
An. Ştiinţ. Univ. Al. I. Cuza Iaşi. Mat. (N.S.)
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Abstract In this paper, we study new classes of differential equations of fractional order. The first
considered problem involves the derivative of Caputo, while the second one involves conformable
Khalil derivative. For the first class, we prove an existence and uniqueness result, then, we discuss an
example to show the applicability of the result. For the second one, we apply the exp-function method
to find new traveling wave solutions for a generalised conformable fractional partial differential
equation, then some examples on Ostrovsky and KdV equations are given to illustrate the efficiency
and accuracy of the method. Some graphs are plotted and discussed to show more the importance of
the obtained results.
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1 Introduction

The nonlinear wave phenomena of propagation and interaction are very important,
they can be well presented by a variety of nonlinear wave equations. In fact, in
1978, Ostrovsky has derived the following standard wave equation for internal
waves in a rotating ocean [5,12,26]:

(ut + c0ux + puux +quxxx)x = γu, (1.1)

where c0 is the velocity, p is a given coefficient, q and γ are the dispersion
coefficients.
In the literature, we find also the reduced Ostrovsky equation [27]:

(ut + c0ux + puux)x = γu. (1.2)

Based on the above problem, several authors have derived the same equation for
different physical situations. For instance, Vakhnenko and Parkes [29] have proved
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that the reduced Ostrovsky Eq(1,2) can be given by:

uuxxt −uxuxt +u2ut = 0. (1.3)

On the other hand, the theory of differential equations of non integer order has
played very important roles for modeling many physical and biological processes.
For more information, we cite the research papers [3,6–8,13,14]. This fractional
theory has become a new domain of research in differential equations theory. In
particular, research on the existence of unique solutions for fractional differential
equations is of big importance since it helps physicians to well and better under-
stand the behaviour of several real word phenomena. For more details, see the
papers [4,19,21,23]. In this sense, Y. Zhang [32] has considered the VIM method
to solve the following fractional generalized KdV equation:

R
0 Dα

t u(x, t)+aup(x, t)ux(x, t)+buxxx(x, t) = 0. (1.4)

Then, M.I. El Bahi et al. [11] have been concerned with the study of the follow-
ing new KdV-Like equation:

Dα
t u+

(
3(1−δ )u+(δ +1)

uxx

u

)
ux −δuxxx = 0,0< α ≤ 1. (1.5)

Recently, H. Askari [2] has considered the Weyl derivative to study the problem:

W α
+

[
ut −βuxxx +

(
u2)

x

]
= γu, γ > 0, 0< α ≤ 1. (1.6)

After that, several methods have been proposed to obtain some of the exact so-
lutions and traveling wave solutions to nonlinear fractional differential equations
such as, the exp-function method [31], the fractional sub-equation method [30],
the (G’/G)-expansion method [33] and also the first integral method [22]. In fact,
there are many ways to obtain some of the solutions and traveling waves to nonlin-
ear fractional problems, one of them is the Exp-function method (EFM for short).
This method is the most recent analytical approach that has been used for solving
nonlinear differential problems in physics. Also, it seems that the EFM method is
more effective and simple than other methods and a lot of solutions can be obtained
by using a simple computer program. The EFM method was first proposed in 2006
[15] and then investigated in [16] and [25], also it has been applied by and Nav-
ickas et al. in [24], and later in 2012, by Ebaid [10]. However, its applications to
fractional calculus are rare. In 2013, the considered method was extended to frac-
tional differential problems, and it becomes a tool for this theory, (see He [17]). In
[20] C. Koroglu and T. Ozis extended the EFM method to obtain approximate and
exact solutions for Eq(1,3).
The aim of the first part of this paper to study the following fractional differential
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problem:




DαDβ Dγu(t) =
a1 f (t,u(t),Dγu(t))+a2g(t,Dγu(t),DρDγu(t))+a3h(t,u(t))

K(u(t))
,

u(0)+u(1) =
∫ η

0 bu(s)ds,0< η < 1,
Dγu(0)+Dγu(1) = 0,

DµDµu(0)+DµDµu(1) = 0,
t ∈ [0,1],

0< α,β ,γ,ρ,µ ≤ 1,
a1,a2,a3,b ∈ R,

(1.7)
where Dα ,Dβ ,Dγ ,Dµ ,Dρ are the Caputo fractional, with 0 < α,β ,γ,ρ ≤ 1,α +
β /∈]0,1),β +γ /∈]0,1),γ+ρ /∈]0,1), I := [0,1] and f ,g : I×R2 →R , h : I×R→R
, and K : R→ R∗

+ are given functions.
We prove an existence and uniqueness result, then we discuss an illustrative exam-
ple.
In the second part of this paper, we will be concerned with traveling waves, we use
the EFM method to find new traveling wave solutions of the following problem:
(

T β
x u(x, t)

)(
T β

x (T α
t u(x, t))

)
− (u(x, t))

(
T 2β

x (T α
t u(x, t))

)
− f (u,T α

t u) = 0,
(1.8)

where T β
x ,T α

t are the conformable fractional derivatives [18], with 0 < α,β ≤ 1
and f : R2 → R is a given function.
It is important to note that there is a relationship with the above two parts, in
fact, under some particular values on the parameters α,β ,γ,ρ as well as on the
other input data of the problem (1.7), we find some interesting classes of ordinary
differential equations that will appear in the study of the second part of this paper.
This paper is organized as follows: In section 2, we present some preliminaries and
lemmas. In section 3, we present in the first part our main results for the uniqueness
of solutions of (1.7). Then, an example is treated to illustrate our result. In the
second part, we present the EFM method to find new traveling wave solutions
for some proposed conformable fractional partial equations of type Ostrovsky and
KdV. Some graphs are plotted and a conclusion follows at the end.

2 Preliminaries on Caputo derivatives

To present our main results, we need to use the references [19,23]. We have:

Definition 2.1 The Riemann-Liouville integral of order α > 0 for a function de-
fined on I is:

Jα f (t) =
1

Γ (α)

∫ t

0
(t − τ)α−1 f (τ)dτ,

with Γ (α) :=
∫ ∞

0 e−uuα−1du.
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Definition 2.2 Suppose that f ∈ Cn(I,R) and n− 1 < α ≤ n, then, the Caputo
derivative is given by:

Dα f (t) = Jn−α dn

dtn ( f (t))

=
1

Γ (n−α)

∫ t

0
(t − s)n−α−1 f (n)(s)ds.

The following lemmas are also needed.

Lemma 2.3 Taking n ∈ N∗ and n − 1 < α < n, then the general solution of
Dαy(t) = 0 is given by

y(t) =
n−1

∑
i=0

kit i,ki ∈ R, t ∈ I.

Lemma 2.4 When n ∈ N∗ and n−1< α < n, in this case, we have

JαDαy(t) = y(t)+ k0 + k1t + ...+ kntn,ki ∈ R.

Let us now present to the reader the lemma.

Lemma 2.5 Let G be any continuous function over I. Then, writing




DαDβ Dγu(t) = G(t)
K(u(t)) ,

u(0)+u(1) =
∫ η

0 bu(s)ds,
Dγu(0)+Dγu(1) = 0,

DµDµu(0)+DµDµu(1) = 0

(2.1)

is equivalent to write:

u(t) = Jα+β+γ
[

G(t)
K(u(t))

]
− 1

2−bη Jα+β+γ
[

G(1)
K(u(1))

]
+ b

2−bη Jα+β+γ+1
[

G(η)
K(u(η))

]

+ z1z3
(2−bη)[2z2z3−z1]

Jα+β+γ−2µ
[

G(1)
K(u(1))

][
(2−bη)tγ−1

z5
+ 2z2−2(2−bη)z2tβ+γ

z4

+ bηγ+1

z6
− 2bz2ηβ+γ+1

z7

]
+ z2

(2−bη)[2z2z3−z1]
Jα+β

[
G(1)

K(u(1))

][
(2−bη)z1tβ+γ−z1

z4

+ z3−(2−bη)z3tγ

z5
+ bz1ηβ+γ+1

z7
− bz3ηγ+1

z6

]
,

(2.2)
such that one takes into account:

z1 =Γ (β +γ−2µ+1), z2 =Γ (β +1), z3 =Γ (γ−2µ+1), z4 =Γ (β +γ+1),
z5 = Γ (γ +1), z6 = Γ (γ +2), z7 = Γ (β + γ +2).

Proof. The reader who is familiarized with fractional calculus theory can see that
the two identities:

Dβ Dγu(t) = Jα
[ G(t)

K(u(t))

]
− k0,
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and

Dγu(t) = Jα+β
[ G(t)

K(u(t))

]
− k0Jβ (1)− k1,

are valid.
So, it yields that

u(t) = Jα+β+γ
[ G(t)

K(u(t))

]
− k0

tβ+γ

Γ (β + γ +1)
− k1

tγ

Γ (γ +1)
− k2. (2.3)

Therefore,




−2k2 + Jα+β+γ
[

G(1)
K(u(1))

]
− k0

Γ (β+γ+1) −
k1

Γ (γ+1) =
∫ η

0 bu(s)ds,

−2k1 + Jα+β
[

G(1)
K(u(1))

]
− k0

Γ (β+1) = 0,

Jα+β+γ−2µ
[

G(1)
K(u(1))

]
− k0

Γ (β+γ−2µ+1) −
k1

Γ (γ−2µ+1) = 0.

We solve the above system to write

k0 = 2Γ (β+γ−2µ+1)Γ (β+1)Γ (γ−2µ+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)J

α+β+γ−2µ
[

G(1)
K(u(1))

]

− Γ (β+γ−2µ+1)Γ (β+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)J

α+β
[

G(1)
K(u(1))

]
,

k1 =− Γ (β+γ−2µ+1)Γ (γ−2µ+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)J

α+β+γ−2µ
[

G(1)
K(u(1))

]

+ Γ (β+1)Γ (γ−2µ+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)J

α+β
[

G(1)
K(u(1))

]
,

k2 = 1
2−bη Jα+β+γ

[
G(1)

K(u(1))

]
− b

2−bη Jα+β+γ+1
[

G(η)
K(u(η))

]

+ Γ (β+γ−2µ+1)Γ (γ−2µ+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)

[
1

(2−bη)Γ (γ+1) −
2Γ (β+1)

(2−bη)Γ (β+γ+1)

+ 2bΓ (β+1)ηβ+γ+1

(2−bη)Γ (β+γ+2) −
bηγ+1

(2−bη)Γ (γ+2)

]
Jα+β+γ−2µ

[
G(1)

K(u(1))

]

+ Γ (β+1)
2Γ (β+1)Γ (γ−2µ+1)−Γ (β+γ−2µ+1)

[
Γ (β+γ−2µ+1)

(2−bη)Γ (β+γ+1) −
Γ (γ−2µ+1)

(2−bη)Γ (γ+1)

+bΓ (β+γ−2µ+1)ηβ+γ+1

(2−bη)Γ (β+γ+2)

]
Jα+β

[
G(1)

K(u(1))

]
.

Inserting k0, k1 and k2 in (2.3), we end the proof.
⊓⊔
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We will use fixed point theory to study the above problem. Hence, we need the
space:

X := {x ∈C(J,R),Dγx ∈C(J,R),DρDγx ∈C(J,R)},

and

∥x∥X = ∥x∥∞ +∥Dγx∥∞ +∥DρDγx∥∞,

where,

∥x∥∞ = sup
t∈I

|x(t)| ,∥Dγx∥∞ = sup
t∈I

|Dγx(t)|,∥DρDγx∥∞ = sup
t∈I

|DρDγx(t)|.

Then, we consider the application H : X → X ,

Hu(t) = 1
Γ (α+β+γ)

∫ t
0(t − τ)α+β+γ−1

[
a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))

K(u(τ))

+a3h(τ,u(τ))
K(u(τ))

]
dτ − 1

(2−bη)Γ (α+β+γ)
∫ 1

0 (1− τ)α+β+γ−1
[

a1 f (τ,u(τ),Dγ u(τ))
K(u(τ))

+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ − b

(2−bη)Γ (α+β+γ+1)

×∫ η
0 (η − τ)α+β+γ

[
a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))

K(u(τ))

]
dτ

+ z1z3
(2−bη)[2z2z3−z1]

[
(2−bη)tγ−1

z5
+ 2z2−2(2−bη)z2tβ+γ

z4
+ bηγ+1

z6
− 2bz2ηβ+γ+1

z7

]

× 1
Γ (α+β+γ−2µ)

∫ 1
0 (1− τ)α+β+γ−2µ−1

[
a1 f (τ,u(τ),Dγ u(τ))

K(u(τ))

+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ + z2

(2−bη)[2z2z3−z1]Γ (α+β )

×
[
(2−bη)z1tβ+γ−z1

z4
+ z3−(2−bη)z3tγ

z5
+ bz1ηβ+γ+1

z7
− bz3ηγ+1

z6

]

×∫ 1
0 (1− τ)α+β−1

[
a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))

K(u(τ))

]
dτ.

(2.4)
We are ready to study the first part of our paper.
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3 Main results

3.1 Part 1: Unique solutions

We are concerned with studying the uniqueness of one solution for (1.7). So, we
consider the following hypotheses that can be seen as sufficient conditions, they
can be changed by some other conditions ( of Caratheodory type, for instance).
But for our case, all what is needed is only the establishment of ”some” conditions
that allow us to assure the uniqueness of solutions. Therefore, we put:

(R1) : The functions f ,g defined on I×R2 and h defined on I×R are continuous.

(R2) : There are non-negative continuous functions φ1(t),φ2(t),ψ1(t),ψ2(t),
δ (t), such that for any t ∈ I , ui,vi ∈ R,

| f (t,u1,u2)− f (t,v1,v2)| ≤
2

∑
i=1

φi(t)|ui − vi|,

|g(t,u1,u2)−g(t,v1,v2)| ≤
2

∑
i=1

ψi(t)|ui − vi|,

and for any t ∈ I, u,v ∈ R,

|h(t,u)−h(t,v)| ≤ δ (t)|u− v|.

It is to note that we take:

∥φ∥= Max(sup
t∈I

|φ1(t)|,sup
t∈I

|φ2(t)|),
∥ψ∥= Max(sup

t∈I
|ψ1(t)|,sup

t∈I
|ψ2(t)|),

∥δ∥= sup
t∈I

|δ (t)|.

(R3) : There exist continuous functions L1(t),L2(t) and L3(t) such that, for any
t ∈ I, u,v ∈ R, we have

| f (t,v,v)| ≤ |L1(t)|
1+|u|+|v| , |g(t,u,v)| ≤

|L2(t)|
2+|u|2+|v|3 , |h(t,u)| ≤

|L3(t)|
e2+eu .

We have needed (R3) which is a new hypothesis that we can’t find in the literature
of fractional differential equations.
(R4) : The function K satisfies: m ≤ K(u)≤ M, with m,M ∈ R∗

+, for any u ∈ R.
Also we need to consider the quantities to facilitate the fastidious calculations:
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∆1 =

[
2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥

m

][
|3−bη |

|2−bη |Γ (α+β+γ+1) +
|b|

|2−bη |Γ (α+β+γ+2)

+ z1z3
|2−bη ||2z2z3−z1|Γ (α+β+γ−2µ+1)

(
|2−bη |+1

z5
+ 2z2+2|2−bη |z2

z4
+ |b|ηγ+1

z6

+2|b|z2ηβ+γ+1

z7

)
+ z2

|2−bη ||2z2z3−z1|Γ (α+β+1)

(
|2−bη |z1+z1

z4
+ z3+|2−bη |z3

z5

+ |b|z1ηβ+γ+1

z7
+ |b|z3ηγ+1

z6

)]
,

∆2 =

[
2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥

m

][
1

Γ (α+β+1) +
z1z3

|2z2z3−z1|Γ (α+β+γ−2µ+1)

+ z2
|2z2z3−z1|Γ (α+β+1)

(
z1
z2
+ z3

)]
,

and

∆3 =

[
2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥

m

][
1

Γ (α+β−ρ+1) +
z1z3

|2z2z3−z1|Γ (α+β+γ−2µ+1)

×
(

2z2
Γ (β−ρ+1)

)
+ z2

|2z2z3−z1|Γ (α+β+1)

(
z1

Γ (β−ρ+1)

)]
.

Now, we pass to prove the main result.

Theorem 3.1 Assume that the conditions (R2) and (R4) are valid and suppose that
the constant satisfies ∆ : ∆ = ∆1 +∆2 +∆3 < 1. Then, problem (1.7) has a unique
solution over I.
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Proof. We can use Banach principle to prove this result. For (u1,u2) ∈ X2, we can
write

∥Hu1 −Hu2∥∞ ≤
[

2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥
m

][
|3−bη |

|2−bη |Γ (α+β+γ+1)

+ |b|
|2−bη |Γ (α+β+γ+2) +

z1z3
|2−bη ||2z2z3−z1|Γ (α+β+γ−2µ+1)

×
(

|2−bη |+1
z5

+ 2z2+2|2−bη |z2
z4

+ |b|ηγ+1

z6
+ 2|b|z2ηβ+γ+1

z7

)

+ z2
|2−bη ||2z2z3−z1|Γ (α+β+1)

(
|2−bη |z1+z1

z4
+ z3+|2−bη |z3

z5

+ |b|z1ηβ+γ+1

z7
+ |b|z3ηγ+1

z6

)]
∥u1 −u2∥X .

(2.5)

We have also

DγHu(t) = 1
Γ (α+β )

∫ t
0(t − τ)α+β−1

[
a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))

K(u(τ))

+a3h(τ,u(τ))
K(u(τ))

]
dτ + z1z3

2z2z3−z1

(
1−2tβ) 1

Γ (α+β+γ−2µ)

×∫ 1
0 (1− τ)α+β+γ−2µ−1

[
a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))

K(u(τ))

+a3h(τ,u(τ))
K(u(τ))

]
dτ + z2

2z2z3−z1

(
z1
z2

tβ − z3

)
1

Γ (α+β )
∫ 1

0 (t − τ)α+β−1

×
[

a1 f (τ,u(τ),Dγ u(τ))+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ;

(2.6)

As before, we have

∥DγHu1 −DγHu2∥∞ ≤
[

2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥
m

][
1

Γ (α+β+1)

+ z1z3
|2z2z3−z1|Γ (α+β+γ−2µ+1) +

z2
|2z2z3−z1|Γ (α+β+1)

×
(

z1
z2
+ z3

)]
∥u1 −u2∥X .

(2.7)

Also, taking into account that
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DρDγHu(t) = 1
Γ (α+β−ρ)

∫ t
0(t − τ)α+β−ρ−1

[
a1 f (τ,u(τ),Dγ u(τ))

K(u(τ))

+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ + z1z3

2z2z3−z1

(
−2z2

Γ (β−ρ+1) t
β−ρ

)

× 1
Γ (α+β+γ−2µ)

∫ 1
0 (1− τ)α+β+γ−2µ−1

[
a1 f (τ,u(τ),Dγ u(τ))

K(u(τ))

+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ + z2

(2z2z3−z1)Γ (α+β )

×
(

z1
Γ (β−ρ+1) t

β−ρ
)∫ 1

0 (1− τ)α+β−1
[

a1 f (τ,u(τ),Dγ u(τ))
K(u(τ))

+a2g(τ,Dγ u(τ),Dρ Dγ u(τ))+a3h(τ,u(τ))
K(u(τ))

]
dτ,

(2.8)
so, the reader can observe that

∥DρDγHu1 −DρDγHu2∥∞ ≤
[

2|a1|∥φ∥+2|a2|∥ψ∥+|a3|∥δ∥
m

][
1

Γ (α+β−ρ+1)

+ z1z3
|2z2z3−z1|Γ (α+β+γ−2µ+1)

(
2z2

Γ (β−ρ+1)

)

+ z2
|2z2z3−z1|Γ (α+β+1)

(
z1

Γ (β−ρ+1)

)]
∥u1 −u2∥X .

(2.9)
Now, thanks to (2.5), (2.7) and (2.9), we find that

∥Hu1 −Hu2∥∞ ≤ ∆1∥u1 −u2∥X ,
∥DγHu1 −DγHu2∥∞ ≤ ∆2∥u1 −u2∥X ,

∥DρDγHu1 −DρDγHu2∥∞ ≤ ∆3∥u1 −u2∥X .

Finally, we get

∥Hu1 −Hu2∥X ≤ (∆1 +∆2 +∆3)∥u1 −u2∥X .

We deduce that H is contractive. We conclude that H has a unique fixed point
which is the solution of (1.7).

⊓⊔
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Example
As illustrative example for the first part of our results, we consider the following
problem:




D
17
20 D

9
10 D

13
20 u(t) =

2 f (t,u(t),D
13
20 u(t))+ 1

3 g(t,u(t),D
6

10 D
13
20 u(t))+ 1

2 h(t,u(t))
K(u)

,

u(0)+u(1) = 5
∫ 0.6

0 u(s)ds,
D

13
20 u(0)+D

13
20 u(1) = 0,

D
11
20 D

11
20 u(0)+D

11
20 D

11
20 u(1) = 0,

(2.10)
with the conditions:

f (t,u,v) =
u2

2(t3 +115)(u2 +1)
+

|v|
(200+ t)(1+ |v|) ,

g(t,u,v) =
4|u|

(et +25)2 −25
+

cosv
320+ t2 ,

h(t,u) =
3|u|

15(t3 +70)(1+ |u|) ,

k(u) =
1+2u2

10(1+u2)
,

and
α = 17

20 , β = 9
10 , γ = 13

20 , ρ = 6
10 , b = 3

10 , µ = 11
20 , η = 0.6, m = 0.1,

∆1 = 0.5439, ∆2 = 0.0039, ∆3 = 0.0102,

∆ = ∆1 +∆2 +∆3 = 0.5580.

The conditions of the first main result hold. Therefore, problem (2.10) has a unique
solution on I.

3.2 Part 2: Traveling wave solutions by EFM method

The aim of this subsection is use the EFM method to study the following problem:
(

T β
x u(x, t)

)(
T β

x (T α
t u(x, t))

)
− (u(x, t))

(
T 2β

x (T α
t u(x, t))

)
= f (u,T α

t u) ,

where T β
x ,T α

t are the conformable fractional derivative, with 0 < α,β ≤ 1 and
f : R2 → R is a given function.
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Note, when α = β = 1 and f (u,v) = u2v, so problem (1.8) is transformed into the
Ostrovsky equation [28]:

(ux)(uxt)− (u)(uxxt) =
(
u2
)
(ut) . (3.1)

Now, we need to introduce the following preliminaries, see [1,9,18]:

Definition 3.2 Let f : (0,∞)→R. The conformable fractional derivative of order
α is defined by

(T α f )(t) = ∂ α f (t,x)
∂ tα = lim

ε→0

(
f(t+εt1−α)− f (t)

ε

)
, t > 0, 0< α ≤ 1.

It is to note that when α = 1, the above formula is reduced to the standard
derivative of order one.

Definition 3.3 The conformable fractional integral of a function f : (0,∞)→R of
order α is defined as

(Jα f )(t) =
t∫
0
τα−1 f (τ)dτ, 0< α ≤ 1.

The following properties are needed.

JαT α f (t) = f (t)− f (0)

and
(T α f )(t) = t1−α d f (t)

dt .

The EFM method consists on considering the following problem

F
(

u,T α
t u,T β

x u,T α
t (T α

t u),T α
t (T β

x u),T β
x (T β

x u), ...
)
= 0, (3.2)

where T α
t u is the conformable fractional derivative of u of order α,0< α ≤ 1.

It consists then on introducing a function U(ξ ) as follows:

U (ξ ) = u(t,x) , (3.3)

with:
ξ = k

α tα + ω
β xβ , (3.4)

where k and ω are constants.
So, the above FPDE will be converted, after that, to:

G
(

U,U
′
,U

′′
,U

′′′
, ...
)
= 0. (3.5)
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The EFM method is based on the fact that travelling wave solutions (as in [15])
can be expressed as follows:

U (ζ ) =

d
∑

n=−c
an exp(nζ )

q
∑

m=−p
bm exp(mζ )

. (3.6)

We suppose that the solution of Eq(3.5) can be expressed as:

U (ζ ) = ad exp(dζ )+...+a−c exp(−cζ )
bq exp(qζ )+...+b−p exp(−pζ ) , (3.7)

we can write Eq(3.7) in the following form

U (ζ ) = ac exp(cζ )+...+a−d exp(−dζ )
bp exp(pζ )+...+b−q exp(−qζ ) . (3.8)

To determine the value of c and p, we balance the linear term of highest order of
Eq(3.5) with the highest order nonlinear term. Similarly, to determine the value of
d and q, we balance the linear term of lowest order of Eq(3.5) with lowest order
nonlinear term.
After this separated algebraic equation, we can find an and bm constants.

3.2.1 Two examples for finding traveling wave solutions

We first consider the problem under the form:
(

T β
x u(x, t)

)(
T β

x (T α
t u(x, t))

)
− (u(x, t))

(
T 2β

x (T α
t u(x, t))

)
= f (u,T α

t u) ,

where T β
x ,T α

t are the conformable fractional derivatives, with 0< α,β ≤ 1 and
f : R2 → R is a given function.

So, we introduce the following transformations

u(t,x) =U (ζ ) , (3.9)

ζ = k
α tα + ω

β xβ , (3.10)

where k and ω are constants.
Substituting (3.10) into (1.8) can reduce (1.8) into the following ODE:

kω2
(
Uζ
)(

Uζ ζ
)
− kω2UUζ ζ ζ = f (U,kUζ ). (3.11)

According to [15], we suppose that the solutions of Eq(1.8) are given in the fol-
lowing form:

U (ζ ) = ad exp(dζ )+...+a−c exp(−cζ )
bq exp(qζ )+...+b−p exp(−pζ ) , (3.12)

Example 1:
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We consider the following problem:
(

T β
x u
)(

T β
x (T α

t u)
)
− (u)

(
T 2β

x (T α
t u)

)
= u2T α

t u. (3.13)

Substituting (3.10) into (3.13), so (3.13) is given by:
(
Uζ
)(

Uζ ζ
)
−UUζ ζ ζ = 1

ω2 U2Uζ . (3.14)

Therefore, (
Uζ
)2 −UUζ ζ − 1

3ω2 U3 = 0. (3.15)

Now, we can set p = c = q = d = 1, then (3.12) is transformed to

U (ζ ) = a1 exp(ζ )+a0+a−1 exp(−ζ )
b1 exp(ζ )+b0+b−1 exp(−ζ ) . (3.16)

Putting Eq(3.16) into Eq(3.15) so this yields a set of algebraic equations for a0,a1,
a−1,b0,b1,b−1,k and ω . We solve the algebraic system with the aid of Maple. We
obtain traveling wave solutions of Eq(3.13) as follows:

Family 1
a1 = 0,a0 =

1
a−1

√
− 1

a−1
,a−1 = a−1,

b1 = 0,b0 =
1

a−1

√
− 1

a−1
,b−1 = 0,

U (ζ ) = 1+
a2
−1√
− 1

a−1

exp(−ζ ) .

Family 2
a1 = a1,a0 = 0,a−1 = 0,

b1 = b1,b0 = 0,b−1 = 0,

U (ζ ) = a1
b1
.

Family 3
a1 =

b1a−1
b−1

,a0 = 0,a−1 = a−1,

b1 = b1,b0 = 0,b−1 = b−1,

U (ζ ) =
b1a−1

b−1
exp(ζ )+a−1 exp(−ζ )

b1 exp(ζ )+b−1 exp(−ζ ) .

Fig.1 presents the graph of solution (Family 1) for Eq(3.13) with a−1 = −3,
k = 2,ω = 1,α = 3

4 and β = 3
5 .
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Fig. 1 3D plot of traveling wave solution (Family 1) of (3.13) sketched within the intervals 0≤ x≤ 10
and 0 ≤ t ≤ 50.

Example 2:

We consider the following problem:

(
T β

x u
)(

T β
x (T α

t u)
)
− (u)

(
T 2β

x (T α
t u)

)
= 0. (3.17)

Substituting (3.10) into (3.17), this can reduce (3.17) to the equation

(
Uζ
)(

Uζ ζ
)
−UUζ ζ ζ = 0, (3.18)

and by integrating of (3.18), we obtain

(
Uζ
)2 −UUζ ζ = 0. (3.19)

Hence, we get

U (ζ ) = a1 exp(ζ )+a0+a−1 exp(−ζ )
b1 exp(ζ )+b0+b−1 exp(−ζ ) , (3.20)
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By substitution as before, we have:




−4a1a−1b2
0 +4b1b−1a2

0 = 0,

−a−1a0b2
1 +b0b−1a2

1 +b1b0a2
0 +6a1a0b1b−1 −6a1a−1b1b0 −a1a0b2

0 = 0,

b1b0a2
−1 +b1b−1a2

0 +6a−1a0b1b−1 −6a−1a1b0b−1 −6a−1b2
0 −a1a0b2

−1 = 0,

−4a1a−1b2
1 +4b1b−1a2

1 = 0,

4b1b−1a2
−1 −4a1a−1b2

−1 = 0,

−a0a1b2
1 +b1b0a2

1 = 0,

b0b−1a2
−1 −a−1a0b2

−1 = 0,
(3.21)

where A = b1 exp(ζ )+b0 +b−1 exp(−ζ ) .
Solving the system, we find the sets:
Family 1

a1 = a1,a0 = 0,a−1 = 0,

b1 = 0,b0 = b0,b−1 = 0,

u(x, t) = a1
b0

exp
(

k
α tα + ω

β xβ
)
.

Family 2
a1 = a1,a0 = 0,a−1 = 0,

b1 = 0,b0 = 0,b−1 = b−1,

u(x, t) = a1
b−1

exp
(

2k
α tα + 2ω

β xβ
)
.

Family 3
a1 =

a0b0
b−1

,a0 = a0,a−1 = 0,

b1 = 0,b0 = b0,b−1 = b−1,

u(x, t) =
a0+

a0b0
b−1

exp
(

k
α tα+ω

β xβ
)

b0+b−1 exp
(
− k

α tα−ω
β xβ

) .

Family 4
a1 = 0,a0 = 0,a−1 = a−1,

b1 = b1,b0 = 0,b−1 = 0,
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u(x, t) = a−1
b1

exp
(
−2k

α tα − 2ω
β xβ

)
.

Family 5
a1 = 0,a0 = a0,a−1 = 0,

b1 = b1,b0 = 0,b−1 = 0,

u(x, t) = a0
b1

exp
(
− k

α tα − ω
β xβ

)

Family 6

a1 = 0,a0 =
a−1b1

b0
,a−1 = a−1,

b1 = b1,b0 = b0,b−1 = 0,

u(x, t) =
a−1b1

b0
+a−1 exp

(
− k

α tα−ω
β xβ

)

b1 exp
(

k
α tα+ω

β xβ
)
+b0

.

Family 7
a1 = a1,a0 = 0,a−1 = 0,

b1 = b1,b0 = 0,b−1 = 0,

u(x, t) = a1
b1
.

Family 8
a1 =

a0b1
b0
,a0 = a0,a−1 = 0,

b1 = b1,b0 = b0,b−1 = 0,

u(x, t) =
a0b1

b0
exp
(

k
α tα+ω

β xβ
)
+a0

b1 exp
(

k
α tα+ω

β xβ
)
+b0

.

Family 9

a1 =
a−1b1
b−1

,a0 =
a−1b0
b−1

,a−1 = a−1,

b1 = b1,b0 = b0,b−1 = b−1,

u(x, t) =
a−1b1

b−1
exp
(

k
α tα+ω

β xβ
)
+

a−1b0
b−1

+a−1 exp
(
− k

α tα−ω
β xβ

)

b1 exp
(

k
α tα+ω

β xβ
)
+b0+b−1 exp

(
− k

α tα−ω
β xβ

) .

Fig. 2 presents the graph of solution (Family 9) for Eq(3.17) with a−1 = 1,
b1 =−2,b0 = 1,b−1 =−1,k = 1,ω = 2,α = 1

2 and β = 1
2 .
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Fig. 2 3D plot of traveling wave solution (Family 9) of (3.17) sketched within the intervals 0≤ x≤ 10
and 0 ≤ t ≤ 50.

4 Conclusion

We have proposed the new general fractional problem (1.7) by using Caputo ap-
proach. By application of Banach contraction principle, an existence and unique-
ness result has been established. To show the applicability of the existence and
uniqueness main result, an illustrative example has been discussed. The consid-
ered problem (1.7) has allowed us, under some particular case on its input data,
to be concerned with the existence of some relationship with (1.7) and the second
part of this work. In fact, in the second part, we have used Khalil approach and
the EFM Method to find new travelling wave solutions for some interesting frac-
tional differential equations that are similar to (1.8), we cite Ostrovsky and KdV
type equations. Some graphics on the obtained traveling waves have been plotted.
It has been found that the EFM method is a useful method for finding new travel-
ling wave solutions for any nonlinear fractional differential equations using Khalil
derivatives. In the future, we will be concerned with the stability analysis of the
problem (1.7).
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