An. Stiing. Univ. Al I. Cuza Iasi. Mat. (N.S.)
Tomul LXIX, 2023, f. 1
https://doi.org/10.47743 /anstim.2023.00005

Approximation by means of Fourier trigonometric series in
Morrey spaces
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Abstract In the present work we investigate the approximation of the functions by Ce-

saro, Zygmund and Abel-Poisson means of Fourier series in Morrey spaces L (T), 0 <
A< 2,1 <p< oo in the terms of the modulus of continuity. These results apphed to
the estimates of approximation of Cesaro, Zygmund and Abel sums of Faber series in the

Morrey-Smirnov classes EP*(G),0 < A <2 and 1 < p < oo defined in the domains with
Dini-smooth boundary of the complex plane.
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1 Introduction, some auxiliary results and main results

Let T denote the interval [0,2x]. Let LP(T), 1 < p < oo be the Lebesgue
space of all measurable 27periodic functions defined on T such that

1

11, /|f Wz | < oo

The Morrey spaces Lp’ (T) for a given 0 < X <2 andp > 1, we define
as the set of functions f € Lj . (T) such that

P

1
11l gy = Sgpml_;/ﬁ(tﬂpdt < 00,
I

where the supremum is taken over all intervals I C [0,27]. Note that
Lg’/\ (T) becomes a Banach spaces, A\ = 2 coincides with LP (T) and for
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2 Sadulla Z. Jafarov

A=0 with L®(T). If 0 < X; < Ay <2, then L2 (T) ¢ L2 (T). Also,
if f e Lg’)‘ (T), then f € LP(T) and hence f € L' (T). The Morrey
spaces were introduced by C. B. Morrey in 1938. The properties of the
these spaces have been investigated intensively by several authors and to-
gether with weighted Lebesgue spaces LY, play an important role in the
theory of partial equations, in the study of local behavior of the solitions
of elliptic differential equations and describe local reqularity more precisely
than Lebesgue spaces LP. The detailed information about properties of the
Morrey spaces can be found in [6]-[10], [14], [17]-][20], [22], [31], [39], [41],
[43]-[45], [47] and [49].

Denote by C*° (T) the set of all functions that are realized as the re-
striction to T of elemets in C*° (T).Also we define LP* (T)to be closure
of C*(T) in Lg”\ (T). LP*(T)is modified Morrey spaces which contains
the set of trigonometric polynomials as a dense subset.

We define Steklov means fj by

h
1
fn(z) ::%/f(m—i—t)dt, O<h<m zeT.
“h

According to [12] the inequality

Ifall oy < €lfllpoaer

holds. Hence the operator f is bounded in the space LP’A(T).
The function

Qp,A(57 f):=sup | f— fh”Lp-,A(T)v 0>0
|n| <8

is called the modulus of continuity of f & LP*(T), 0<A<2and p>1.
The modulus of continuity 2, x(d, f)as is a nondecreasing, nonnegative,
continuous function and

Qp,)\((sa f + g) S Qp,)\(67 f) + Qp’)\((i g)

for f,g € LP*(T), 0<A<2and p> 1.
Let

eIy (1.1

be the Fourier series of the function
f € L1(T), where Ag(z, f) := (ak (f) coskx + b (f) sinkx) , ax(f) and bg(f)

are Fourier coefficients of the function f € L1(T).
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Approximation by means of Fourier trigonometric series in Morrey spaces 3

The n — th partial sums, Cesaro means, Zygmund means of order 2 and
Abel- Poisson means of the series (1.1) are defined, respectively as

Sn(xuf) = % + ZAV(xvf)v
v=1

o (@, f) = 7 DS 1),
v=1

1/2

(n + 1)2)"4”(1‘? .f))

Zuala ) =5+ Y (1~
v=1

wmﬁ:%/3u4w@@

T
where
1—r2
P(t)=—— —0<r<l
(1) 1—2rcost+r2’ ="
is the Poisson kernel.
It is clear that
ao

SO(:C’ f) = ZO,k(xvf) = ?

The best approximation to f € LP*(T), 0 < A < 2,1 < p < oo in the
class [],, of trigonometric polynomials of degree not exceeding n is defined
by

En <f)LL‘l-,)\(T) = lnf {”f B TnHLP'%(T) : Tn = Hn}
Let G be a finite domain in the complex plane C, bounded by a rectifiable
Jordan curve I', and let G~ := extI". Further let
T:={weC:|lw=1}, D:=intT and D™ := extT.

Let w = ¢(z) be the conformal mapping of G~ onto D~ normalized by

oo, lim £
SD(OO) = 00, zll{go P
and v stands for the inverse of .

Let w = ¢;(z) indicate a function that maps the domain G conformally
onto the disk |w| < 1. The inverse mapping of ¢; will be shown by ;. Let
I, be the image of the circle |p1(z)] = r, 0 < r < 1 under the mapping
z =11 (w).
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Let us denote by E,, where p > 0, the class of all functions f(z) # 0 that
are analytic in G and have the property that the integral

/ P ldz]
I,

is uniformly bounded for 0 < r < 1. We shall call the E,-class the Smirnov
class. If the function f(z) belongs to E,, then f(z) has definite limiting
values f(z') almost every where on I', over all nontangential paths; | f(z)]
is summable on I'; and

ti [ 1) 1del = [ 5G] a2,
I, r

It is known that ¢’ = E1(G7) and ¢’ € E1(D7). Note that the general
information about Smirnov classes can be found in [15] (pp. 168-185).

Let I' be a rectifiable Jordan curve in the complex plane . The Morrey
spaces LP* (I') for a given 0 < X\ < 2 and p > 1, we define as the set of
functions f € LY (I") such that

1
70 = sup/fzpdz < 0,
11l oncry u |FﬁF|1’%F |f (2)]

where the supremum is taken over all disks F' centered on I'. Let G := intI”
and LPA(I'),0<A<2and 1< p< oo, isaMorrey space defined on I'.
We also define the Morrey-Smirnov classes EP* (G) as

EP(G) = {f € By (G): f e P (r)}.
Hence for f € EP? (G) we can define the EP (G) norm as

||f||Ep,A(G) = ||fHLPv*(F) )

Note that if G = D = {z:|z| <1}, then we have the space HP (D)
:= EPA (D). The space HP* (D) is called Morrey-Hardy space on the
unit disk D. For f € LP* (I') we define the function

fo(t) == f(¥(t)), t eT.

Let h be a continuous function on [0, 27]. Its modulus of continuity is
defined by

w (t,h) = sup{\h(tl) — h(t2)| 11,10 € [0,277] R |t1 — t2| < t}, t>0.
The curve I' is called Dini-smooth if it has a parameterization

I':po(s), 0<s<2n
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such that ¢ (s) is Dini-continuous, i.e.

= /
t
/w(io’ )dt< 00

0

and ¢ (s) #0 [46], p. 48.

If I' is a Dini-smooth curve, then there exist [56] the constants ¢; and ¢y
such that
0<ecr <Y ()] <ep<oo, [t]>1. (1.2)

Note that if I is a Dini-smooth curve, then by (1.2) we have f, € LP* (T)
if f e LPM(I).

Let ¢x(2), k = 0,1,2,... be the Faber polynomials for G. The Faber
polynomials ¢(z), associated with GUTI, are defined through the expansion

¢q(ﬁw()w—) o= il’iﬁ) , 2€G,te D™ (1.3)

and the equalities

1 why! (w)
or(2) = 5 /1/} @) —dw, 2€G,
T

o (2) = " (2) + ! /wk(‘i)ds, zeG, k=0,1, 2, ..
hold [48], p. 33-38.
Let f € EP*(G). Since f € E; (G), we have
foyo L[ L8ds | L fw(w))

oM Jp o s—z 2wy Y(w) —z

dw (1.4)

for every z € G. Considering formula (1.3) and expansion (1.4), we can
associate with f the formal series [30]

F2) ~ ) an(Herlz) , 2 €@, (1.5)
k=0

where

1
ax(f) == M/Tde, k=0,1,2,..

This series is called the Faber series expansion of f, and the coefficients
ar(f), k=0, 1, 2,...are said to be the Faber coefficients of f.
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The n-th partial sums, Cesaro sums, Zygmund sums of order 2 and Abel
sum of the series (1.5) are defined, respectively, as

z,f) = Zau(f)@u(z) )
o (2:1) = %HZSAz,fx

Zno(z, f) = =+ Z et 1 ar(f)er(2);

£~ au(feu(z), 0<r<1.

Note that if f € EP*(G), 0 <A <2and 1< p < oo, then by [29] and
[30] the function

belongs to HP* (D).
Let I' be a Dini-smooth curve. We define the modulus of continuity of the
function f € EPA(G), 0 <A <2and 1 <p<oo by

21, pa( £,0) = 22 f,6), 6> 0.

Let P :={all polynomials (with no restriction on the degree)}, and let
P(D) be the set of traces of members of P on D. We define the operator
T as follows:

) — EPA (G) ,

T(P)(z) : 27m/w zeG.

Then taking into account (1.4) and (1.5) we have

T (Z bkwk> = Zbkgok(z), z€Q@.
k=0 k=0

We use the constants ¢, ¢y, ¢a, ... (in general, different in different relations)
which depend only on the quantities that are not important for the questions
of interest
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Approximation by means of Fourier trigonometric series in Morrey spaces 7

The approximation of the functions by trigonometric polynomials in non-
weighted and weighted Morrey spaces have been investigated in [3]-[5], [12],
[13], [21], [29], [30], [34], [35] and [40]. In this work, the order of approxima-
tion of Cesaro, Zygmund and Abel-Poisson means of Fourier trigonometric
series were estimated by the modulus of continuity in Morrey spaces. Later,
these results were applied to estimate the rate of approximation of Cesaro,
Zygmund and Abel sums of Faber series in Morrey-Smirnov classes defined
on simply connected domains of the complex plane. Similar results in dif-
ferent spaces were studied by several authors (see, for example, [1], [2], [16],

[23]-28], [32], [33], [37], [38], [50]-[55]).

Our main results are the following.
Theorem 1.1. Let f & LP*(T), 0<A<2and1<p<oo. Then the
inequality

1
Hf - Un('vf)”L%A(']I‘) < 03(2 A(ﬁvf)

holds with a constant c3 > 0, not depend on n.
Theorem 1.2. Under the conditions of Theorem 1.3, there is a constant
¢y > 0, not depend on n, such that the inequality

L h

]
n

1f = Zn2(: f)]

LrA(T) = cal2pa(

holds.
Theorem 1.3. Under the conditions of Theorem 1.3, there is a constant
cs > 0, not depend on r, such that the inequality

1
”f - Ur('vf)”Lp,A(T) < c5ﬁgp,)\(1 - f)

holds
Theorem 1.4. Let I be a Dini-smooth curve. Then for f € EPANG),0 <
A <2, p>1 the inequality

1
||f . O'n('af)HLPv/\(F) < CG’I’LQF, p,/\( va)

holds with a constant cg > 0 independent of n.
Theorem 1.5. Let I be a Dini-smooth curve. Then for f € EPNG),0 <
A <2, p>1 the inequality
1
If— Zn,Q(';f)”Lp.,A(p) < er82r, pa( E’f)

holds with a constant c; > 0 independent of n.
Theorem 1.6. Let I" be a Dini-smooth curve. Then for f € EPANG),0 <
A <2, p>1 there exists a constant cg > 0, not depend on r, such that

1
Hf - Ur(',f)”Lp,A(p) < Csﬁgﬂ p,A( 1-m, f)u 0<r<1.
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8 Sadulla Z. Jafarov

Note that similar results in the Smirnov classes E,(G), p > 1 were inves-
tigated in [36]. When I' is regular curve the approximation of the functions
by means S, (2, f) in the weighted Smirnov classes E, (G,w), p > 1 were
investigated in [25]-[27]. If I is Dini-smooth curve this problem in the
weighted Smirnov-Orlicz classes was investigated in study [27].

We set

2v—1

l/(x7f) = Z Ak(xvf)
k

—9ov—1

In the proof of the main results we use the following auxiliary results.

Lemma 1.7. Let f € LP*(T), 0 <A<2and 1< p < oco. Then the
inequalities

o 1/2 o oo 1/2
co (ZAE(-,f)) <> Acn < o <ZA§(-,f)>
v=k Loy =2kt LeA(T) v=k LPA(T)

hold, where the costants cg,ci0 > 0 depend only on p and A.

Proof. First, let’s prove the second inequality. Let I, be a subinterval of T, x; his
characteristic function and M, , Hardy-Littlewood maximal function of x;. According
to [11] the function M,, is the A1 Muckenhoupt weight, that is, almost everywhere
on T is M (My,) < cMy,. Hence, using the Littlewood-Paley inequality on weighted
Lebesgue spaces [36], Theorem 1 we reach

o p o b4
> ) o= [ A s
7 ly=2k-1 T ly=2k-1
[e] P
< / Do Av(@,f)] My, @de
T lv=2k-1
o] P
< / SOA2 (0, )| My, yda, (1.6)
T v=~k
On the other hand, the equivalence
My, (@) = X1 (2) + Z 2_2SX(25+1I\251) (1.7)
s=0

holds. Taking into account the relations (1.6) and (1.7) we have
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Approximation by means of Fourier trigonometric series in Morrey spaces 9

p/2 o
(XI (z) + Z Q*st(2s+11\251) (x)) dx
s=0

IN
S
a—

(]
[
NI
e
=

v=k
o p/2 o0 /2 oo
<eo [|S A @n| w@re [ [ a@n| X2 K @
T v=~k T v=k s5=0
) p/2 oo oo p/2
= c13 / S AL(x,f)| drtesy 27 / S AV (. f)|  da
i v=k s=0 v=k

(2511\2°1)

o0
If the norm of the last inequality is taken and use of >, 2725F(+DA-A2) < o gives us
5=0

rnttE S
oo 1/2||P oo oo p/2
cad|(Laten) | rmty3e Sati)|
2 . —
v=~k P | | s=0 (25+1I\251) v=k
oo 1/2 P oo 1 oo p/2
< eis <Z Az(.,f)> +3 27 sup i3 > AV (f2)|  da
— I T2 —
v=k Lpox 5=0 | ‘ (2s+11\251) v=Fk
< cie ZA?/( ) +22_23+(s+1(1_>\/2))5upﬁ ZA?/ (f,z)
v=k s=0 ! |2S+1I| 2 v=k
P 2s+17
o 1/2||P
< c16 <Z AL, f))
v=Ek P
) 1 oo p/2
+ci7 Z g~ 2eH(s+1(1-2/2)) Sup ———x- / Z A?/ (f,z) dx
s=0 d |I‘ 2 7 lv=k

o 1/2||P
< cis <ZA5(‘,f)>
v=~k

LP:A

First inequality of Lemma 1.7. is proved similarly.

Note that, Lemma 1.7 has been proved in the tesis entitled ”N. P. Tozman, Some
problems of approximation theory in Morrey spaces, PhD thesis, Balikesir University,
Graduate School of Natural and Applied Sciences, Balikesir, Turkey, (2009), (in Turkish).
We give the proof of Lemma 1.7 in the article, as it is difficult for readers to reach the
thesis.

Theorem 1.8. Let LP*(T) be a Morrey space with 0 < A\ <1 and 1 < p < oo. Let
{Ak}g" be a sequence of numbers such that

67

r/2

dx



10 Sadulla Z. Jafarov

2m—1

| A\pl< ¢q9  and Z | A=Akl e,

k=2m—1

where cao > 0 does not depend on k and m. If f € LP"*(T) has the Fourier series

a0 |
7—'_ Z Ak (:Ev f)7
k=1
then there ewists a function F' € LP*(T) with the Fourier series

Aoao
2

+Z/\kAk(fE,f)7

k=1
and
I E N pam<cun | f llpeaery -
Proof. We suppose that I > 2"7 v =1,2,... Also, we set

1
Ay (z, f) = Z A (z,f), Ak(z,[f).=arcoskz + bysinkz,

k=2v—1
2V —1
ALz, f) = > MAr(z, f)
k=2v—1

Note that according to [57], p.347 the estimation

21
|AL (937]")|2 <2M< Z | A (x:f)|2|/\l_>\l+1+|>‘V|2)‘2”|>

k=2v—1
holds. Use of (1.9) we have

o p/2
/<Z| Al (ac,f)|2) dz

oo 2¥ —1 /2
/<22M< > 1A DI N —>\l+1|+|>\u|2)\2V|> > dx
T v=1

IN

k—ov—1

IN

oo v —1 p/2
/ (2M)"? <Z< S 1A <as,f>2|Al—Az+1|+|Au2|A2u) ) da
T

v=1 k=2v—1

2Y—1

IN

T k—ov—1
p/2

oo p/2 oo
m/(m)ﬂ/? ((Zmu (x,f)P) ) dz < c23/ (ZAV (z,f)|2> dz.

The last inequality and Lemma 1.7 imply that

IN
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oo p/2
/ (2M)P? (Zmu (w7f)2< > 1A (a:7f)|2kz—kz+1|+lkzvl>) dx



Approximation by means of Fourier trigonometric series in Morrey spaces 11

o 1/2
| = HLpA(Tr)S C24 <Z| A, (‘:f)|2>
v=1

LP-M(T)
s 1/2

< co5 <Z| A, (-, f)|2> < c26 Hf”Lp,mr) .
v=1 LPA(T)

The proof of Theorem 1.8 is completed.
Lemma 1.9. [29], [30]. Let I" be a Dini-smooth curve. Then the linear operator T :=

P(D) — EP*(G) with 1 < A< 2and 1< p < oo, is bounded.

2 Proofs of the results
Proof of Theorem 1.1. Let f € LP*(T), 0 < A< 2and 1 < p < oo . Note that the

Fourier series of a function f converges to f in the norm LP*(T), 0 < A <2 and
1 < p < oo. According to [12], Theorem 1.1 and relation (2.2) the estimate

1
Hf - S(”f)HLP-,)\(T) S 627‘9 Ih)\(ga f)7 n= 1727“' (21)

holds. It is clear that [30] if f € LPAM(T), 0 < A< 2and 1 < p < oo has the Fourier
series

ao >
CRDWHEY) 22)
then according to [38] for the Steklov function f; the following estimate holds:

fola) 0 3SR ). (23)

m=1

Using (2.2) and (2.3) we have

o]

F@) = f@~ 3 (1= ) o)

mh

m=1

for h > 0.
Note that for the Cesaro means the equality

n

o) =3 (1= 5 ) Avte )

v=0

holds. Then it is clear that

n

Sn (@, f) —on (@, )=

m=1

m

A . 2.4
A (o) (24)
Now we consider the sequence

m/(n+1)
sin(m/n , M S n
A = { )
0 ,m>n
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Note that the sequence A satisfies the condition (1.8). Using (2.4), Theorem 1.8 and
the definition of the modulus of continuity we have

n

Hsn(vf) —0On (‘a f)HLP-)\(T) = ‘ Z n?::: lAm ( f)
m=1

LPA(T)
m LP:A(T)
—n zn: A (1 - L(m/n)) Am (5 f)
— m m/n m
m=1 LPJ(T)
<emn| > (1- 2 ) .
= nganifl/n”LpA(") SC’ILQ (17f) (25)

Use of (2.1) and (2.5) gives us

A

If —on ("f)”Lp.A(qr) = Hf_S(':f)HLpA(T) +15n(-5 f) —on (':f)HLp,A(qr)

1
< Csonﬂp,x(ﬁvf)-

The proof of Theorem 1.1. is completed.
Proof of Theorem 1.2. It is clear that

f~—+ZA (z,f).

Then the equality

Sn (@, f) = Zngz (2, f) = Z g @) (2.6)

holds.
We consider the sequence

m?/(n+1)2

Sin(m/n m<n
p) = § Qromlginys ST
0 , m>n

(n)

According to [38] the sequence py,’ satisfies the condition (1.8). If we apply Theorem 1.8

and using (2.6) we have
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Hsn(" f) - Zn,2 (': f)HLp,A(Tr)

= 7Am i)

mz::l(n"'l)Q ( f) LP:A(T)
_ > (n) sin (m/n)
= |3 (1= ) An )

m=1 Lp,%('ﬂ‘)
<en > (12O 4 ()

m=1 LP:A(T)

= 52|11 = Fuynll sy < C15Zoa G ). (2.7)

By combining the relations (2.1) and (2.7), we have

||f - Zn,2('v f)“LPv\('JT)

IN

1= SC Aoy 1S (o ) = Zn2 (5 Pl Loan
332 ,A(%’f)

IA

and the proof is completed.

Proof of Theorem 1.3. Tt is clear that [30] if f € LP*(T), 0 <A< 2and 1< p < oo,
then the function f has the Fourier series

ao >
T A, (2:8)
Then the following estimation holds:
a = m
Ur (@, f) ~ 5+ 3 (0=1") A (&, f). (2.9)
m=1

Now we consider the sequence

ol =na-r7 )m:1,2,...

= sinm(l—r) ’
1- m(l—r)

Note that the sequence 'y’ satisfies the condition (1.8) (see, for example [23] and [38]).
If we apply Theorem 1.8 using (2.8) and (2.9) we have
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14 Sadulla Z. Jafarov

17 = U Dy = || 32 (0 =™ An (1)
oo} LP:A(T)
_ (T) 1 ( _ sinm(l—T))A .
m(l—r) mCd) LPA(T)
_ S %) A (-
mz ( m(l—r) ) LA (D)
1 > sinm (1 —r)
SCS4177’ mz:;(lim)A G5 LPA(T)
=57 i r lf - fl—rHLp,%(T) Sen 1 i TQP’A(l —nf)

The proof of Theorem 1.3.is completed.

Proof of Theorem 1.4. Let f € EPMG), 0 < A < 2and 1 < p < oo . According to
Lemma 1.9 the operator T := P(D) — EP*(G) is bounded. Note that the subspace
P(D) is dense in HP*(D). Extending the operator T := P(D) — EP* (G) from P(D) to
the space H?*(D) as a linear and bounded operator, for the extension T : H?"*(D) —
EPM@), 0<A<2and 1<p<oo the representation

DA
271'2/111 dtzeG h € H”*(D)

holds. Since I' Dini smooth curve, by virtue of [29] (see also, [30]) the operator T :
HPAD) — EP*G), 0 < A< 2and 1< p < co is bounded, one-to-one, onto and
T(f;") = f. For the function f € EP*(G) the following Faber series holds [29]:

F2) Y ar(fen(z), 2 € G,

k=0

where,

ak(f)::%/fk(ﬂ)d k €N
T

According to reference [30] we get f* € H?*(D). Then for the function f;© we can write
the following Taylor expansion

fi (w) =Y an(f)w".

k=0
Note that fi € Ei(D) and boundary function fi € LP*(T). Then according to [42],
Theorem 3.4, pp.38] the function fi (w) has the following Fourier expansion:

[e]

fo (®) <> an(f)e™.

k=0
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The operator T is bounded. Taking into account the boundedness of the operator 7" and
Theorems 1.3 we have

| f=0( P leoam=IT(f) = Tlonls f§) o

1 1
<eso || o7 —onles f3) lppaem < cam2pa(fo, —)= cssnf2f, pa( £,

n

)

which proves Theorem 1.4.
For the proofs of Theorems 1.5 and 1.6 we use Theorem 1.2 and 1.3 and the method in
the proof of Theorem 1.4.
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