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ASUPRA EVALUARII ERORIT LA REZOLVAREA SISTEMELOR LINIARLE

Rezumat

Se studiazd problema aproximirii solutiei sistemului de ecuatii liniare
algebrice (2), cind inlocul acestuisistem se considera sistemul (4). Evaludrile
erorii obfinute pot fi utile in economie, la calculul prefului de cost.

SOME REMARKS TO THE PAPER

PROFESSOR ADOLY HAIMOVICI,
SUR QUELQUES INVARIANTS DANS LES ESPACES A CONNEXION
AFFINE A TROIS DIMENSIONS

BY

VACLAV TTLAVAT v

Tear Professor Hatmovicr

In reading your interesting paper ,Sur quelques invariants dans les espaces a con-
nexion affine 4 trois dimensions, {Annales Polonici Mathewmatici, II1, 2, 1957, pp. 300-
103), T came across some ideas connected with the topic of your paper which I'd like to
“ring to your attention in what follows, I am using a little bit different notation than

_ou did, but yon will see that this does not confuse the issne.

I

Denote by ., a n-disnensional space referred to coordinates v and
ndowed with a symmetric connection [ == 2

Definition (I.1). Let X* (ab =1,...,p) be a set of p contravariant
»eclors. Let g

r1) FEEf(x, X)

represent a scalar function of the coordinates x¥ and of the vectors Xv, homo-
~neous of degree zero tn the XV, e

This Definition gives rise to the following
Lemma (LY). The p.n expressions

(1. 2) g Y
x>
ave components of p covariant vectors satisfying the conditions

P
L= X5 XA =0,

n

1 2
Y ) XZ*X" - X’ X+ = .
] z
~he proof is obvious.

"~ Matemoticd - fasc, 2
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Femark (1.1) T we put
(1.4)a Xy 4 ¥ X
then we have by virtue of (1.3) v
i1 41h A2 =0.
If v, is the svmbol of covariant derivative w. 1. to the connection I'\*
we can write according to (1.4}

(1.3) — Xy, X, = X, v,x*

II1.

Let us denote by the symbol f,, the derivative of [ w.r. to x* which
is considered as independent of the vectors X“ It should be stressed that

in spitc ol the fact that f is a scalar, f s ot necessarily vector (gradient).
Using this =:mbol we have obuoush I

(IL.1) Bff ot == [+ X, aAv/a,w ' g

Theorem (II.1)a. A neces sary and sufficient condition tlzat ¥ be

constant 1f and only if the veclors X X arc subject to the restriction

(11.2)21 A;\ Yo A.?'(-‘T- e 1\}‘V# Xl) =0,’
15 =
(I11.3) fu—TrXy =0,

L., your equation {3).
Proof. The equation (II.2)a is equivalent to

[11.2)b 03 0ar = — T, Xy

Hence (11.2)b is satisfied if and only if (IL.2)a is satisfied. On the other

hand a necessary and sufficient condition for the constancy of fis on ac-

count of (II.1)
(I11.4) foo 4+ Xa0X 022 = 0.

The elimination of the terms i’;, dX* ax* from (IL.2)b and (I1.4) leads to

(I1.3). Assume now that (I1.3) is satisfied. Then (I1.3) can be converted
into (II.4) if and only if (IL.2)b (or its equivalent (I1.2)a) is satisfied. In
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other words [ satisfying (IL.3) is coustant if and only if {I1.2)a holds.
Theorewm (IL1)b. dssume that (1.3) 5 salisfied. Then the condi-
ton (IL.3) does not lead necessarily fo

(I1.5) Tu XY = 0
a
which safisfies (11.2).
Proof. 1t is sufficient to c¢xhibit onc ¢xample where (1.3) is satisfied

hut the condition (I1.3} does uot lead necessarily to {II.5). Consider the
case p = 1, denote by a,. & two vectors and put

, ll—;‘X}' Vi e (Y
(IT.6}a [=3 s X 0)
Then
; {ut- I
(IL6)b Jer O Aba—auba
AN {h, \)*
and
(11.6) (. )
AT AXy= T aa,h, ~ ab) XX
'.’_.'._..\ '-'_I" e AR EEE R
An easy inspection based on (II1.6) bed shows that
— : RERS
(1L 7% N ["AXy - ] :
R ! 'f"’ Vi Yf. (b-.-.\—'(F b‘f -z”.a a’.’rvubu!‘

while by virtue of (I.3) and (IL.6)b

. : - ) C ((l b, ﬂ,bilXﬁV X’ E
(IIS) ‘\AV XJ\ — K\.. - x\"' == x 8 w. = o . .
" /_V_. (b? ;\:-.)2

Comparing (11.7} and (IL8) oue sees at once that the condition (IL.3} does
not necessarily lead to (II.5) in this case.
Remark (I1.1). Taking the covariant derivative of the identity

X Xt{a b —agb) =0

one finds easily that in the case (II.6)a the equations (II.2)a and (IL.3)
are compatibile and lead to a constant /.

1I1.

In this Section we shall deal with vour integrability conditions of
(I1.3). If R,.;vis the curvature temsor of the connectlon then vour inte-
erability “ondx_tlons (44), (42) ... (4)) ... are equivalent to
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a} Row*X?
b s Row) X3=0 s=1,23,.
(II1.1) ) (¥, L -
¢ (R, “R o — R R, MXA=0
) [ El(Rmu)\aRpufxv— Roak GRmuav)}Xﬁ=O

In what follows we always assume
(II1.1)e R .=

In order to derive some consequences from (IIL.1) we need the following
Theorcem (IILY} The first integrability conditions of (I1.2)a are

(111.2) A0 XM Vg Xy + B X5 = 0

Proof. Applying to the second equation of (II.2)a the operator v,

and alternating it with | one obtains
a

(o X) v, &, — (7,099, X, + X0, 7, — v,V X, = 0.
On the other hand we have the identity
2XAvlw\-ul)-A X*{v, Vi ™ Vuvm) X). = Rwu).“Xé :

The last two equations lead at once to (IILZ2).

In the next corollary we shall use the words ,,weak condition (II.Z2)a“
which means that this condition is not a consequence of a stronger con-
dition, like (II.5).

Corollary (I11.1). In vour paper you do not consider the weak condition

(11.2)a.
Proof. The equation (I1.3) ia a consequence of (II.Z)a and of
(1I1.3) dffax* =0

Hence the first integrability condition of (1I.3) must be a consequence
of the first integrability condition (II1.2) of (II.2)a and the first integra-
bility condition (III.1} of (IIL.3). Comparing these two sets of integra-
bility conditions we see that they are compatibile if and only if the
Jfollowing new condition for f

(II1.4) (v,.,?af*) VX, — (vu«:@) VoX, = 0%)

is satisfied. In vour paper you do not use this condition and therefore
you do not consider the weak condition (II.2}a.

*} The iutegrability conditions of (IIl.4) impose a new set of conditious on f£.
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Remark (I11.1). Observe that (IIT.4) is identicallv satisfied by (IL.5)
as it was to be expected.

It is known") that if the holonomy group G, of 4, if of  parameters
then there is a set of r tensors £ with the following properties. They

a) are linearly independent,
b) arc defined up to transformations

where the coefficients Tﬁ, are subject only to one condition, namely
Det ((775) =0,
¢) describe the (Y)-domain of all tensors
(II1.5) RMV, Ve, Vs, me_“, s =1, 2, ...
so that

e

A
R y=M &
muAl

(TL.6) Ve, - Vg, Rom’ = s g, F.lmuf;\

s=1,2,...
The tensors M are uniquely defined by the set (IT1.5) and the tensors £3.
If ¢ M are the structural ,constants' of G then i
(IIL.7) Eigr—gagr=c H E’L

4" 6¢* "4
We shall use these results for simplifving wvour equations (III.1). The fol-
lowing three Theorems will be proved simultaneously.

Theorem (IIL2)a. The infinite sel of equations (I111.1)ab is equivalent
to r equations

(ILL.8) £1X;=0.

Theorem (IIL.2)b. The infinite set of equations (III.1)c)d) is a
consequence of (I11.8).

Theorem (III.Z)c. A mecessary and sufficient condition that the
set (II1.1) cd be satisfied even if the set (I11.1)ab s not satisfied is: The
holonomy group G, is Abelian,

Proof. The statement about (III.S) follows from the fact that every

| See for more detail: Hlavat ) The holonomy group 1. ..., VI, Journal of Math,
& I\Iechauus Vol, 8, 285308, 597 -622; Vol. 9, 89122, 4533 49G; Vol, 10, 317—348;
Vol. 11, 35— 60.— The German indices run from 1 to r.
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tensor in the infinite set (1113} wilnch is not zere has the property that
its () -domain s ecither identice] with or contained m the {3} - do-

main spanned by the tensors £2 {Cfr. (1IL6).) Using the first equations

- . - A .
of (ITLG} we may rewrite (TI1.1e in the forn

A i
":[:ul"!;n(‘\:l;. i; £ (E;f:-l‘\ IIJ = 1,
or secording 1o (TELT)
TR TR
e A e T e ),
G - AG H..I =

s

Henee (IH.1jc is a consequence of (TIL8}, 1.e. of (ILL.1jab. The proot con-
cerning (111.1)d follows the same pattern. Al the equations (IIT.[ed
reduce then to »{r — 1)/2 equations

(1T1.9) rﬁgi;;'_Xf_; = {}
Henee i the sroup is Abelian
¢ 0=,

then (1119} and comsequently also (I1L.1jed are alwavs satisfied even 1
(III.NJal are mot.
According to the previous Theorems it is sufficient to consider only
the finite sct (IIL.8) instead of the double infinite set (II1.1).
Theorem (II1.3). A mnecessary and sufficient condition for the
system (111.8) (equivalent to (II1.1)) fo admil a non-trivial solution Xy is:
The nt « r mairix of the arrav ‘

LT 5 £
(I11.10)
o oa..

18 of cank o < mt. If this is the case then there are cxactly o= nt 2
frnearls inde pendent solutions
P G, &
Tty tm,”
cach defined up to an arbitrary facior
The proof 1s elementary.
Remark (I11.2), et us stess again that the system (IIL8) does nol

represent integrability conditions of the weak cquation (11.2) unless special
conditions are prescribed. (Cf. Theorcm~ {1111} and (I1.1}b).}
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IV,

Theorem (II1.1) shows that the integrabilitv conditions of (IT.2}a
are in gemeral different from your equations (IIL1). The question arises:
What condition should one prescribe in order that both sets (I11.2)a and (I11.3)
have the same integrability condition? ‘This question is of paramount im-
portance because the integrability conditions (1II.1) of (I1.3) are not
necessarily integrability conditions of the weak condition (IT.2)a so that
the solution X* of (II1.8) does nol necessartly satisfy the weak condition
(11.2)a.

You answered this question choosing one special condition reducible
to (I1.5). Indeed you have written at the beginning of your interesting
paper il s'agit de trouver les invariants au transport paraléile d'un svstéme
de plusieurs divections... You used the equation (1), i.e.

(Iv.1) dXv 4 [ das X2 =0,
which — according to vour following text — showuld lold for any direction

and this is satisfied if and only if the strong condition (IIL.3) is satisfied.
In order to comsider this situation we shall need the following

Lemma (IV.1), The integrability conditions of
(IV.2) v, Y*=Yvd,Ine
are
a) R Y =10,

(IV.3) )
b) (Va,' - Vg, R, WY*=0 s= 1,2,3, ..

If they are satisfied, then for every solution Y* of (IV.3) there is an appro-
priate scalar ¢ such that (IN.2} 7s satisfied. Moreover, the vector

(1V.4) Xv 4t yvp-! const

satisfies (IL.3).
Proof. Applying to (IV.2) the operator y. and alternating it with
. one obtains
(VaVu = Vu V)Y =0

so that the known identity
(Vo Vo ™ G Vo) ¥V = = R, Y7
leads to the first of (IV.3}). The next equation is ubtained by a very well
known procedure. Applying the operator y, to (IV.3)a onre gets
(VE Rmulv) ¥y B Rmu}.v Vg Y= ”I

R v Y= R .» (0.l o) Y2 = 0,

But
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The remaining equations are obtained in the same way, The system (IV.3)
is homogeneous in Y and thercfore if u solution Y exists, it is known up
to a lactor of proportionality. Therefore, to every such solution there is
an appropriate scalar g such that (IV.2) I~ satisfied. Ou the other band
we obtain from (IV.4) and {IV.2)

-l VN = o B (g DAY Y g ]Y'“-Y”--' p Y

w
const

- dof dxed- dg) dav) =0,

Remark (IV.1). Il is clear that (IV.2) and (II.5) have the sanie inte-
grability conditions. Thercfore, we may limit ourselves to one of these
two cquations, say (II.5). Moreover, we proved (Theorem (III.2)b) that
ihe integrability conditions (I1II.1)cd of {I1.3) are satisfied, whenever (I11.
l)ab are satisfied. Hence we could limit ourselves to (I1I.1)ab.

Theorem (IV.1}. The integrabilitv conditions of (IL.3) constituie a
Jinal set of v n equations

(IV.5}a £y Xt = 0.

4

The integrability conditions (I11.8) of (I1.3) are always satisfied, whenecver
(IV.5)a are satisfied and therefore do not yield any new information con-
cerning f.

Proof. The integrability conditions of (I1.5) are (IV.3) where X has
to be substituted for Y. Using the method of the proof of Theorem (I11.2)a
one finds easily that the above mentioned conditions are equivalent to
(IV.5)a. Assume that the system (IV.5)a admits exactly s linearly inde-
pendent solutions*). If n > p we take just p of these solutions X¥ which
satisfy (IV.5)a, i.e. e
{IV.5}b f; X3 =0.

Whatever are the vectors ‘Xﬂ’v satisfving (I.4) we get at once (IIL.8) as a con-
sequence of (IV.5)b and (I.4)a, Therefore, these equations do not vield any

new information concerning the vectors )2\, = @f/ dx” and therefore also
they do not vield any new information on f. If m < p, we take the m li-
nearly independent solution and complete this set by » — m linear combi-
nations of these solutions with counstant coefficients. In this way we got
again (IV.51h and the statement about f holds even here.

In the next Theorem we shall also make use of the consequences of
Theorems (111.1), (IIL.2), and (IV.1).

*| Neeessary and sufficivut conditions for the existence of at least one non-trivial solntion
are exhibited in Theorern (V. 3,
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fied, then (11.3) and (I1.5) are completely
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il ti valent to (1I1.1)
m (IV.2). Integrability conditions (I11.8) equiva
-1-d’)r11;1e$tzi:z£€;:g ta(ﬂw problem defined by (}1.2) al'n:l (1333_{“;;3”;)0:;;{:% but
; "\ mot sufficient to the existence of a souiion f m. -
}itigfzgﬁigv’z%ndig%ns (IV.5)a are necessary amfi s(wlt{ﬁs?ev}} ftoI: thea:imsst;;zze
07 - ined by (11.3) an 5). ey is-
of a solution [ of the problem defined by { e'ntlgmble. L R e ntion

11.3) does not yield mecessarily any pertinent information on the structure
the solution f. - . ‘

’ Proof. Théf part of Theorems (IV.2) dealing with the. prol;lerg df.ﬁnuie)d
by (11.2) and (I1.3) has been already proved. (Cf. Theorems (IL.1) L3 (1 L1,
(I11.2), and Remark (I11.2)).—It has been proved in Theorem (IV. )bilit :
inteéraibility conditions of (II.3) are the consequence of t%e nﬁ?gr: o 31
conditions (IV.5) of (IL.5). Hence if (IV.5) are satlsﬁed,ftTt;ln fn {IV 5
(I1.3) is completely integrable. ’ljherefore'the only part off’ 'eoieto v
to be proved is the last part of it. To this effect it 1s su21c;;enld . é)onsi-
that at least in one example the last part of Theoze:m. (IV.b) olds:

der the case # = 4 and the connection Iy= T yigiven by

1
Dog=0ln)dxt, Th=—_ 0o

(IV.6) a |
the remaining Pz; =0, o =23,

where

(IV.6) b A=Az o).

It could be verv easily established that the connection (1V.6) admits only
the following parallel vector fields

w = A3 + BS: ") A, B = const.

Hence if we assume p = 3 we could define three fields of parallel vectors

(Iv.7)a Xr=13, &= By, Xv=3-— 8

so that according to (1.3) we must have

3

1 1 4 2 2’ £ 3 3 .
avas X, (0X,X, Xy, X =(XX.X,0), X,=(EXX,3),

*) ie., in the cast when the weak condition (IL2) is not a consequence of u
stronger condition like f. i. the condition (IL5). . .

an) See V, Hlavat } Weierstrass Charac:eriszi_c and Covariant Constant Vector Fieds
{Journal of Math, & Mech., Vol. 14, 737 -768), p. 763.
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where the components in (IV.7) b
by virtae of (I.4)a (IV.7) b are wunknown. We obtain from (IV.7)

iv.7 v
( )y XA=8;MA+3,‘;N)‘

where M, and N. are § i
A ¥, are functions of the compo i i
An easy inspection shows that e

Xﬁaiﬁ’la ™= M, 88y[ dxm NA 983 dav

d & i 5)*
and therefore according to (I1.5)"), (11.4), and (I1.3) we must have also

Vs
( ) a) P)‘;Xb E 0, b) f," = (.

; lj: Sil::ztl ;qeua;;c;? 1‘eguces to ic%entity 0 =0 (See (IV.6) and (4.7} ¢} and
ple Sscond rgason(s)rzs loes 1101'; glve us any pertinent information about 7
e In particular the fact that in the coordinate system

(IV.6) holds the vectors Xv have constant components. Therefore

if a, 6., ¢, are vec ich in
NN tors which i the actual coordinate system have constant

co i
mponents then f could be f.i. a function of three expressions

a A X
Ab“}n( Azu bc, )g;. ;‘s(u ¢, a, X2 Xv
—_— R 3 1
“:bg{("Xﬁ biﬂ‘qX“X-@ ¢ X_-—"*X“
d 1 “ 3 2 a B 3 1

e
N 2 €1 h

one of i
W ;)t g?) , b}_, €, » .Whlch can always be achieved. Then (IV.7) b is satisfied
R IVes not give us any pertinent information about the structure of
: (IV.7)b could be satisfied by other functions of Xv, Xv, Xv e
1z "3

IS we dellotL b b the e} t

i
£, £ ...,
A A A
¢ &
£, L.,
A 4 P

*} If (IT.5) is satisfied, so is (2,2)b
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and by £ the »r X 2 matrix
()

def
(1v.9) o

((£)

r

The following two Theorems will be proved simultaneously.

Theorem (IV.3)b. A necessary and sufficient condition for the
existence of a non-trivial solution of the problem defined by (I11.3) and (IL3)
is: The matrix R defined by (IV.9) has the rank o < n. If this is the case
then there are exactly m = n — ¢ linearly independent solutions of (IV.5) which
satisfy (IV.5) b.%)

Theorem (IV.3)bh. [f m = n the space A, is flat, i.c. the condition

(I11.1)e #s not satisfied.
Proof. We know Theorem (IV.2) that (IV.5)a are integrability con-
ditions for the existence of a solution of the problems defined by (I1.3),

(11.5). In order to construct (II. 3) we need first the vectors X satisfying

a
(1L.5). By virtue of Theorem (IV.1) the coustruction of X¥is obvious and

a
it is described in its main features by Theorem (IV.3)a which is an appli-
cation of linear algebra to (IV.5)a. — I i == n we have =0 and con-
sequently £ = 0 so that according to (I11.6) we have
A
R =

WA
Remark (1V.2). It is interesting that in the Riemann space p must
satisfy the condition p << # -— 1 if (IL.1)e should be satisfied.
Corollary (1V.1). The maximal possible number of linearly independent
solutions of (11.5) in a non flat space A, ism =n — 1
Remark (IV.3). In view of this Corollary your invariants / and [
introduced by you in (I}, p. 301

(XYzy (XUZ)

(1v.10) ! = (Xuy) . X2V . J= :
(YUV) (Y Z V) (VYZ) (VUZ)
are undefined for (I1I.1) ¢. Indeed for » = 3 we have in a non flat space

only two linearly independent covariant constant vector fields, say U, V.
The remaining covariant constant vector fields X, Y, Z must be linear com-
binations of U, 3 with constant coefficients. Flence all determinants in
(IV.10) are equal to zerv. Similar remark holds also for vour invariants J,
I, defined by III, p. 302

*) Cf, Remark (IV.]I.
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+SUR QUELQUES ?gfiﬁxgg'?f]lg:&l ASUPRA ARTICOLULUI
TROIS DIMEN - o NS LES ESPACES A CO
MENSIONS” (Annales Polonici Mathematici III, 2 ]0?7N]?«}§;0N -
» 11,2, 1957, 300—303)

DE PROF, ADQLF HAIMOVICI
Rezumat

Pornind de la articolul citat in ti
‘ nc g tat in ti
¢d o condifie necesari si suficients
a problemei definite prin (IL.3)
(IV.9) si aiba rangul p < x.

tlu, antorul demonstreazi in
r tre al
ipi?tsru existenja unei solutii nebazf:{:
. Dac5,$ (I1. ) este ca matricea £ definitd de
SR L L aceastd conditie este satisficuti, atunci
TV5) b det ot mar independente pentru (IV 5), care g
; = n, spafiul e plan; asadar, numirul r.na;tim desasfallslfgi(;

liniar independent
e 5 % :
e pentru (IL.5) intr-un spatiu cu curburi diferitd de zero

LA THEORIE DES VARIETES D’UN ESPACE A CONNEXION
PROJECTIVE SANS TORSION (I)

PAR
GH., MURARESCU

1. Introduction

I étude des espaces & connexion projective, a # dimensions, peut étre
faite 4 I'aide des espaces 2 connexion affine a u 4 1 dimensions (3. 47).

Une connexion projective sur une variété 1, peut étre identifiée a
une certaine connexion affine sur une variété différentiable V, ., — V, - IR,
oit R est la droite réelle sur laquelle les seuls changements admis de coordon-
nées sont les translations. Si U est un voisinage de coordotinées sur T,
alors un voisinage de coordonnées sur Va.seradela forme U R. Une carte
focale sur UX R sera de la forme

[} ={x%, 2"}, =1 T a=1,...,1),

oit { x*} est une carte locale sur U, et {x*+1} une carte sur R.
Par sa définition, la variété V.., admet la congruence de courbes

{+) 1% = const. et x"+! = variable

qui s'appellent des rayous de ¥oiy.
L’ensemble de ces rayons forme une variété qu'on peut identifier avee

I, . Cette congruence détermine sur V.4, un champ de vecteurs £ tangents
en chaque point a un rayon, qui dans la carte donnée ont les compo-

santes %' = 8.
On peut utiliser des cartes locales par rapport auxquelles les équa-

tions des ravons sont de la forme (-+).
Un changement de coordonnées entre deux cartes de ce type sera de

la forme:
(1) == e (2, ), AT = x0T g (22,...,%").

Nous appellerons {'atlas préféventiel U"ensemble des cartes locales liées
entre eux par les relations (1).



