 = 0, which, means
that Hy is constant on M.
d

Theorem 4.4 Let x : M{ — E} be isometric immersion of a Lj-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space E} having shape operator of type I1.
If M} has at most two distinct principal curvatures and constant ordinary
mean curvature, then it’s (k + 1)th mean curvature is constant.

Proof. We suppose that, a Lorentzian hypersurface z : M} — E? be Lj-
biharmonic with shape operator of type II, which has constant kth mean
curvature and at most two distinct principal curvatures. First, we show
that Hy,, is constant on M{. Defining the open subset U = {p € M :
VH3(p) # 0}, we assume U # (). By the assumption, with respect to a

suitable (local) orthonormal tangent frame {ej,---,es} on M, the shape

operator S has the matrix form Bs, such that Se; = (k + %)61 — %62,

11



12 Firooz Pashaie

Sey = %61 + (k — %)627 Ses = Aeg and Sey = Aey, and then, we have
Prer = [A2 +2(k — $)Aer + 2Xea, Prey = —Aer + [A? + 2(k + 3)A]e2, and
Pres = (K% + 2k\)e3 and Prey = (K2 + 26))ey.

4
Using the polar decomposition VHy 1 = > €¢;(Hg11)e;, from condition
i=1
(2.10)(i%) we have Py 1 VHg 1 = 3(4—k)Hp, 1 VHyq for k =1,2,3, which
gives

) 1 1
(4)[p1, 25k 41K — 5)#1,2;1@ —3(4—k)Hpq1)eren(Hyq1) = SH 25k€2€2 (Hi41)

.. 1 1
(i1) [po1 25k 1K+ 5)/11,2;k —3(4—k)Hp11)esea(Hpp1) = —gHzkeLer (Hi+1),

(494) (3;6+1—3(4 — k) Hgy1)eses(Hyy1) = 0,
(1) (paze+1—3(4 — k) Hiy1)esea(Hiy1) = 0.
(4.12)

Now, we prove some simple claims.

Claim: €1 (Hk+1) = 62(Hk+1) = 63(Hk+1) = 64(Hk+1) =0.
If e1(Hyy1) # 0, then by dividing both sides of equalities (4.12)(i) and
(4.12)(i3) by ere1(Hy41) we get

. 1 1
(1) p12k41 + (K — )12 — 34— k) Hpyy = S H1, 25k

2 (4.13)
. 1 1
(i) [mgmrr + (54 S gw = 3(4 = k) HypaJu = =51 241
where u 1= % By substituting (i) in (ii), we obtain pq 2.5 (1+u)? =

0, then gy 2. = 0 or u = —1. If iy 5. = 0, then, we have (i))\k = 0 which
gives (kil))\k“ =0,50 Hpy1 = 0. If 11 2. # 0, we get u = —1, which gives
p1,2:k+1 + K12 = 3(4—k)Hj41. We continue the proof separately in three
distinct cases based on the possible values of k.

Case 1: k = 1. In this case we get 352 4+ A2 + 8x\ = 0. Since 2H; = Kk + A
is assumed to be constant on M, by substituting which in the last equality,
we get A2 — Hi\ — 3H? = 0, which means that, A\, x and the jth mean
curvatures (for j = 2,3,4) are constant on M. So, we got a contradiction
and therefore, the first part of the claim is proved.

Case 2: k = 2. In this case we get kA(3k + 2X) = 0. Since 2H; = kK + A is
assumed to be constant on M, by substituting which in the last equality,
we get k(4H; + k)(2H; — k) = 0, which means that, A\, x and the jth mean
curvatures (for j = 2,3,4) are constant on M. So, we got a contradiction
and therefore, the first part of the claim is proved.

Case 3: k = 3. In this case, since Py = 0, we get VH? = 0. So Hy is
constant on M. Hence, the first part of the claim is affirmed.

12



Some Ly -biconservative Lorentzian hypersurfaces in Minkowski 5-space 13

By a similar manner, each of assumptions e;(Hy1) # 0 for ¢ = 2,3,4,
gives the equality g1 9541 + K125 = 3(4 — k)Hj41, which implies a con-
tradiction. So, the claim is confirmed. By assumption H; is assumed to be
constant and by the first stage, it is proved that Hy, is constant.

O

Theorem 4.5 Let x : M{ — E be isometric immersion of a Lj-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space E3 having shape operator of type IT1. If
M has constant ordinary mean curvature, then it’s (k-+1)th mean curvature
is constant.

Proof. Similar to proof of Theorem 4.4, we assume that Hyy; is non-constant
and considering the open subset U, we prove that &/ = ). Similarly, we get
the conditions

. 1 1
(z)(uk+1 —I—2/~€uk+(/§2 — *)uk,1 —3(4—k)Hk+1)6161 (Hk+1) — —Uk_1€2€2 (Hk-',-l)
2 2

2
= T(Hk + Kugp_1)eses(Hy41),

a1 1
(zz)iuk_lqel(HkH)—b—(ukH +2Iiuk+(:‘i2 — §)uk_1—3(4—k‘)Hk+1)€262 (Hpi1)

V2
= ———(ug + Kug_1)eses(Hr11),

2
(uz)?(uk + kug—1)(e1e1(Hgy1) + €aea(Hir1))
= —(upg1 + 2kup, + K2up_1 — 3(4 — k) Hyy1)eses(Hyp1),

(1) (a1 — 3(4 — k) Hyp1)€sea(Hr 1) = 0.
(4.14)

Now, we prove that Hy,; is constant .

Claim: e1(Hp41) = e2(Hpq1) = e3(Hyq1) = ea(Hpq1) = 0.
If e;(Hyk11) # 0, then by dividing both sides of equalities (4.14)(i, i3, 4i7)
by e1e1(Hg11), and using the identity 2Hy = 2 + kA in type I1I, putting

13



14 Firooz Pashaie

e2e2(Hp41)
ere1 (Hry1)

eses(Hyy1)

and wq 1= crer (M)’

wy = we get

. 1 1
(i) ups1 + 2Kup + (K2 — §)uk,1 —3(4—k)Hpyq — 3 Uk-1W1

= T(Uk + Hukq)wz,

.1 1
(”)§Uk_1 + (upyr + 26uy + (K2 + 5)1%_1 —3(4 —k)Hpq1)wy

= ——(up + Kug_1)wa,

2
V2 2
(zzz)T(uk+nuk,1)(1+w1)+(ukﬂ +2kup + K ug—1— 3(4—k)Hgy1)wa =0,
(4.15)
which, by comparing (i) and (iz), gives
[Uk+1 + 2Kuy + Iﬁ2uk,1 — 3(4 — /{Z)H;H_l](l + wl) = 0. (4.16)

We continue the proof of the first part of the claim (i. e. e;(Hg41) = 0)
separately in three distinct cases based on the possible values of k.
Case 1: k = 1. In this case, from (4.16), we get k(5 + 7k)(1 + wy) = 0.

If Kk =0, then Hy = 0. Assuming x # 0, we get w; = —1 or A\ = —%/{.
If wy # —1, then A = —Zx and then by (4.16) and (4.15)(iii) we obtain
wy = —1, which is a contradiction. Hence we have wy; = —1, which by

(4.15)(4,49i) implies we = 0 and then A\ = —%n. Since 4H; = 3k + A is
assumed to be constant on M, then 4H; = %n is constant, which means
that, A,  and the jth mean curvatures (for j = 2,3,4) are constant on
M. So, we got a contradiction and therefore, the first part of the claim is
proved.

Case 2: k = 2. In this case, from (4.16), we get x2(7\ + 3k)(1 + wy) = 0.
If Kk =0, then Hy = 0. Assuming x # 0, we get w; = —1 or A\ = —%I{.
If wy # —1, then A\ = —2x and then by (4.16) and (4.15)(iii) we obtain

wy; = —1, which is a contradiction. Hence we have w; = —1, which by
(4.15)(i, iii) implies wp = 0 and then A = —2k. Since 4H; = 3k + A is
assumed to be constant on M, then 4H; = 1—78/i is constant, which means

that, A, x and the jth mean curvatures (for j = 2,3,4) are constant on
M. So, we got a contradiction and therefore, the first part of the claim is
proved.

Case 3: k = 3. In this case, since Py = 0, we get VH? = 0. So Hy is
constant on M. Hence, the first part of the claim is affirmed.

By a similar manner, each of assumptions e;(Hy1) # 0 for ¢ = 2,3,4,
gives a contradiction. So, the claim is confirmed. By assumption H; is as-
sumed to be constant and by the first stage, it is proved that Hy,; is
constant.

O
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Theorem 4.6 Let z : M{ — E} be isometric immersion of a L-biconserv-
ative orientable Lorentzian hypersurface (for a positive integer number k <
4) in the Lorentz-Minkowski 5-space E having shape operator of type IV . If
M has at most two distinct non-zero principal curvatures, then it’s (k+1)th
mean curvature is constant and also, M7 is isoparametric.

Proof. Suppose that, Hi,1 be non-constant. Considering the open subset
U={peM: VH,fH(p) # 0}, we try to show U = (). By assumption, the
shape operator S of My is of type IV with at most two distinct nonzero
eigenvalue functions, then, with respect to a suitable (local) orthonormal
tangent frame {ej,---,eq} on M, the shape operator S has the matrix
form By, such that Se; = —MAey, Ses = Aey, Se3 = Seqy = 0 and then,
we have Poe; = Pyey = 0, Pyes = Ae3 and Pyey = A2ey. Using the polar
4

decomposition VHy = ) €e;(Haz)e;, from condition (2.10(ii)) we get
i=1

(Z) 9H26161(H2) = 0, (ZZ) 9H2€262(H2) = 0,

4.17
(ZZZ) ()\2 - 9H2)63€3(H2) == 0, (’L?}) (/\2 - 9H2)64€4(H2) = 0, ( )

which gives e1(Ha) = ea(Hz) = e3(Hsz) = eq(Hs) = 0.

Then, 6Hy = \? is constant and M7 is a timelike isoparametric hypersurface

of E3.

d
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