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1 Introduction

Generating function were first introduced by Abraham de Moivre in 1730,
in order to solve the general linear recurrence problem (see [14] Section
1.2.9, Generating Functions). One can generalize to formal power series in
more than one indeterminate, to encode information about infinite multi-
dimensional arrays of numbers.

This concept can be applied to solve many problems in mathematics.
There is a huge chunk of mathematics concerning generating functions. It
can be used to solve various kinds of counting problems easily, solve recur-
rence relations by translating the relation in terms of sequence to a problem
about functions, prove combinatorial identities.

In simple words, generating functions can be used to translate problems
about sequences to problems about functions which are comparatively easy
to solve using maneuvers. (For more details, we can see [10,11,17,18,22,
30)).

Given a sequence (a,)n>0 of numbers (which can be integers, real numbers
or even complex numbers) we try to describe the sequence in as simple a
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form as possible. Where possible, the best way is usually to express a,, as
a function of n. Unfortunately, not all sequences can be described directly
by such a formula, and in cases where they can, it is not always easy to
find the formula. Therefore, in many cases we describe our sequence by a
recurrence. Another way we could describe the sequence is to view the an

o0
as the coeflicients of a formal power series F'(z) := > anz™, F(z) is called
n=0
the generating function of the sequence a,.
Note that, we can define the exponential (or Hurwitz) generating function

of a, by
oo xn
E(x) := Z -
n=0 )

More generally, let {2 = (wg,w1, ...) be a sequence of nonzero real numbers.
Then, following Comtet (see [8] p. 137), we define the w-generating function
of the sequence a, by

Qz) = i anx" wy,.
n=0

Thus F(z) and E(x) are the special cases where w, = 1 and w, = 1/n!
respectively.
The literature on these topics is extremely vast. See further examples in
[2-4,6,7,20,21,24,29,30].
In this paper, we give the generating functions for the products of each
following numbers sequences [12,13,25]:
- The Gaussian (p, q)-Fibonacci numbers {GF), 41}, defined recursively
by, -
GFpq0=1,GF, 41 =1,
GFpgn =0GFy gn-1+9GEFpqn—2, n>2.

- The Gaussian (p, ¢)-Lucas numbers {GL; g.n}
rence relation,

>0 defined by the recur-

GLpg0=2—1p,GL, 41 = p + 2iq,
GLpgn=pGLpgn-1+qGLpgpn—2, n>2.

- The Gaussian (p, ¢)-Pell numbers {GP, .} defined by,

n>0’

GPpg0=1GP, g1 =1,
GPpgn =2pGPy gn-1+ 9GPy qgn—2, n>2.

- The Gaussian (p, ¢)-Pell Lucas numbers {GQp .}

GQpa‘LO =2- 2Zpa GQp,q,l = 2p + 2Zq,
GQp,q,n = 2pGQp,q,n71 + qGQp,q,ana n> 2.

n>0 defined as follows,

And
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- The (p, ¢)-modified Pell numbers {M P, 4}, <., given by,

MPpq0=1,MPBpg1=p,
MPp7q7n = 2pMpp7q7n_1 + qMPpaQ7n_2’ n Z 2.

With the following polynomials sequences:

- The 2-orthogonal monic Chebyshev polynomials of the first kind (MPS)
{’fn () }n>0, studied in [9], and defined by the following relation where «
and v are constants (see also [19]),

{fo(x) = 1,fl(as) = x,fg(x) =22 —a,
Tots(w) = 2Tny2(z) — aTnia(z) —yTu(x), v #0, n > 0.

And
- The trivariate Fibonacci polynomials, introduced by E.G. Kocer and H.
Gedikee in [15], and defined by the next relation,

Hy (z,y,t) =0, Hy (z,y,t) =1, Hy (z,y,t) = z,
H, (z,y,t) = xHp—1 (z,y,t) + yHp—2 (z,y,t) + tHy—3 (z,y,t), n > 3.

The technique applied here is based on the so-called symmetric functions.

The further contents of this paper are as follows. Section 2 gives some
preliminaries that we will need in the sequel. More precisely, we present
and prove our main result which relates the symmetric function with the
symmetrizing operator 427" . In Section 3, we give some new generating func-
tions related to another Gaussian (p, ¢)-numbers and 2-orthogonal Cheby-
shev polynomials. Section 4 is devoted to give some generating functions
of the products of Gaussian (p, ¢)-numbers with the trivariate Fibonacci
polynomials.

2 Preliminaries and main results

In this section, we introduce the notion of the symmetric functions and we
give some properties (for more details, we can see [5,16,23,26,27]). Let us
now start at the following definitions.

Definition 2.1 [1] Let A and E be any two alphabets, then we give Sy, (A —
E) by the following form:

o) H(l_ez)

;Osn(A —E)2" = % (2.1)
- ac€A

with the condition Sy(A— E) =0 for n <O0.
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In particular, if we take A = {0}, the relation (2.1) gives

Z Sn(—E)z" = H(l —ez). (2.2)

eckE
Further, in the case A = {0} or E = {0}, we have

Zs A-E)z <ZS ) x (iSn(—E)z">. (2.3)
n=0
Thus,

= Sn_i(A)Sk(—E) (see [1]).
k=0

Definition 2.2 [28] Let n be positive integer and E = {e1,e2} are set of
given variables. Then, the n' symmetric function Sy,(e1 + e2) is defined by

en+1 6n—i—l
Sn(E) = Sn(el + 62) Q,
€1 — €y

with
SO(E) = 50(61 + 62) = 1,
S1(E) = Si(e1 +e2) =e1 +ea,
SZ(E) = 52(61 + 62) = 6% +e1eq + 6%,

Definition 2.3 [6] Given an alphabet E = {e1,e2}, the symmetrizing oper-
ator 6F , s defined by

evfler) — e f(ea)

€1 — €y

0, enf(e1) = , (keNg:=NU{0} ={0,1,2,3,---}).

In the next theorem, we will combine all these results in a unified way
such that all these obtained results can be treated as special case of the
following theorem.

Theorem 2.4 Given two alphabets A = {a1,a2,...} and E = {e1,ea}, we
have: for all n € Ny and r € {0,1,2,3},

ZS nr+2(E) "=

Sg_r (E) + €1€2S1 (—A) Sl —r ( )Z + 6%6%52 (—A) S_T(E)ZQ

<§Osn(— Jen zn> <zs (—A)en z")
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6:13 g_TZAiT Z Sn—rya(=A) Sy (E) 2"

-V . (2.4)
<ZSn(— ) el z”><ZS (—A) el z”)
n=0
Proof. By applying the operator 53162 to the series
(e12) Z Sn (A)elz",
we obtain
o0
1" > Sn(A)efz" —ey" Z Sn (A) eg2"
3 =0
Ocer f(€12) = - e1 — ez
n r+3 en—r+3
~Ys Y
€1 — €y
= Z S (A) Sp_rya(E)2" (2.5)
n=0
On the other hand, by applying the operator 52 Lo, tO the series
1
f(erz) = ;
Z Sn (—A) elzn
we obtain
ei’f’ 637T

S Su(~A)erzn S Su(~A)egzn
= n=0

€1 — €9
i’*T Z Sp (—A) ehz" — 63*7" Zo Sp (—A) efz"
@ - ) (£ s (arepn ) (£ 50 (-a)epen)
n=0

—n_ 3—r—n

= e3¢
ngos”(_ Jeres————="

(nisn(— Jen z"> (25 (—A)en zn>
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Equivalently
S Sp(—A)etelSo_p—p (E) 2"
621_67; (elz) = = n=0 —
( Sy (—A) e’fz") <Z Sp (—A) eé‘z")
n=0 n=0

2—r o0
> Sn(—A)etesSo_p_p (E) 2"+ >, Sp(—A)etelSop_p (E) 2"
n=0 n=4-r

(20 S (—A) e?z”) (go S, (—A) egzn>

2—7r o] 3 3 entr—3_ ntr—3
Zo Sn(—A)etesSapn_r (E)z" — ; Sn(—A)e; "es " (%) z"

( io: Sn (—A) e{lz") (i Sy (—A) egz")
n=0 n=0
which also gives

Sa—v (B) + e1e281 (—A) S1-, (E) 2 + e3e3S2 (—A) S_,(E)7>
(20 Sn (—A) e?z”) <§0 Sn (—A) egzn)

62’1_62 (e12) =

ei’iregiT > Sn(=A)Spir—a(E) 2"

(5 5] (£ )
8oy (E) + 16281 (—A) S1_y (E) 2 + 26385 (—A) S_p(E) 2

- (nijo S, (—A) e’fz”) <§0 S, (—A) egzn>

eSS ATT N Sy s (—A) S, (E) 27

n=0

(g S, (—A) e’fz") <§0 S, (—A) egzn> |

Hence, from (2.5), we obtain the desired result.

O

— For A = {ay,a2,a3}, E ={ey1,ex} and r = 1,2,3 in the Theorem 2.4 we
deduce the following lemmas.

Lemma 2.5 Given two alphabets A = {a1,a2,a3} and E = {e1, e}, we

have
oo _ 2 2 3
Z Sp(a1 + as + az)Snyi(er + €2)2" = 2 + ez :162 (a1 + a2 —ZGB) 2+ €1epaiazdsz”
n=0 H (1 — aielz) H (1 - 04‘822)

i=1 i=1

(2.6)
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Note that, based on the relationship (2.6), we get

2, 2.2 4
e1+e2)z—erea (a1 + az + az) 2° + efezarazaszz

ZSn,fl((h+a2+(13)5n(€1+62)2n = ( 3 3
n=0 H (1 — aielz) H (1 — aiEQZ)
=1 =1
2.7)
Lemma 2.6 Given two alphabets A = {a1,a2,a3} and E = {e1,ea}, we
have

Z Sn(a1 + az + az)Sp(er +ez)2" =

n=0
1 —eres(arag + aras + a2a3)22 +eres(er + 62)a1a2a323
3 3 : (2.8)
I1 (1 —=aierz) [T (1 — ajezz)
i=1 i=1
From (2.8), we get
o0
> Snoi(ar + az + az)Sn-1(e1 + €2)2" =
n=0
z — erea(aras + araz + azaz)z® + eres(er + e2)ajazazz?
3 3 . (2.9)
[T —azerz) [T (1 — ajezz)
i=1 i=1

Lemma 2.7 Given two alphabets A = {a1,a2,a3} and E = {e1,ea}, we
have

Z Sn(ar +az + a3)Sp—1(e1 +e2)2" =

n=0

(a1 + a2 + as)z — (e1 + e2) (a1az2 + aras + azas)z” + arazas ((e1 + €2)® — erez) 2°

3

1T (1 —aseiz) 13[ (1 — asezz)

=1 i=1

(2.10)

3 Generating functions of the products of Gaussian
(p, g)-numbers with 2-orthogonal Chebyshev polynomials

In this part, we now derive the new generating functions of the products of
2-orthogonal Chebyshev polynomials with Gaussian (p, ¢)-Fibonacci num-
bers, Gaussian (p, ¢)-Lucas numbers, Gaussian (p, q)-Pell numbers, Gaus-
sian (p, ¢)-Pell Lucas numbers and (p, ¢)-modified Pell numbers.

Replacing es by (—e2) in (2.8) and (2.10), we obtain

Z Sp(ar + az + az)Sp(er + [—e2])2" =

n=0
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1+ erez(aras + ajas + azaz)z® — erea(er — ez)ajasaszz®

3 3
[T (1A —ae1z) [T (1 + ajexz)

i=1 i=1

(3.1)

Z Sp(a1 + az 4+ a3)Sp—1(e1 + [—e2])2" =

n=0

(a1 + a2 + as)z — (e1 — e2) (a1az + a1as + axas)z” + arazas ((e1 — e2)” + ere2) 2°

3 3
(1 —aie1z) [T (1 + asezz)
=1 1=1

k2

(3.2)
This case consists of two related parts. Firstly, the substitutions
ay+az+az=x o1 — oo —
aijas +aijaz +asaz = o and { 1 _2 p ,
_ €12 = ¢
a1a2a3 = —7Y
in (3.1) and (3.2), we obtain
o0
14 aqz? + 23
Z Sp(a1 + a2 + a3)Sp(ex + [—e2))2" = 1 Pa , (3.3)
n=0 fa,'y (Z)
oo 2 2 3
Tz — apz® — +q)z
S Sular +az +a5)Sn_1(er + [—eg])on = ZOE AP HDT gy,
n=0 fa,'y (Z)
with

fary (2) =1 —pzz+ (o (p* 4+ 2¢) — qz*) 2° +p (v (P* + 3q) + agz) 2°+

q (v (p* + 2q) + o?q) 2* + aypg®2” — v*¢*2°,
and we have the following results.

Theorem 3.1 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with Gaussian (p,q)-Fibonacci
numbers is given by

s ~
Z Ty () GFpgn2" =
n=0

i+a(1—pi)z+ai(p?+q) —p) 22 +7 (p* +29) — (° +q)) 2
fary (2) '

(3.5)
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Proof. We have [25]
GFpgn =1Sn(er +[—e2]) + (1 —ip) Sn—1(e1 + [—e2]).
Then we obtain

Z Ty (x) GFpgnz" =
n=0

Z Sn(a1 + az + a3) (iSn(e1 + [—e2]) + (1 — ip) Sn—1(e1 + [—e2])) 2"

= zz Sn(ar + az + az)Sy(e1 + [—ez])2"

n=0

+ (1 —1ip) Z Sp(ar +az + az)Syp—1(er + [—e2])2".

n=0

According to the relations (3.3) and (3.4), we obtain

R i (1 + 2 + 3 1—54 _ 2 9 n 3
ST (@) GFpgn” = i( C;qz (Z)quz ), (1=ip) (= fapz(z) 7P + ¢)7°)
n=0 @,y ay

i+z(1—pi)z+a(i(p?+q) —p) 22+ (ip(p® +2¢) — (p* +q)) 23
fow (2) -

Hence the result.

O

Theorem 3.2 For n € N, the new generating function of the product of
2-orthogonal Chebyshev MPS of the first kind with Gaussian (p,q)-Lucas
numbers is given by

> T (2) GLypgn?" = 2—ip+a (i (p°+2q) p)fz%—z)(p +2q—ip (p*+3q))
n=0 o,y
2 it 4 4p2ag 4 262)) 23
L (P +3q) —i (b + % +2¢%)) 2 .
Jan (2)

Proof. We know that
GLpgn = (2 —ip) Sn(e1 + [—e2]) + (i (0> +2q) — p) Su—1(e1 + [—e2]), (see [25]).

We can see that

o0
Z T, () GLp gn2" =
n=0

Z Sn(a1 + a2 + as3) ((2 —ip) Sn(er + [—e2]) + (2 (p2 + Qq) —p) Sn—1(e1 + [—62])) 2"

n=0
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= (2—ip) Y _ Sular + az + a3)Su(er + [—ea])2"

n=0

+ (’L (p2 + 2(]) — p) Z Sn(al + as + ag)Sn,l(el + [—62])Zn.

n=0
Then, according to the relationships (3.3) and (3.4), we obtain

oo

(2 —ip) (1 + agz? + vpqz?)

;—OTH (2) GLpgn?" = )
(i (p* +2q) — p) (w2 — apz® —y(p* + q)2%)
+
fan (2)
_ 2—ip+a(i(p*+2q) —p) 2+ (p? + 2q —ip (p* + 3¢)) 2*
fany (2)
v (p (p* + 3q) — i (p* + 4p*q + 2¢°)) 23
_|_ .
foz,’y (2)

This completes the proof.

— By the relationships (3.5) and (3.6), we have two cases.

Case 1. With a = 0, we obtain

for (2) =1 —paz — q*2% +9p (p* + 3q) 2° + yqz (p* + 2q) 2* — v*¢*2°,
and we have the following corollaries.

Corollary 3.3 Forn € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the second kind with Gaussian (p, q)-Fibonacci
numbers is given by

i+ (1—pi)z+7 (ip(0* +2¢) — (0* +q)) 2°
fon (2) '
Corollary 3.4 For n € N, the new generating function of the product of

2-orthogonal Chebyshev MPS of the second kind with Gaussian (p, q)-Lucas
numbers is given by

Oo o~
> Un(2) GFpgn" =
n=0

>~ 2—ip+a(i(p*+2q) —p)=
U, GL, 2" = +
nz:% (l’) p,q;n? fO,’y (Z)
v (p (p* +3q) — i (p* + 4p°q + 2¢%)) 2*

fory (2)
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Case 2. With o = 3 and v = —1, we obtain
fa—1(2)=1—prz+ (3p2 + 6q — qa:2) 2 4p (3qa: —p?— 3q) 24
q (9 — z (p* + 2q)) z* — 3pg*2° — ¢*2°,
and we have the following corollaries.

Corollary 3.5 For n € N, the new generating function of the product of
2-orthogonal Chebyshev polynomials of the first kind with Gaussian (p,q)-
Fibonacci numbers is given by

2~ n_i+x(1—pi)z—l—3(i(p2+q)—p)z2
;Tn () GFpgnz" = Boate) +
— (ip(p* +2q) — (0* + q)) z3.

f3,-1(2)

Corollary 3.6 For n € N, the new generating function of the product of
2-orthogonal Chebyshev polynomials of the first kind with Gaussian (p,q)-
Lucas numbers is given by

g 2—ip+x (i (p2+2q)—p) 243 (p*+29—1 243 52
> T (z) GLpgnz"= pta (i (p*+2q) PJZ ((;9 q—ip (p*+3q))
n=0 3,—-1 (%
(0 +30) — i (0" + g+ 2¢%)) 2
f3,-1(2) '
Secondly, the substitutions
a1 tas+az==x o
a1a2 + aias —+ asa3 = « and {61 52 - 2p 7
aiaa3 = — €1e2 =g
10203 v

in (3.1) and (3.2), we obtain

> 1 2 + 2ypg2®
S Sular + a2 +az)Sule + [-ea))sn = TSI 3
n=0 Ja,y (Z)
= xz — 2apz? — y(4p? + ¢)23
3 Sular+az+as)Sai(ert[—ea))z" = e (C VAP
n=0 Yoy (Z)
with

Jany (2) =1=2pzz+ (20 (2p° + q) — q2°) 2> +2p (v (4p° + 3¢) + aqz) 2°+

q (aQq + 2vzx (2p2 + q)) 2t 4+ 2a’ypq225 — *y2q3z6,

and we have the following results.
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Theorem 3.7 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with Gaussian (p, q)-Pell num-
bers is given by

Z T (2) GPpynz" =

i+ x(1—2ip) 2+ o (i (4p® + q) — 2p) 2% +v(4ip (2p* + q) — (4p* + q))7*
o,y (2)

(3.9)
Proof. Recall that, we have
GPpgn = iSn(er + [—e2]) + (1 = 2ip) Sp—1(e1 + [—e2))
(see [25]). We see that

ZT 2) GPpyn2" =

Z Sn(a1 + az + a3) (iSy(e1 + [—e2]) + (1 — 2ip) Sp—1(e1 + [—e2])) 2"

n=0

= ZZ Sn(a1 + az + as)Sy(e1 + [—ez])z"
n=0
o

+ (1= 2ip) Y Sular + az + az)Sn-1(e1 + [—e2])2"

n=0

Using the relationships (3.7) and (3.8), we obtain

= 1+ aqz? + 2ypgz®
Z:: z) GPpgn2" = ( ;aﬁ B o )
(1 — 2ip) (zz — 2apz? — v(4p* + q)2%)
oy (2)
i+ x (1 — 2ip) z+a(z (4p2+q) —2p) 22
B oy (2)
v(4ip (20> + q) — (4p* +q))2*

oy (2)

This completes the proof.
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Theorem 3.8 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with Gaussian (p, q)-Pell Lucas

numbers is given by

oo . - , )
an (7) GQpgnz" = 2 — 2ip + 22 (i (2p* + ¢) — p) n
=0 Gy (2)
2 (2p2 +q- Z‘p (4])2 + 3(])) 22
+
Gay (2)
2y (p(4p® +34) — i (89" + 8% + %)) ° (3.10)
g()é,’y (Z) ’ °

Proof. Recall that, we have
GQpgn = (2 — 2ip) Suler + [—e2]) + (i (4p” + 2q) — 2p) Su—1(e1 + [—e2]) (see [25]).
We see that -
Z T, () GQpgnz" =
n=0

Z Sp (a1 + as + as) ((2 — 2ip) Sp(e1 + [—e2]) + (z (4p2 + Zq) — 2p) Sp—1(e1 + [—82])) 2"

n=0

= (2 — 2ip) Z Sn(a1 + az + a3z)Su(er + [—e2])z"

n=0

+ (i (4p* + 2q) — 2p) Z Sp(ar 4+ az + az)Sp—1(e1 + [—e2])2".

n=0

By using (3.7) and (3.8), we obtain

i Ty () GQpgn2" = (2 - 2ip) (1+ ag2" + 27pq2")
=0 9oy ()
N (i (4p* + 2q) — 2p) (w2 — 2apz? — y(4p? + q)z%)
oy (2)
2= 2ip+2x (i (2p* 4+ q) —p) 2+ 2 (2p* + g —ip (4p* + 3q)) 2°
a oy (2)
Ml (p(4p® + 3q) — i (8p* + 8p*q + ¢*)) 2°
oy (2) .

This completes the proof.

119



14 Nabiha Saba, Ali Boussayoud, Baghdadi Aloui

Theorem 3.9 For n € N, the new generating function of the product of 2-
orthogonal Chebyshev MPS of the first kind with (p, q)-modified Pell numbers
is given by

1 —prz+ o (2p* + q) 22 4+ p (4p2 + Sq) 23

T, (x) M P, an? =
,;) i oy (2)

(3.11)
Proof. Recall that, we have
MP, 4 = Sn(er + [—e2]) — pSn—1(e1 + [—e2]) (see[25]).
We see that
Ty (2) M Py gn2" =

M8

n=0

> Sular + a2 + ag) (Su(er + [—ea]) = pSu-1(e1 + [—ea])) 2"

n=0

= Z Sn(al + az + GS)Sn(el + [762])’2”

n=0

—pz Sn(a1 + ag + a3)Sp—1(e1 + [—e2])2".

n=0

Using the relationships (3.7) and (3.8), we obtain

oo
~ 1 242 3 xz — 2apz? — y(4p® + ¢) 23
Sty 2 et )
n—0 Jay (2) Jay (2)
B 1 —prz+a(2p” +q) 22 +yp (49 + 3¢) 23
oy (2) .

This completes the proof.

— By the relationships (3.9), (3.10) and (3.11), we have two cases.

Case 1. With a = 0, we obtain
Gony (2) =1—2pxz— qz?2% +2yp (4p2 + 3q) 23+ 2vqu (2p2 + q) 2t —~2¢328,
and we have the following corollaries.

Corollary 3.10 For n € N, the new generating function of the product of

2-orthogonal Chebyshev polynomials of the second kind with Gaussian (p, q)-

Pell numbers is given by

i+ (1= 2ip) 2+ (4ip (2p* + q) — (4p* + ¢)) 23
9oy (2) .

Z U, () GPpgnz" =
n=0
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Corollary 3.11 For n € N, the new generating function of the product of
2-orthogonal Chebyshev polynomials of the second kind with Gaussian (p, q)-
Pell Lucas numbers is given by

o

U Un (2) GQpgnz" =

2 — 2ip + 2 (i (2p% + q) — ) + 27 (p(4p* + 3q) — i (8p* + 8p*q + ¢?)) 2°
9oy (2)

Corollary 3.12 For n € N, the new generating function of the product of
2-orthogonal Chebyshev polynomials of the second kind with (p,q)-modified
Pell numbers is given by

1 — pxz+p (4p* + 3q) 23
ZU ) MP, o = 1P vp (4p* + 3q) =
Joy (2)

Case 2. Wlth o =3 and 7 = —1, we obtain
g3,—1(2) =1—2pxz + (12p2 + 6g — qxz) 22+ 2p (3qz — 4p? — 3q) 234

q(9g — 2z (2p* + q)) z* — 6pg°2° — ¢°2°,
and we have the following corollaries.

Corollary 3.13 Forn € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with Gaussian (p, q)-Pell
numbers is given by

ZT 2)GPyyn2" =

itz (1—2ip)z+3(i (4p +q)—2p)z — (4ip (20* + q) — (49 + q)) 7>
g3,-1(2)

Corollary 3.14 Forn € N, the new generating function of the product of 2-
orthogonal Chebyshev polynomials of the first kind with Gaussian (p, q)-Pell
Lucas numbers is given by

g o 2—2ip+2x (i (2p*+4q) —p) 2+6 (2p* +q—ip (4p*+3q) ) 2>
S7, () GQpgn= (i ( )—p) 246 ( ( )
o 93,-1(2)
2 (p(4p* + 3q) — i (8p* + 8p*q + ¢%)) 23
g3,—1 (2)

Corollary 3.15 For n € N, the new generating function of the product of
2-orthogonal Chebyshev polynomials of the first kind with (p, q)-modified Pell
numbers is given by

_ 2 2 _ 2 3
ZT ) MPy g 1 pxz+3(2p +q)z p(4p +3q)z
g3,-1(2)
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4 Generating functions of the products of Gaussian
(p, @)-numbers with trivariate Fibonacci polynomials

Our next goal, is to derive the new generating functions of the products
of trivariate Fibonacci polynomials with Gaussian (p,¢)-Fibonacci num-
bers, Gaussian (p, ¢)-Lucas numbers, Gaussian (p, ¢)-Pell numbers, Gaus-
sian (p, ¢)-Pell Lucas numbers and (p, ¢)-modified Pell numbers.

Replacing ez by (—e2) in (2.7) and (2.9), we obtain

> Suoi(ar + as + az)Su(er + [—ea])2" =

n=0

(€1 — e2) 2z + e1ea (a1 + az + ag) 2% + e?e3ajazazz?
- - @

IT (1 —aierz) [T (1 + ajeaz)

i=1 i=1

Z Sn—1(a1 + az + a3)Sp—1(e1 + [—ez])2" =

n=0
2+ eres(aras + ajaz + azaz)z® — ejes(e; — e2)ayazazz?
3 3 . (4.2)
[T —azerz) [T (1 + ajesz)
=1 1=1
This case consists of two related parts. Firstly, the substitutions
ay+az+az=x o1 — oo —
aiae + aijas + asaz = —y and {ele _2 p ,
a1ao20as3 = t €2 =4
in (4.1) and (4.2), we obtain
0 2 2,4
z +qrz“ + gtz
3 Spi(ar +as + az)Spler + [~eo))en = ZTIETLE 0 (43)
=0 fry (2)
0 3 4
2z —qyz® —pqtz
> Su1(ar +az + az)Spa(er + [—ea])e" = TEEZBEE (49
n=0 f%yﬂf (Z)
with

Faye(2) =1=paz— (y (0" +29) + g27) 2* = p (t (0" + 39) + quy) 2°+

q (qy® — ot (p* + 2q)) 2* + pgPytz® — 31225,

and we have the following results.
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Theorem 4.1 For n € N, the new generating function of the product of
trivariate Fibonacci polynomials with Gaussian (p,q)-Fibonacci numbers is
given by

o0
Z H, (z,y,t) GFpqnz" =

n=0
z+iquz® + qy (ip— 1) 23 + gt (i (p* + ¢q) — p) 2*
fryt(2) ‘
Proof. By referred to [25], we have

GFpgn = 1Sn(e1 + [—ea]) + (1 — pi) Sp—1(e1 + [—e2]).

(4.5)

We can easily see that

o0
Z Hy (2,y,t) GFpgn2" =
n=0

Z Sp—1(a1 + a2 + as3) (iSp(e1 + [—e2]) + (1 — pi) Sp—1(e1 + [—e2])) 2"

n=0

00
= ZZ Sn,l(al + as + ag)Sn(el + [—62])2“

n=0

+(1=pi) Y Snoi(ar + az + az)Sp_i(e1 + [—ea])2".

n=0

According to (4.3) and (4.4) this gives the following equality

> n t(pz+ qrz? + ¢*tz* 1—pi) (2 — qyz® — pqtz*
ZH” (z,9,1) GFpqn2" = ( ) + ( ) ( Y )
oy fayt (2) foyt (2)

z+iqez® + qy (ip— 1) 2° + gt (i (p* + q) — p) 2*
foyt(2) ’

then, the desired result.
O

Theorem 4.2 For n € N, the new generating function of the product of
trivariate Fibonacci polynomials with Gaussian (p, q)-Lucas numbers is given

by
o0
Z H, (z,y,t) GLpgn2" =
n=0

(p+2iq)z+qx(2—ip)z2+qy(p—i(p2+2q))z3+qt(p2+2q—ip(p2+3q))z4

fay,t (2)
(4.6)
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Proof. By referred to [25], we have

GLpgn = (2—1p)Snler + [—e2]) + (z (p2 + Qq) - p) Sp—1(e1 + [—ea]).
This gives

o
Z Hy (2,y,1) GLpgnz" =
n=0

> Su-1lar +az +ag) ((2 = ip) Suler + [—e2]) + (i (P + 29) — p) Sn—1(e1 + [—e2])) 2"

n=0

= (2 —ip) Z Sp—1(a1 + az + a3)Sp(er + [—ez])2"
n=0

+ (Z (p2 + 2q) — p) Z Sp—1(a1 + a2 + a3)Sp—1(e1 + [—e2])2".
n=0

According to relationships (4.3) and (4.4), we obtain

(2 —ip) (pz + quz® + ¢*tz*)

oo
Z Hy (2,y,1) GLpgn2" =

e f:c,y,t (Z)
(i (P* +29) —p) (= — ayz® — patz")
fac,y,t (Z)
(p+2iq) 2+ qu (2 —ip) 22 + qy (p — i (P2 + 29)) 2°+

_ +

fw,y,t (Z)
qt (p* +2q — ip (p* + 3¢)) 2*

Joyt (2) ’

which completes the proof.

— By the relationships (4.5) and (4.6), we have three cases.

Case 1. Writing z? instead of z, = instead of y and taking ¢t = 1, we
obtain

fozan (2) =1 —pa®z —a (p° +2q + q2®) 2% — p (q2® + p* + 3¢) 2°~
qx2 (p2 + q) 2 +pq2xz5 — q326,
and we have the following corollaries.

Corollary 4.3 For n € N, the new generating function of the product of
Tribonacci polynomials with Gaussian (p, q)-Fibonacci numbers is given by

c- z4igxz2 L qgr(ip—1)234+q(i(p?+q) —p) 22
> T (2) GFpgns" = q qx (ip — 1) q (i (p*+q) —p) |
n=0 fa:Q,z,l (Z)
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Corollary 4.4 For n € N, the new generating function of the product of
Tribonacci polynomials with Gaussian (p, q)-Lucas numbers is given by

o0
Z To () GLpgnz" =
n=0

(p+ 2iq) z + qz* (2 — ip) 2°> + qx (}ofi(p2 +2q))z3+q(p2 +2q7ip(p2 +3q))z4
sz,z,l (Z) ’
Case 2. With x =y =t =1, we obtain
fiin(z) =1—pz—(p* +3q) 22 —p (p* + 4q) 2° —q (* + q) 2* +pg®2° —¢°2",
and we have the following corollaries.
Corollary 4.5 For n € N, the new generating function of the product of
Tribonacci numbers with Gaussian (p, q)-Fibonacci numbers is given by
> z24iq2? +qlip—1)23+q (i (p* +q) —p) 2*
ST, GEy et = S alip—1)2*+q(i(p*+a) —p) 2"
= fra1(2)

Corollary 4.6 For n € N, the new generating function of the product of
Tribonacci numbers with Gaussian (p, q)-Lucas numbers is given by

o0
Z T,GLpgn2" =
n=0
(p+2iq)z2+q(2—ip) 2> +q(p—i (p° +2q)) 2° + ¢ (p* + 29 — ip (P> + 3¢)) 2*
fria(2) ‘
Case 3. With ¢t = 0, we obtain

Jryo(2) =1—prz— (y (p2 + 2q) + qx2) 22 — pqryz® + ¢?y2 22,

and we have the following corollaries.

Corollary 4.7 For n € N, the new generating function of the product of
bivariate Fibonacci polynomials with Gaussian (p, q)-Fibonacci numbers is
given by

z+iqez® +qy(ip—1)2°
Jay,0 (2)

Corollary 4.8 For n € N, the new generating function of the product of
bivariate Fibonacci polynomials with Gaussian (p, q)-Lucas numbers is given
by

oo
Z Ey (2,9) GFp,q,nZn =

n=0

[o.¢]
Z Fo(2,y) GLpgnz" =
n=0

(p+2iq) z+qz (2—ip) 22+ qy (p—i (p* + 2¢)) 2°
fw,y,O (Z) .
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Secondly, the substitutions

ay+azx+az=x —9

_ €1 — €2 =4p
aiae + aijas + asaz = —y and €162 = g ,
ajasasz =1t 12

in (4.1) and (4.2), we obtain

o0

2 + 2 + 2t 4
Z Sp—1(a1 + az + az)Su(er + [—e2])2" = pe T are 77 ) (4.7)
0 Gyt (2)
ot 3 4

— qy2® — 2pqt
3" Sui(ar +az + as)Su-i(er + [~eo))e" = T ZPEE - 48)
"0 oyt (2)
with

Goyt (2) =1 = 2wz — (2 (20" + ) + q2) 2 = 2p (¢ (4p + 3q) + qay) 2°+
q (qv? — 22t (2% + q)) 2* + 2pPytz® — ¢*1225,
and we have the following results.

Theorem 4.9 For n € N, the new generating function of the product of
trivariate Fibonacci polynomials with Gaussian (p,q)-Pell numbers is given
by

o
Z Hp (2,y,1) GPpgnz" =
n=0

z+ qizz? + qy (2ip — 1) 2% + qt (i (4p* + q) — 2p) 2*
Yzt (2)

Proof. By [25], we have GPp g, = 1Sy (e1+[—e2])+(1 — 2ip) Sp—1(e1+[—e2]).
Then, we see that

(4.9)

Z H, (.T, Y, t) G-Pp,q,nzn =
n=0

> Sn1 (a1 + az + as) (iSn(er + [—e2]) + (1 — 2ip) Sn_1(e1 + [—e2])) 2"

n=0

= zz Sp—1(a1 + a2 + a3)Sp(e1 + [—e2]) 2"

n=0

+ (1 — 2ip) Z Sp—1(a1 + a2 + az)Sp—1(e1 + [—ea])2",

n=0
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by using the relationships (4.7) and (4.8), we obtain

o0

Z H, (z,y,t) GPpgpnz" =
n=0
i (2pz + qu2® + ¢%tz*) (1 —2ip) (2 — qyz® — 2pqtz?)
Jot (2) Gryt (2)
z+ qizz? + qy (2ip — 1) 2% + qt (i (4p* + q) — 2p) 2*
oyt (2) '

This completes the proof.
d

Theorem 4.10 For n € N, the new generating function of the product of
trivariate Fibonacci polynomials with Gaussian (p, q)-Pell Lucas numbers is
given by

oo
Z Hy (2,y,1) GQpgnz" =
n=0

2(p +iq) z + 2qx (1 —ip) 2° + 2qy (p — i (20° + q)) 2° + 2qt (2p° + ¢ — ip (4p° + 3¢)) 2*
Ga,y,t (2) .

(4.10)
Proof. By [25], we have
GQpgn = (2= 2ip) Sp(er + [—ea]) + (i (4p° 4+ 2q) — 2p) Sp—1(e1 + [—ea)).
Then, we see that

Z H, (Iv Y, t) GQp,q,nZn =

n=0

> Su—i(artas+as) (2 = 2ip) Sn(er + [—ea]) + (i (49" +24) — 2p) Sn—1(e1 + [—e2])) 2"

= (2 — 2ip) Z Sn—1(a1 + az + a3)Sp(e1 + [—e2])2"

n=0

+ (i (4p% +29) —2p) Y Sn-1(ar + az + az)Sn—1(e1 + [—e2]) 2",

n=0
by using the relationships (4.7) and (4.8), we obtain
(2 — 2ip) (2pz + qu2? + ¢*tz*)
Gyt (2)

Z Hy (2,y,1) GQpgnz" =

n=0
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N (z (4p2 + 2q) — 2p) (z —qyz® — 2pqtz4)

Gyt (2)
_2(p+ig)z+2qx (1 —z'p)z2+2qy(p—z'(2p2+q))z3+
oyt (2)
2qt (2p® + q — ip (4p* + 3q)) 2*
oyt (2) .

This completes the proof.
O

Theorem 4.11 For n € N, the new generating function of the product of
trivariate Fibonacci polynomials with (p,q)-modified Pell numbers is given

by
pz + quz® + payz® + qt (2p* + q) *
Jayt (2)

Z H, (x,y,t) MP, 4 nz" = (4.11)
n=0

Proof. By [25], we have M P, ., = Sy(e1+[—e2]) —pSn—1(e1+[—e2]). Then,
we get

Z Hy (2,y,t) MPpgnz" =
n=0

Z Sn—1(a1 + az + a3) (Sp(e1 + [—e2]) — pSn—1(e1 + [—e2])) 2"

n=0

= Z Sn—1(a1 + az + a3)Sn(e1 + [—e2])2"

n=0

—p Y Su-1(ar + az + as)Sn_1(e1 + [—€2]) 2",

n=0
by using the relationships (4.7) and (4.8), we obtain
2z + qu2? + ¢tz p (2 — quz® — 2pgtzt)

[ee)
H z, ,t MP S = _
Z n ( y ) p,q,n g‘r’yi (Z) gx,y,t (Z)

n=0

_pz+ quz® + payz® + qt (2p® + q) 2*
oyt (2)

This completes the proof.

— By the relationships (4.9), (4.10) and (4.11), we have three cases.
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Case 1. Writing 22 instead of x, = instead of y and taking t = 1, we
obtain

92221 (2) =1 — 2pr’z —x (4p2 + 2q + q:rg) 22— 92p (q$3 +4p? + 3q) 23—
qa:2 (4102 + q) 2t + 2pq2wz5 — q326,
and we have the following corollaries.

Corollary 4.12 For n € N, the new generating function of the product of
Tribonacci polynomials with Gaussian (p, q)-Pell numbers is given by

Z T, () GPpgnz" =
n=0

z+ qiz?2? + qz (2ip — 1) 28 4+ q (i (4p* + q) — 2p) 2*
92 2,1 (Z) .

Corollary 4.13 For n € N, the new generating function of the product of
Tribonacci polynomials with Gaussian (p, q)-Pell Lucas numbers is given by

oo
Z T (2) GQpgnz" =
n=0
2(p +iq) z + 2q2® (1 — ip) 2> + 2qz (p — i (2p* + q)) z3+
922 2,1 (2)
2q (2p* + q —ip (4p* + 3¢)) 2*
922 z,1 (2) .

Corollary 4.14 For n € N, the new generating function of the product of
Tribonacci polynomials with (p, q)-modified Pell numbers is given by

pz + qu?2? + pquz® 4+ q (2p% + q) 2*
922 x,1 (Z) .

oo
> T (2) MPygnz" =
n=0

Case 2. With x =y =t =1, we obtain
9111 (2) =1 —2pz — (4p* +3q) 2> — 8p (p* + q) 2°~
q (4p° + q) 2* + 2pg®z° — ¢*2°,
and we have the following corollaries.

Corollary 4.15 For n € N, the new generating function of the product of
Tribonacci numbers with Gaussian (p, q)-Pell numbers is given by

= 24 qiz? +q(2ip— 1) 22 + q (i (4p* + q) — 2p) 2*
S LGByt = 20 q(2ip—1)=" +q (i (4p° +q) —2p) 2"
= 9111 (2)
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Corollary 4.16 For n € N, the new generating function of the product of
Tribonacci numbers with Gaussian (p, q)-Pell Lucas numbers is given by

00
D TuGQpgnz" =
n=0
2(p+iq)z+2q (1 —ip) 22 +2q (p—i (2p* + q)) 23+
91,11 (2)
2q (2p% +q —ip (4p* + 3q)) 2*
91,11 (2) '

Corollary 4.17 For n € N, the new generating function of the product of
Tribonacci numbers with (p, q)-modified Pell numbers is given by

pz +q2% + pgz® + q (2p* + q) 2*

o0
T,MP, 2" =
Z e 91,11 (2)

n=0
Case 3. With ¢t = 0, we obtain
ogo (2) = 1= 2prz — (2y (20* + q) + q2?) 2% — 2pqryz’ + ¢*y*2",
and we have the following corollaries.

Corollary 4.18 For n € N, the new generating function of the product of
bivariate Fibonacci polynomials with Gaussian (p, q)-Pell numbers is given
by
2 +iqwz? + qy (2ip — 1) 23

a0 (2) .

oo
Z Fo(z,y) GPpgnz" =

n=0

Corollary 4.19 For n € N, the new generating function of the product of
bivariate Fibonacci polynomials with Gaussian (p,q)-Pell Lucas numbers is
given by

Z Fy (2,y) GQpgnz" =
n=0

2(p+iq) z+2qx (1 —ip) 22+ 2qy (p — i (2p* + q)) 2°
9z.,y,0 (Z) .

Corollary 4.20 For n € N, the new generating function of the product of
bivariate Fibonacci polynomials with (p, q)-modified Pell numbers is given by

0 2 3
z 4+ qrz + z

N Fu(2,y) MPy gz = 22014 Payz

n=0 Gz,y,0 (Z)
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