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On equality of coset preserving subcentral automorphisms

Parisa Seifizadeh · AmirAli Farokhniaee

Abstract Let G be a finite non-abelian p-group, where p is a prime and M and N are two subcentral
characteristic subgroups of G. An automorphism α of G is called subcentral automorphism if, for all
g ∈ G, g−1α(g) ∈ M and for all n ∈ N, n−1α(n) = 1. Let AutMN (G), CAutMN (G)(Z(G)) and AutG

′
N (G)

denote, respectively, the group of all subcentral automorphisms of G, the group of all subcentral
automorphisms of G fixing the center of G, elementwise, and the group of all derival automorphisms
of G fixing the elements of N. In this study, we present necessary and sufficient conditions on a
finite p-group, G, such that AutMN (G) = CAutMN (G)(Z(G)) and AutMN (G) = AutG

′
N (G). Moreover, we

investigate the necessary and sufficient conditions for the equality of inner automorphisms and the
group of subcentral automorphisms that fix the center and the Frattini subgroup of, G, element wise.

Keywords subcentral automorphism · subcentral autocommutator subgroup · inner automorphism ·
finite p-group · torsion-free group
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1 Introduction

In this paper, p denotes a prime number. Let G be a finite group. We denote by
G

′
, Z(G), Aut(G), Inn(G) and exp(G), respectively, the commutator subgroup,

the center, the group of all automorphisms, the inner automorphisms of G and the
exponent of G. For any group H and an abelian group L, Hom(H,L) denotes the
group of all homomorphisms from H to L. For any group G, Hegarty [6] gave the
following definitions of Z(G) and G

′
:

Z(G) = {g ∈ G | α(g) = g, ∀α ∈ Inn(G)},
G

′
= ⟨g ∈ G | α(g) = g, ∀α ∈ Inn(G)⟩;

similarly, he defined the subgroups L(G) and G∗ of G as follows:

L(G) = {g ∈ G | α(g) = g, ∀α ∈ Aut(G)},
G∗ = ⟨g ∈ G | α(g) = g, ∀α ∈ Aut(G)⟩.
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2 Parisa Seifizadeh, AmirAli Farokhniaee

He called L(G) the absolute center of G and G∗ the autocommutator subgroup of
G. Note that L(G) ≤ Z(G) and G

′ ≤ G∗. An automorphism α of G is called a
central automorphism if [x,α] = x−1α(x) ∈ Z(G), for each x ∈ G. The central au-
tomorphisms of G, denoted by AutZ(G)(G) fix G

′
elementwise and form a normal

subgroup of the full automorphism group of G. Franciosi et al., [5] showed that if
Z(G) is torsion-free and Z(G)/G

′ ∩Z(G) is torsion, then AutZ(G)(G) acts trivially
on Z(G). Let M and N be two subcentral characteristic subgroups of G. An auto-
morphism α of G is called a subcentral automorphism if [x,α] = x−1α(x)∈ M, for
each x ∈ G, and [n,α] = n−1α(n) = 1, for each n ∈ N. Then AutMN (G) is the group
of all such automorphisms of G.
In this paper, we state some new definitions and show that if M is torsion-free and
M/M∩Z(G) is torsion, then AutMN (G) acts trivially on M and AutMN (G) is a torsion-
free abelian group, presented in section 2. Shabani Attar [7] gave necessary and
sufficient conditions for any non-abelian finite p-group such that AutZ(G)(G) =
CAutZ(G)(G)(Z(G)), where CAutZ(G)(G)(Z(G)) is the set of all central automorphisms
α of G that fix the center of G, elementwise. As one of the main results of this
study, we find necessary and sufficient conditions on G, such that AutMN (G) is equal
to CAutMN (G)(Z(G)), where CAutMN (G)(Z(G)) is the group of all subcentral automor-
phisms of G that fix the center of G, elementwise. We also find necessary and suf-
ficient conditions on the finite p-group, G, such that the subcentral automorphisms
of G is equal to the derival automorphisms of G fixing the elements of N, where
AutG

′
N (G) is the group of all such automorphisms. These results are presented in

section 3. According to the definition of the subcentral autocommutator subgroup
that we present in Section 2, we denote the group of all subcentral autocommu-
tator automorphisms α of G, by IK(G). Here, α is called an IK-automorphism
if [g,α] = g−1α(g) ∈ K, where K is subcentral autocommutator subgroup of G.
Continuing on section 3, as another main result, we present necessary and suffi-
cient conditions on the finite p-group, G, such that the subcentral autocommutator
automorphisms of G fixing the center and the Frattini subgroup of G, elementwise,
are equal to the inner automorphisms of G. In other words, we find the conditions
under which IK(G)Z(G) = Inn(G) and IK(G)Φ(G) = Inn(G). Our results also in-
clude the relationship between the order of IKZ(G)(G) and the order of K.

Throughout this paper, we utilize the following well-known lemmas:

Lemma 1.1 ([1, Lemma 2.2]) Let A, B and C be abelian groups.

(i) Hom(A,B×C)∼= Hom(A,B)×Hom(A,C),

(ii) Hom(A×B,C)∼= Hom(A,C)×Hom(B,C),

(iii) Hom(Cm,Cn)∼=Cd , where d = gcd(m,n).
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On equality of coset preserving subcentral automorphisms 3

A non-abelian group G is called purely non-abelian if it has no nontrivial abelian
direct factor.

Lemma 1.2 ([3, Lemma1.2]) Let G be a purely non-abelian finite group such that
M ≤ Z(G) and N are two normal subgroups of G, then AutMN (G)∼=Hom(G/N,M).

Lemma 1.3 (See [2, Lemma 3]) Let G be any group, and let Y be a central sub-
group of G contained in a normal subgroup X of G. Then the group of all au-
tomorphisms of G that induce the identity on both X and G/Y is isomorphic to
Hom(G/X ,Y ).

Lemma 1.4 ([4, Lemma E]) Suppose H is an abelian p-group of exponent pc,
and L is cyclic group of order divisible by pc. Then Hom(H,L) is isomorphic to H.

2 Preliminaries

Let M and N be two normal subgroups of G. By AutM(G), we mean the sub-
group of Aut(G) consisting of all the automorphisms which centralize G/M, and
by AutN(G), we mean the subgroup of Aut(G) consisting of all the automorphisms
which centralize N. From now on, M and N will be two subcentral characteristic
subgroups of G. We denote AutM(G)∩AutN(G) by AutMN (G) and AutMN (G) will
be called subcentral automorphisms of G which preserve the elements of N. It can
be seen that AutMN (G) is a normal subgroup of AutZ(G)(G).

Definition 2.1 Let M and N be two subcentral characteristic subgroups of G, then
we define

Aut∗(G) = {α ∈ AutNM(G) : αβ = βα,∀β ∈ AutMN (G)}.

Clearly Aut∗(G) is a normal subgroup of Aut(G).

Now if M = Z(G) and N = G
′
, we have Aut∗(G) = {α ∈ AutZG

′
(G) : αβ =

βα,∀β ∈ AutZ
G′ (G)}. So AutZ

G′ (G),AutZG
′
(G) and Inn(G) are normal subgroups

of Aut∗(G). Also since AutZZ(G) is an abelian group, then AutZZ(G)≤ Aut∗(G).

Definition 2.2 Suppose G be a group. Then we define

K∗ = ⟨[g,α] : g ∈ G,α ∈ Aut∗(G)⟩, where [g,α] = g−1gα = g−1α(g).

It is easy to check that K∗ is a characteristic subgroup of G.

The following proposition shows that each element K∗ is invariant under the
natural action of AutMN (G).

Proposition 2.3 AutMN (G) acts trivially on K∗.
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Proof. Take an automorphism α ∈ AutMN (G). This implies x−1α(x) ∈ M for all
x ∈ G. Therefore α(x) = xm for some m ∈ M. Let β ∈ Aut∗(G). By definition of
Aut∗(G) we have

α([x,β ]) = α(x−1β (x)) = (α(x))−1β (α(x)))

= m−1x−1β (xm)

= m−1x−1β (x)m = x−1β (x) = [x,β ].

Hence the result follows.
⊓⊔

Definition 2.4 Let E∗ be a normal subgroup of Aut(G) contained in Aut∗(G) then
we define

K = ⟨[g,α] | g ∈ G,α ∈ E∗⟩.
Clearly K ≤ N ≤ Z(G) and K ≤ G∗. K will be called subcentral autocommutator
subgroup of G (with respect to subcentral subgroup N). In particular, when E∗ =
Inn(G), we have K = G

′
. K is a subgroup of K∗ which is obtained in the above

manner for a corresponding E∗. It is easy to see that K is a characteristic subgroup
of G and hence it is a normal subgroup of G.

Proposition 2.5 Let G be a group with M torsion-free and M/M ∩N is torsion.
Then AutMN (G) is a torsion-free abelian group which acts trivially on M.

Proof. Let α ∈ AutMN (G). If x is an element of M, then by the hypothesis, xn ∈ N
for some positive integer n.we have xn=α(xn)=(α(x))n, and hence x−n(α(x))n=
1. Since x−1α(x) ∈ M ≤ Z(G), this implies (x−1α(x))n = 1. As M is torsion-free,
this implies that x−1α(x) = 1 i.e., α(x) = x. Therefore, AutMN (G) acts trivially on
M.
Also since AutMN (G) acts trivially on M, we have AutMN (G) is abelian, let α,β ∈
AutMN (G) and x ∈ G. Thus

αβ (x) = α(β (x)) = α(xx−1β (x)) = α(x)α(x−1β (x))
= xx−1α(x)x−1β (x)
= β (x)x−1α(x).

Now, consider α ∈ AutMN (G) and suppose there exists positive integer m such that
αm = {I}. Since x−1α(x)∈M for all x∈G, there exists g∈M such that α(x) = xg.
Further, α2(x) = α(α(x)) = α(xg) = α(x)α(g) = xg2 (because α acts trivially on
M). Hence, by induction, αn(x) = xgn. But αm = {I} implies x = xgm, i.e., gm = 1.
As M is torsion-free, we must have g = 1. Thus α(x) = x, for each x, i.e., α = {I}.
Therefore, AutMN (G) is torsion-free, and so the theorem follows.

⊓⊔
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Remark 2.1 Let G be a non-abelian finite p-group of class 2 and let α ∈ AutMN (G)
and pn = exp(M). Since g−1α(g) ∈ M, α(g) = gm for m ∈ M, thus

α(gpn
) = gpn

mpn
[g,m]

(pn

2

)
.

Now since M ≤ Z(G), [g,m] = 1. Also mpn
= 1. Therefore, α(gpn

) = gpn
for every

g ∈ G.

3 Main results

In this section we study the equalities of subcentral automorphisms of the group G,
and the results follow. First, we find necessary and sufficient conditions on G such
that AutMN (G) =CAutMN (G)(Z(G)), where CAutMN (G)(Z(G)) is the group of subcentral
automorphisms of G that fix Z(G), elementwise.

Theorem 3.1 Let G be a non-abelian finite p-group such that M ≤ N. If G/K
is abelian, then AutMN (G) = CAutMN (G)(Z(G)) if and only if Z(G) ⊆ NGpn

, where
pn = exp(M).

Proof. Suppose Z(G)⊆ NGpn
, where pn = exp(M). We know

CAutMN (G)(Z(G))≤ AutMN (G).

Now assume that σ ∈ AutMN (G), and x ∈ Z(G). We can write x = bgpn
for some

b ∈ N, and g ∈ G. One can easily check that G is nilpotent of class 2, as G/K is
abelian, it implies that G

′ ≤ K ≤ N ≤ Z(G). Now according to the Remark 2.1,
σ(gpn

) = gpn
and σ(b) = b. Hence, σ(x) = x and so σ ∈ CAutMN (G)(Z(G)). This

shows that AutMN (G)≤CAutMN (G)(Z(G)) and whence AutMN (G) =CAutMN (G)(Z(G)).

To prove the converse, assume that AutMN (G) = CAutMN (G)(Z(G)) and Z(G) is not

a subset of NGpn
. Thus exists x ∈ Z(G), which is not in NGpn

. Since G/N is an
abelian group. Let

G/N = ⟨x1N⟩ ×...× ⟨xkN⟩,

where x1,x2, ...,xk ∈ G, Therefore, xN = xpt1
1 N...xptk

k N for some t1, t2, ..., tk. Since

x /∈ NGpn
, then xpti

i /∈ Gpn
, and so pti < pn for some i. Now select m ∈ M where,

o(m) = min(pn,o(xi)N), and define f : G/N → M by xiN 7→ m and x jN 7→ 1, for
i ̸= j. Then f can be considered as a homomorphism. Now, consider the map
σ f : G → G defined by σ f (a) = a f (aN). Clearly, σ f is an endomorphism of G.
Now suppose that g ∈ Ker(σ f ). Then f (gN) = g−1. Also σ f acts trivially on ele-
ments of N, so we can write g−1 = σ f (g−1) = g−1 f (g−1N) = g−1g = 1. There-
fore, g = 1. This shows that σ f is one-to-one, and since G is finite, one can
see that the homomorphism σ f is a bijection. Hence, σ f ∈ AutMN (G). Moreover,
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f (xN) = f (xpt1
1 N...xptk

k N) and so f (xN) = f (xpti
i N) = mpti . Since, pti < pn, there-

fore, mpti is a non-trivial element of M. Hence, σ f /∈ CAutMN (G)(Z(G)), which is a
contradiction.

⊓⊔
Here, we investigate the conditions when the subcentral automorphism and the

group of derival automorphisms which fix N, elementwise, are equal.

Let G be a non-abelian finite p-group. If G/K is abelian, then G
′ ≤ K ≤ N, so

we can write

G/N =Cpa1 ×Cpa2 × ...×Cpal ,

where Cpai is a cyclic group of order pai , 1 ≤ i ≤ l, and ai ≥ ai+1 ≥ 1. Let G
′ ≤ M

and let

G
′
=Cpb1 ×Cpb2 × ...×Cpbk

and

M =Cpc1 ×Cpc2 × ...×Cpcm

be the cyclic decompositions of the corresponding abelian group, where bi ≥
bi+1 ≥ 1 and ci ≥ ci+1 ≥ 1. Since G′ ≤ M, we have k ≤ m and b j ≤ c j, for all
1 ≤ j ≤ k. Keeping fixed the above notation, we prove the following theorem:

Theorem 3.2 Let G be a purely non-abelian finite p-group such that G/K is abelian,

then AutMN (G) = AutG
′

N (G) if and only if G
′
= M or G

′
< M, k = m, and a1 = bs,

where s is the largest integer between 1 and k such that bs < cs.

Proof. Observe that if AutMN (G) =AutG
′

N (G). Then, for any commutator [x,y]∈G
′
,

we have [x,y] = x−1Iy(x)∈ M, where Iy(x) is the inner automorphism of G induced
by y (as every inner automorphism of G fixes the center of G elementwise and
N ≤ Z(G)). Thus G

′ ≤ M. We cliame that k = m, and a1 ≤ bs, where s is the
largest integer between 1 and k such that bs < cs. As G/K is abelian, we have

G′ ≤ K ≤ N. Now using Lemma 1.2, AutG
′

N (G)∼= Hom(G/N,G
′
) and AutMN (G)∼=

Hom(G/N,M).

Therefore |AutG
′

N (G)| = |Hom(G/N,G
′
)| and |AutMN (G)| = |Hom(G/N,M)|. By

Lemma 1.1 we have

|Hom(G/N),G
′
)|= ∏

1≤i≤l,1≤ j≤k
pmin{ai,b j}

and

|Hom(G/N,M)|= ∏
1≤i≤l,1≤ j≤m

pmin{ai,c j}.
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On equality of coset preserving subcentral automorphisms 7

First, suppose that AutMN (G) = AutG
′

N (G) and G
′
<M. Then

|Hom(G/N),G
′
)|= |Hom(G/Z(G),M)|,

so we have k ≤ m, and b j ≤ c j, for every j, 1 ≤ j ≤ k, therefore min{ai,b j} ≤
min{ai,c j} for all i, 1 ≤ i ≤ l and for all j, 1 ≤ j ≤ k, if k < m, then
|Hom(G/Z(G),G

′
)|< |Hom(G/Z(G),M|, which is not true.

Thus k=m and min{ai,b j}=min{ai,c j}, for all i, 1≤ i≤ l and for all j, 1≤ j ≤ k.
Since G

′
< M, there exists some j between 1 and k such that b j < c j. Let s be

the largest integer between 1 and k such that bs < cs. Now suppose, for a con-
tradiction, that bs < a1. Thus bs = min{ai,bs} = min{ai,cs}, which is impos-
sible. Therefore, a1 ≤ bs. Since G′ ≤ Z(G), so G is nilpotent of class 2, thus
b1 = exp(G′) = exp(G/Z(G)) = a1. Hence a1 ≤ bs ≤ bs−1 ≤ ... ≤ b1 = a1, thus
a1 = bs.
Conversely, if G

′
= M, then AutMN (G) = AutG

′
N (G). Suppose that G

′
< M, k = m

and a1 = bs, where s is the largest integer between 1 and k such that bs < cs.
Since G is purely non-abelian by applying Lemma 1.2 and Lemma 1.1 we have

|AutMN (G)|= |Hom(G/N,M)|= ∏
1≤i≤l,1≤ j≤m

pmin{ai,c j}

and

|AutG
′

N (G)|= |Hom(G/N,G
′
)|= ∏

1≤i≤l,1≤ j≤k
pmin{ai,b j}.

Since a1 = bs, thus

1 ≤ al ≤ ...≤ a2 ≤ a1 = bs ≤ bs−1 ≤ ...≤ b2 ≤ b1

Therefore ai ≤ b j ≤ c j, for all 1 ≤ i ≤ l and 1 ≤ j ≤ s, whence min{ai,b j}= ai =
min{ai,c j}, for all 1 ≤ i ≤ l and 1 ≤ j ≤ s. On the other hand c j = b j, for all j> s,
so we have min{ai,b j} = ai = min{ai,c j}, for all 1 ≤ i ≤ l and s+ 1 ≤ j ≤ k.

Thus |AutMN (G)|= |AutG
′

N (G)|. Hence AutG
′

N (G) = AutMN (G), because AutG
′

N (G) is
a subgroup of AutMN (G). The proof of the theorem is complete.

⊓⊔

Suppose that G be a finite non-abelian p-group, M = L(G), N = Z(G) and
E∗ = Inn(G). Then G′ = K, so we have G

′ ≤ Z(G). Since L(G) ≤ Z(G) and
G′ ≤ Z(G), applying Lemma 1.3 and the above theorem, we can conclude the
following corollary.

Corollary 3.3 Let G be a finite non-abelian p-group and exp(L(G)) = p. Then

AutG
′

Z(G)(G) = AutL(G)
Z(G)

(G) if and only if G
′
= L(G).
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We recall that Shabani Attar [8] has found necessary and sufficient conditions
for any non-abelian finite p-group of class 2 such that IA(G) = Inn(G), where
IA(G) is the set all automorphisms α of G which [x,α] ∈ G

′
.

Let M=K. An automorphism α of the group G is an IK-automorphism if x−1α(x)=
[x,α] ∈ K, for any x ∈ G. We denote by IK(G) the set of all such automorphisms
of G. We know that K ≤ N ≤ Z(G), so by using Lemma 1.2, we have IK(G) ∼=
Hom(G/N,K). If N = Z(G), then IKZ(G)(G) is the group of all IK- automorphisms
that fix the center of G, elementwise. Now we obtain necessary and sufficient con-
ditions on the finite p-group G such that IKZ(G) = Inn(G).

Theorem 3.4 Let G be a finite non-anelian p-group. If G/K is abelian, then
IKZ(G)(G) = Inn(G) if and only if K is cyclic.

Proof. Suppose that IKZ(G)(G) = Inn(G) = G/Z(G), using Lemma 1.3, we have
|Hom(G/Z(G),K)| = |G/Z(G)|. Now we show that K is cyclic. Assume contrar-
ily that K is not cyclic and exp(K) = pe, then K = Cpe ×N where Cpe is cyclic
subgroup of K and H is a nontrivial proper subgroup of K. We have

|G/Z(G)|= |Hom(G/Z(G),K)|
= |Hom(G/Z(G),Cpe ×H)|
= |Hom(G/Z(G),Cpe)||Hom(G/Z(G),H)|.

As G
′ ≤ K ≤ Z(G), so G is nilpotent of class 2, and exp(G/Z(G)) = exp(G

′
). Now

by Lemma 1.4:

|Hom(G/Z(G),Cpe)|= |G/Z(G)|.
Therefore

|G/Z(G)|= |Hom(G/Z(G),K)|= |G/Z(G)||Hom(G/Z(G),H)|,
which is a contradiction. Hence K is cyclic. Conversely suppose that K is cyclic.
We have

|IKZ(G)(G)|= |Hom(G/Z(G),K)|.

Since G
′≤K≤ Z(G), so G is nilpotent of class 2, thus exp(G/Z(G))= exp(G

′
)||K|,

using Lemma 1.4, it follows that |IKZ(G)(G)|= |G/Z(G)|= |Inn(G)|, on the other

hand G
′ ≤ K, whence Inn(G)≤ AutG

′

Z(G)(G)≤ IKZ(G)(G). Therefore IKZ(G)(G) =

Inn(G).
⊓⊔

Let E∗ = Inn(G), then K = G
′
. The following example shows that every auto-

morphism of AutG
′

Z (G) is not necessarily inner automorphism.

Example 3.1 Consider the group

G = ⟨a,b,c|a4 = b4 = c2 = 1, bab−1 = cac = a−1, cbc = b−1⟩.
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On equality of coset preserving subcentral automorphisms 9

Clearly, |G|=32 and G is nilpotent of class 2, G
′
=Z(G)=C2

2=⟨a2,b2⟩ and G/Z(G)∼=
C3

2
∼= Inn(G). We consider the automorphism α given by α(a)=ab2,α(b)=ba2

and α(c) = ca2. One can easily check that α ∈ AutG
′

and [z,α] = 1, for every
z ∈ Z(G). It is obvious that α is a non-inner automorphism.

An immediate of Theorem 3.4, is presented in the next corollary as the necessary
and sufficient conditions for finite non-abelian p-groups G, where AutG

′

Z(G)(G) =

Inn(G).

Corollary 3.5 Let G be a finite non-abelian p-group which that E∗ = Inn(G).

Then G is nilpotent of class 2 and AutG
′

Z(G)(G) = Inn(G) if and only if G
′

is cyclic.

Proof. Since K = G
′
, we have G

′ ≤ Z(G), thus G is nilpotent of class 2 and

IKZ(G)(G) = AutG
′

Z(G)(G). Hence by Theorem 3.4, AutG
′

Z(G)(G) = Inn(G) if and

only if G
′

is cyclic.
⊓⊔

Another result obtained from Theorem 3.4, is asserted in the following corollary.

Corollary 3.6 Let G be a finite non-abelian p-group such that G/K is abelian and
IKZ(G) = Inn(G). If |K|= pn, then KGpn ≤ Z(G). In particular when |K|= p, then
Φ(G)≤ Z(G).

Proof. If IKZ(G) = Inn(G), applying Theorem 3.4, K is cyclic. Obviously K ≤
Z(G). Since G/K is abelian, thus G

′ ≤ K ≤ Z(G), on the other hand |K| = pn,
so [a,b]p

n
= 1 for all a,b ∈ G, thus [apn

,b] = 1, whence apn ∈ Z(G) and we have
Gpn ≤ Z(G). Therefore KGpn ≤ Z(G). If |K| = p, then Φ(G) = G

′
Gp ≤ KGp ≤

Z(G).

⊓⊔
Now if N = Φ(G), hypothesize that N is a subcentral characteristic subgroup of

a group G, so that Φ(G) ≤ Z(G). In the following proposition we give necessary
and sufficient conditions on a finite p-group G under which IKΦ(G)(G) = Inn(G).

Proposition 3.7 Let G be a finite non-abelian p-group such that G/K is abelian,
then IKΦ(G)(G) = Inn(G) if and only if K is cyclic and Z(G) = Φ(G).

Proof. Let IKΦ(G)(G) = Inn(G). By applying Lemma 1.3, we have

IKΦ(G)(G)∼= Hom(G/Φ(G),K).

But G/Φ(G) is an elementary abelian group and hence we can write

Hom(G/Φ(G),K)∼= (G/Φ(G))d , where d = d(K),
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therefore IKΦ(G)(G) = Inn(G) if and only if G/Z(G)∼= (G/Φ(G))d is an elemen-
tary abelian group or equivalently K is cyclic and Z(G) = Φ(G).

⊓⊔

Sury [9] showed that if G′ is finite and G/Z(G) is generated by d elements, then
|Inn(G)| ≤ |G∗|d, where G∗ = ⟨[g,α] | g ∈ G, α ∈ Aut(G)⟩ is the autocommu-
tator subgroup of the group G. Here, as the last result of this paper, we find the
relationship between the order of IKZ(G)(G) and the order of K.

Proposition 3.8 Let G be any group with finite derived subgroup and N = Z(G).
If d is the minimal number of generators of the central factor group of G, then
|IKZ(G)(G)| ≤ |K|d.

Proof. Assume that G/Z(G) has a minimal set of generators

g1Z(G),g2Z(G), ...,gdZ(G),

and α ∈ IKZ(G)(G), which fixes Z(G) elementwise. Consider the following map

ϕ : IKZ(G)(G) −→ K ×K × ...×K︸ ︷︷ ︸
d − times

defined by ϕ(β ) = [g1,β ], [g2,β ], ..., [gd ,β ], for all β ∈ IKZ(G)(G). It is obvious
that ϕ is injective, as ϕ(β ) = ϕ(γ) implies that [gi,β ] = [gi,γ], for all 1 ≤ i ≤ d
and β ,γ ∈ IKZ(G)(G). Therefore |IKZ(G)(G)| ≤ |K|d.

⊓⊔
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