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A GENERALIZATION OF THE MOBIUS FUNCTION

Summary

In the present Note the author defines the arithmetical function
ity () as follows:
0 if pin
1 ity (1) = :
M b () {( - 1)¥n! otherwise

{v{n) denotes the number of prime divisors of #) and shows some pro-
perties of u,(#); when % =2, this function coincides with the well-known
Mobius function p ().

COVARIANCE ANALYSIS IN UNBALANCED SCHEMES

BY
ELENA NEXCIU

In the analysis of variance, covariance and regression, the observa-
tion data obtained as a result of the investigation performed on a statistic
characteristic are being interpreted as independent random variables
subject to one and the same distribution law and admitting the
representation

(1} y;=i‘xﬁ{3;;c., =12 ...,%)

where -
{y:} — values obtained through observing the characteristic to be
investigated Y.

{é;} — observation errors which we suppose to be independent random
variables subject to the law N (0, ¢?), i. e.

(ID) Ele)=0, ¢t=12,...,n), E(;¢)) =023,

where ¢? is an unknown constant and §; is Kronecker’s symbol.

{B;} — unknown parameters designing the action of various constant
or random factors which act upon the Y-characteristic during obser-
vation time. The @; parameters may be either unknown constants or
random variables whose distribution law depends upon other unknown
parameters.

{#ji} — characteristic variables which can take the values zero or
one depending on the absence or presence of the action of the factor
designed by B;.

The analysis of variance can be obtained when all {x;} are charac-
teristic variables. When {x;;} are not characteristic variables, but they
describe continuous sets of values [1], the {x;)} variables are called
independent variables; the observation data y; are the values of the depen-
dent variable ¥ and we deal with analysis of regression. It may happen

that among the {x;} there exist characteristic variables as well as
independent ones. Then we obtain covariance analysis.
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In analvsis of this type the investigation is being performed with the
lielp ol certain models:

) The constant factor model is that one in which all {8, } are 111!L11(:\\ Il
vonstants. 1t often happens that one of the factors deblgnul by 8; acts
constantly, ie. a;, =, for /i = 1,2,..., n Such a 8; may be callLd ail
additive constant. Tlie additive constant of a model may be interpreted
Lo« certain extent as ,the general average®.

B) The model with random factors is being obtained when all {8;}
are random variables, except for a f; which is the additive constant.

) The mixed model represents the case when at least one §; parawmeter
15 2 random one and at least one of them is non-random, and the
non-random  parameter is different from the additive coustant,

We shall consider the covariance analysis unbalanced on a model
of {&) type with two factors 4 and B in two cases:

Case a): the absence of interaction between factors;

Case b): the presence of interaction between factors.

The schema after which we shall perform the analysis being unba-
lanced, the number of observation on each factor combination wvaries
from combination to combination,

Let ¥ bLe a statistic characteristic depending on a non-random amount
N and on the action of two constant facturs 4 and B, each of them
having a certain number of variants. The equations of the linear models
corresponding to the (a) and (b) cases are given in [1], the problem of
performing the unbalanced covariance analvsis Deing open. We shall
consider the two cases in turn.

Case a). The equation of the model is

tl) Y:]h = + o -t 5." + i X'ﬂ‘ + Eijhs

=12, ..,0;5=1,2,...,r; h=12, ..., 1),
where
i — the average effect (the additive constant);
e, — the effect of the ,,i* variant of the A factor;
B, — the effect of the ,,j* variant of the B factor;
v — the average coefficient of the linear regression of Y over X

which we suppose to be the same in all observations ;

Yjx ~ the value of the random variable dependent on Y, obtained
i the /ith observation, the simultaneous action of the A; and B; variants
being present. The number of performed observations for variants combi-
nation ., B, is u;. We suppose #;; 3=0 for any ¢ and 7

X.» — the vﬂuL of the non-random independent variable X obtained
in the it observation, the action of the 4; I’; combination being present.

g — the observation error of the Y,}-,‘ va]ue.

We o shall accept some simplifying  hypotheses:

i;) the independent variable X is a non-random amount observed
without crrors; Lo cach ohserved value of X there corresponds only one
value of YV ;
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i,) the observed values Y., of the independent random variable
Y represent independent random variables with distributions N (p + o, -
+ B; T TAUM )s ) .

i;) the errors ¢;; represent independent random variable: subject
to the distribution faw N (0, &%)

Notations :

S>3 uy=mn..=the total number of observations;

[
e, V=Y, 23 Yo=Y,
h

211;}' =n;, Z”‘I'i' =

i i

EZY.-,-,,: Y., 2221’._,,, Y ... and the same for the variable X.
i P i ¥ ]

The first problem to be solved is to find estimations for the parameters
ocurring in {1). We shall obtain thesc cstimations by means of the least
squares methiod. We may show that the cstimations obtained through
this method are such, that their mean values are equal to the values
of the parameters to be estimated, while their variances are minimum ; i.c.
the estimations we obtain Ly the least squares method are efficient esti-
mations.

According to the above-mentioned method we wisl: to choose such
values of parameters that the residual sum of squarcs

(2) R= EEZ(Y,.;,

be minimum. By partial derivation of (2) with respect to the paramcters we
obtain an eguation svstem called normal equations. Any solution of normal
equations is the estimation obtained by means of the least squares method
and vice-versa. The partial derivatives of (2) with respect to the parameters
are the following:

5= —2E D DY

IR .
( =_22 §h( —p— e — 08— N f=1,2,...,9),
i

Ao,
) D DI (S
a8, Al

7R
= 22 Z ZX-;J: (Y —w—a — B — v X

We shall denote the estimations thus obtained Ti ’;, :?:,-, A For the

uniqueness of estimations it is necessary and sufficient that the rank of

= — B: s Y‘\ri:'l'l:li

3_: =LY, :Y,'j],),

(‘5}'—- ‘(.\- jl_.). (]— I' (-')- RaC ?'),
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the matrix of the coefficients of unknown parameters in (I} be equal
to the number of independent parameters, which require some supplemen-
tary conditions namely:

) @2{,_—0. (3) 28 =0.

Making the partial derivates (3) equal to zero, we obtain the following
equations :

(6) ESD DT DENCIES D S
[ 1
(7} nl’- (/l:' +‘:;‘t) + ZNU" /B\,' ._/.;Xi.. = Yl.. » (1: = 1; 2 [ U)J
7
(8) ﬂ-f (a"*"/éj) + Zﬂ’tj;\i + :I:X.f. = Y.J'. ’ ( = l’ 2: I ?'),

e X...;;_E_in..aa'{ EA;E *TEZ . Xath'——E_Z;Xﬁ’-Yﬁh'
] 7 1 ' K

H

These estimations may be obtained from the equations (6) —(9) together
with the conditions (4) and (5). From the ,j* equation of (8) we have

~ z ~ 1 ~ .
(10) {31=y.1._9_n—2n1-°‘s—1'x.i.
gt

where

s

|

Y=t and x, =
ﬂ-_j

3

o

The equations {7) and the condition (5) lead to

(11} 9=—(E;v.f.—E—E”ff“f"YEx,,-,)-
LAWY 7 g i

Substituting /;I from (11) in (10) we get:

’ g 1 ' o) 1 Ay

(12) Br=san. =% (Ey.,-. DI x,) — e = YR,
AT 7ot 557

Introducing ?1 from (11} and /[5, from (12} into (9) we have

i 22 Xiw Yo — E X.; ;.j.—_z N :‘ +- E;; _2".‘1 ‘,1\-
(13) y=_ 7 7 ; . Rl

ZJE;X-ZM - Z_,X,,-, _‘-1

Q@
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The values of ; in (11), E in (12) and A( in (13) introduced in equations
(7) lead to the system of equations

; ;.j. .E i ';.- - 2. X ,-,,/o\z,-

baba IRt
. DD X Y= X

= jEn,j L's (X,,, B Z = x;) .E ;?Xﬁh - ,2 X%

s -
(14) =, :’; - Eﬁlrzﬂ.‘jgi + (Xr. —E“u X,
1 P i

(=12 ....9)

which implies the estimations ,;,, only.

The estimations a, of the x; parameters which satisfy the system (14)
as well as the supplementary condition (4) are obtained by means of
the least squares method of the effects of the A factor variants ladjusted
by linear regression,

If in the equation (1) we consider y = 0, i.e. in the equations (14)
we omit the terms containing values of the variable X, we obtain the
following system of equations

, 2 v 7y Mij =
| (”1- - 2’2") - 22 o 2 - — =Y. —2_”11'3’-1'-
§= H

T it
2 v
F Wi Has . Mo 5 Hoi His -
— o iy gy — ) S g My, — P omyy
ol Rl ; ~ N
i . i o i=3 J -J i
(15) . L
v—l | T , 23 —
— c(’. Ml_}. + o ﬂv. —_ ’Lﬂ] — Yl‘.. —_ ﬂ.v-
v i Y
i=l FILS 7 7

The svstem of equations (15) together with the supplementary condition
(16) Sai=0

lead to unique solutions for the estimations of the A factor variants, but
this time unadjusted by linear regression.
On the other hand, the equation (7) as well as the condition (5) lead to

~ 1 — 1 ~ ~ —
(17) u"—=;(23«..—2;2”:1@;—-".'.Ex.-.‘].
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From the equation i< of (7) and the relation (17) we have

. ~ . I — [ ~ e wt}
{18) = R - (Z o — }__ N Zn,-,- B - ,Z A ) ”1 2-::,-.-?; -
[ IO § f [P

1 -
3 : r

Yy

The couation (89) cives

2 E E X:‘jh Y X. @ 2 AN ?3\ >_\ ACTE
(19) G B . ]

i 2 2 2 ‘Y?ﬂl
h

R 7

|\.

N . ~~ Fal
Substituting y from (17} and o; from (18) inte (19} we obtain

120y " ZE}Z Xip Yip—2 NoB 2N v+ Z%LE "8
{ e A iy f R e e ] .

DO TN - DN
i t i

I

L L Eaa — -~ . . N
he values of v in (20), u in (17) and «; in (18) substituted in the equations
(8) lead to the system of equations

)

¥ 2% X 2 Nt
] J It i

)Z;: -"s..‘/; n.-,-f‘:.- 2 l__\ -\--j-/‘.o:j

i ik ~ £,
(21) s P 2 : Z“ii Bi+ (\ Zﬂ.;..\-,
: i i \ :

LFR

SN S V- DX
1 J 4 T

(k=12 ...,7).

DT N Vi DNk

- ) & T
el o 2_,”;):_?;,. (-\l : 2_/ Mk 41‘{..)

1

- - - . . - L
which implies the estimations §;. onlv. The system of cquations (21
together with the supplementary condition (3) lead to unique solutions

. . Cay - -
for the estimations B; of the effects of the 5 factor variants, adjusted
Iy linear regression,

I in the cquation (1) we consider y = 0. t.e. in the equations (21}
we omit the termms containing values of the variable AV we obtain the

following svstem of equations

LR
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" LA o Thes —
o (-n.l = 2’-"?’) SN ABECLES AR PN

=z W

2 .
St gy, - D] - Sy S = Y~ S
i ' : !

(22) - B ;

r-‘i z
t 'H, ”il . Fin o
e 1 14 F . ¢
From the system of equations (22) and the supplementary condition

(29) > 8=0

¥
we obtain unique estimations for the effects of B factor variants, unad-
justed by linear regression.

Remiark. IF in the equation (1) we consider vy =0, we obtain the
equation of a modet with constant factors used in variance analysis;
therefore, variance analysis 15 a particular case of covariance analysis.
‘the estimations given by the svstems of equations (15) and (22) together
with the supplementary conditions (16) and (23) respectively, are esti-
mations in the case of unbalanced variance analysis for a model with
two constant factors.

G far we have made a quantitative analvsis of the action of factors
actine over the random variable Y, connected to the non random variable

o~
X by meuns of the equation (1), Thus, the estimation v given by (20)
‘hows how much the resultative characteristic )" varies when the
factorial characteristic X varies with an unity.

The qualitative analysis of the factors action, or, to be more precise,
to appreciate on the observation data whether the action of the factors
4 and B over the characteristic ¥ is significant or random is inportant
for practical applications. In order to be able to answer to this problem
the hypothesis (i) is absolutely necessary. This hypothesis gives the
opportunity of constructing some verifying tests of the hypothesis concer-
ning the significance (or its ahsence) of the action of the A and B factors
over Y-characteristic.

Aiming to thiz we shall compute certain sums of squares and certain
products,

The general sumy

e 2; ’2 ( e %) = 2 E l? Vin — f_r_ '
I:Z“rl -[._.. — E 2 ; (_‘\' i "’?’_) (},f}h f:._") — 22}2 -\y. h y‘.'.u = ‘FI;;
] ] i . i i i J
_ — (. X \* . X
[-rr.—rEZZ’/ Ny — e _ZE_;E-YM s

n,

X
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have one and the same number degrees of freedom equal to = — 1, L _( Xi. Y. iy, —
The sums corresponding to the influence of the A4 factor, omitting = ?;;X"j" Yii : - Z,:
the influence of the B factor

=§ZE&}%¥=f§;X? | 24R) X

f=1 7, % 2
X. X, X) _
222( M%_E% %=2?hﬁfx“a*%
" n;, H;, ", - . ! X2 Xz X2
[N S L
(24 A) _wX.Y. X.Y. =222 Xin— (2 R 2k )
= n. n. == .
l . N . The equalities considered from (24) to (24 R) are justified by the exis
V.. = 2 3 > (X b )_(_) s Z_X' _X. ' tence of decompositions:
have the same number of degrees of freedom equal to v — 1. (25) ZEZ(YM - T] = 222,, n, M.
The sums corresponding to the influence of the B factor, omitting R N
the influence of the A factor . Y, Y. ¥
Y, Y.} &Y, Y iﬁéﬁ&fﬁﬁ+
_222FL_4_ Y
i RV i =1 % LG o Y, . ‘Y...}
M A T AL , which are true under the cond1t1on )
(24 B) NX, YV, X.Y. : .Y Y.
:‘2 n; on (257 2;2,,: n, n; N,
X; XV &X, X e - e
- L L) N2 D .|
A S S o oople-Sve-H-
H ] o
have the same number of degrees of freedom equal to » — 1. x
The residual sums corresponding to random factors - E Z:E(.Y_' — X_) (_2_{‘_ . __) +
Y., Y, Y. 75 n m A
-5 T T _) = e ;
PRRl- -5 D al

2 Y2 T 7 kAT ®
~222m—m—+2m_wy v x x —
’ +222Lw4»;ﬁ;MM~fﬂf+r)
X, X X Y, — =5 " . ., &
ny=22;(—¥ﬁ ”" — =2 --"')(Yijh-" n,_

o M ; ",




268 ELENA NENCIU 10

and

(27) 22’;(}(""’_ :(z_] 22;(){_—\_]

T F ", "
1. X.:l /\’...)2 ( 2 A’i.. AAY g X ¥
D 2 O e
which are true under the condition
, X, X, ‘
(27 Sy Xe X X
i 7 ;. 'fl_j ",

Under the counditions {253°), (26") and (27’), the following relations
occur :

Ty=Vy,+ R,+ D ¥
{28 T, Ve + R+ Dy,
",‘,m = Vxx + Ie.v.r + D;r.t .

Among the numbers of degrees of freedom of the left and right terms in
(28) the following relations takes place

f

(29) #.—l=(r—1+@®—1)+n. —r—v+ 1)
. ﬁ:\c.corgling' to the hypothesis (i) the sums 7,,, 7., T,, have
* 42 -distribution with ».. — 1 degrees of freedom. Using (i,) as well as the

relation (29}, according to Cochran’s theorem, we may state that the sums
I’" J.‘.:mcl_I vy Koand Ry Dyoand D, have 6% y* independent distribu-
tons with v — 1, » | .. —7r — v 1 degrees of freedom, respectively,
‘The obtained resalts may be arranged in the following tabular form

—— I

— .
Variation U ¥ : N A2 Degrees 3 i
iy \\\ i P cgrees of freedom
- O = = : }
A laetor | Vi (A Vs | -
I Tactar l £y Ry Moy r'— 1
Randomn factors l Dyy fhyy D H, —F— -4
Totul ’ i | T Tox n. — 1

We now introduce the sampling variances for the random variable )

(301 5o - I”‘_ R _" P ]_{_.\:v N D,
v e 17 TEATT gy o T T TR no—r—uw-Li

and the sums of squares adjusted by linear regression
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31) 1= T e | | Ve R, =R Ry
5 = S =} ==, N =N, —
‘ P S I R..
: .,
I, D — -
! K P
with g 9o — 2 2 . — r— v degrees of freedom, respectively.

The sampling vatiances, adjusted by linear regression

y A S | R A .,
(32) Sy o, 8y = ‘477: Mo y_\‘) R ke y:\ NET
o — 2 4 g =9 p—2 i ¥
" W - ¥
z iy_y 1% f\_”. L
YABR |

are unbiased estimations of the genteral variance 55, According to the hypo-

o 1E o T B R D
thesis (1,). we may  state that the quantities el b 3
! ) Lo 3T G 3T
PV R — D, -, Bl . ) . ;
- i I e p-distribution with on 2 00—, r--2
ot .
w_o--r - v, ) degrees of freedoin, ruspectively.
We introduce the sampling quantities.
N ) .
F,=2=2 s F-distribution with & =v— % k=i —r—:
R )
degrees of freedom
2
s . . -
(33) Fy——=2 has F-distribution with A =»—2 k= —r -7
Sy i .
degrees of freedom.
g
§
- ¥ . . : - ' 8 i . o
F oin -—’?Tfﬁ has /' -distribution with & =1, Ay = 0, —r — 1
“"V
v

dlearees of ircedont.

The quantities £ 4 and £y given in (33) for a significance Jevel given before,
serve to appreciate whether the divergence between the variances adjusted
for the .1 and B factors respectively and the residual one is either signifi-
cant or random, or to he wmore precise, to verify the hypothesis of the
ahsence of the A or B factor influence, respectively, over the Y variable,
taking into account the linear relation between X and ¥V given by the
equation {1). The quantity Fzegives the opportunity to appreciate the
divergence between the variance due to the simultaneous action of the
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A, B and random factors on the one hand and the variance due to random
factors only, on the other hand.
Case b) The equation of the model is

{34) Yip=pt o+ B+ 8+ vXin+ e

where 8,; represents a characteristic effect of the interaction of the 4; and
B; variants, while the other amounts are defined in just the same way
as in (1).

We try to find estimations making the residual sum

(35) R= 5;;; (Vi —p — o — B — 8 — v Xl

to be minimum, for the parameters of the equations (34). The partial
derivatives of (35) with respect to various parameters are

R
(36) e 222; (Yip— e — o, — 8, — 8y — yXup),
i
R |
(37) A, 222 (Yip —p—a; = B — 8 —v &), ((=12..9)
dR
(38) 38, "2 Vo —p—a— b= 3 — ¥ Xip), = 1.2...9)
R 22 y i (i=1,2,...,v
(39) _68_,_, - - ( i_:h—i-!‘—d-.-—ﬁ;"— l-j—YXiﬂl)’ jﬂl,z,...,f‘)
oR )
(40) gr = 2D X (Yin— e — = 85— 85— 1 Xig).
¥ 1

By taking the above-mentioned partial derivatives equal to zero we
obtain equations giving the estimations

@1) mop A o m a2 B+ o o 8+ Y X =Y.
1 s i 7
(42) e (1A @)+ 2 Bk S F T Xe = Ve, (B=1,2,...,7)
)
(43) na B Ao (m+ S+ X =Y, =12 ...
G=12.. v

(44) Wij (;'i"gi +é\j+,§ij) +,T\X:'j-= Y, G=12...7
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(45) X o+ Z_Xf--gf‘*‘sz-/éj-!-ZEXu. 8+
1 7 t H

+ YZZZ:X:M —212_;-&31: Y.

In order to obtainr unique estimations [rom the above-mentioned equa-
tions some supplementary conditions are being imposed

(46) Ya=0, (47 1B =0, (48 23,=0, (j=12..., 7).

{49} 23”-=0‘ (f=1,2,..., 9.
)

The equations (44) together with the conditions (47) and (49) lead to
~ o~ 1 - ~— ,
(50) u+a.—;2(;u.. YR, (=12, 0.

The equations (50) give the estimations of the A factor effects, adjusted
by linear regression, in the hypothesis of the presence of the interaction
between A and B factors.

Summing up the equations (50) and taking into account the condition
(46) we obtain

(51) 22 (355 — Y %),

From the equations (44) together with the conditions (46) and (48) we obtain

(52) U‘+BJ_—Z(3’; ': =J) (.7‘—112"'”7)

from where we can get the estimations of the B factors effects, adjusted
by linear regression.
From one of the equations (44} we obtain

e s —_ ~ ~ A~ ~ 1‘:=1,2,...,1)
3 SRR S L i S VA S

Replacing /8\,}- from (53) into {45) we have the estimation for /{'
2 E ( ZX;';'J. Yijh — X Y{j.lnij)
EE(ZXUh X:/”’!J)

- ~~
(54) Y=



07 _ l.II.\:.\_\“\('i' o x ]

Tha / estimation of the linear regression cocfficient in significaut when
Wlln: =0, (i=12..9 i=12..,7).

Similarly to case {(a), we introduce some sums of squares and pro-
ducts corresponding to the variation duc to different sources.

The gencral suins

).'.

b L R
To= 2. E z;.:[X"II : ) t Y :z'_']

“ay: J

_ o
= 30200 X Vi = =

iF ok v . X-’-

- FA —= o .

R0 20 39 ) PRSI B 2) 2) 2P AR

iq h t [ ) .
have n, — 1 degrees of freedom each. _ 8 .

The smns corresponding to the A factor action, oniutung the B factor
action

. - TN T S A : }r Y-I
Vo _Lz-’}—“( 71 ) ) . 2_;1 n

1 H I 1 =1
X, N \Y. Y.
Vay = 222[“_ T )(iT - n_-_]
(DBA) T T\ ., 3 ;
g '\1 \ ‘\ - 3—“
it
e bapabol S RO
have « — 1 degrees of freedom cach.

"The sums corresponding to the B factor action, omitting the A factor

actioit ) i ) .
Y . ) L )'j }'_"
L ) ]
'\' ] ‘\- }-.f. }; g i 1\ j- ) I.'n. 1
o) ko, }_J E:Z [_’ - ) (H [T ] ] ‘|Y_-’\l b }-LJ.- It
1 ; 1 I 5 ; - .

NP ¢ S, W LS. By
122-2,3(—”) T

have r — 1 degrees of {reedom cach.

iy
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The sums corresponding to the interaction between the factors A and B

Vg al W pan A
g g AT )

L-TE|

. Xf_r'. X i RY j -\'... )'5_| )". ' ),.j, )h

551} i E?;(ﬂ_ Y _.-1—1._)(";. R ) )
Ny X X, ALy

LM MUE S T

have rv — r — v + 1 degrees of freedom cacin
The residual sums corresponding to the action of random factors

=BT R (- -2 (5)

My

Ao\ 35
P32 ) PR | SV
t ¥ h 1 L

35.R XN
(35.R) o 22(; X Gyt J”V J_-)
§ i 1
A , %)
sz=2?; X:]ig—E —’2; rE'X"ﬂ'— ;I—;:—

have n_ — rv degrees of freedom cach.
The justification of equalities from (55) to (35.R) is ensured by the
existence of decompositions:

Y. ¥ Y., Y ¥
)3 ol LARES D2 03 oI RS B
1 ¥ L] e i } h i e
" Yy  Ye)? . Yy
CONEES 2 35 ST 525 3) 2] PSR B
3 i h d gy 1 i h 1y /
Yy Y. Y Y ¥
+2eTlr - e
which are true under the conditions
- YRy yeSi e i
68) DR DEirmw =XV

18 — Matematica - fasc, 2
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and
Y g v, Y. X, X
o0 o [P [CREIED mas ol S [t el
(30 X Y Y X
Xi. Yo Yo , . i
L AL = L L
X; X X; X.\(Ya Y- Y, Y,
22?(%1_5 o, _?;F__rf._)(.”e.r Cw g ”n_-)
which are true under the conditionus
' X X,-,_)_ X.Y; X.Y.
67  DLE\E )T TR i T

and

which are true under the conditions
X, X, X Y2 2
38° e e et i SN S SR L
Between the sums taken into account before, the following relations

T, = Vyy+ Ry, + I+ Syyr
{59) Txy = ny + Rzy + Ixy -+ S:{y:

Tu o V.r:r ~+ Rxx + I,, -+ Sx:

take place.
Among the numbers of degrees of freedom there exists the relation

60) n —1l=(—1+ @1+ v—7 o3 1) + (n, — o).
According to Cochran’s theorem we may state that the sums T,
and T,., V", and V., R, and R, I, and I, Sy and S,, have in-

dependent o* y’-distribution with . - Lo—-1,r—1,mw—r—ov-+ 1,
n, — re degrees of freedom, respectively, The results obtained may be ar-

ranged in the fololwing tabular form
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\ Sums :
Variation fits Xy X3

: source H\"‘-—-| o R ;
A factor ) Iy s | s : T | %
B factor Ky Ky I Hyy ' H

| Interactiou 1y e i Fooee P o— p o |
Random factors Sy i Sxy | Lo T
Total Iyy g Fyy | Tyx G =k

We introduce the sawmpling variance for the random varnable Y

v R /

T, ‘
61 Szz-—.—y}_' 52. i3 i S:) . 2 \’2 — vy
(LIS, n, — 1 a4 g — 17 TYE o, — 1 T ey oy 1
s,
S§2 e
YR o — vy

The sums adjusted by linear regression are given by

T? , 172 | R?
To=T— =2, ¥V, =V, 2 R = R a5
‘62 ¥, ] ’ 3 a r ' 1y 'y N
6.‘) ¥ ¥y Txx ¥y A} '[ - yy ¥y Rx;-
; I? ; 52,
Iyy:Iyy"'I_j: Sy =Sy — §‘3
with #n —2, 2 -2, r—2 B P degrees of freedom,
respectively.

We introduce the sampling variances adjusted by linear regression

S;? = Ty G Vo S - R_xy_. 2 _ Iy
(62) ", — 2 PAT 5 2 YT 2 TN T g —r— v
S2 = y»_._ g Ty Vi Ny— Ly — Sy
R g —ry— 1" 7%aBIR 1%

which are unbiased estimations of the ¢ general variance.
Taking into account the hypothesis (i,) we may state that the quantities

,I,' V- R: [, S :
LS »y —yy »y vy R St PP : .
0 T o T R have y*-distribution with = 2, v — 2

O 3 . , " : :
' 2, n ro—u, n— v I degrees of freedom, respectiveh
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5'2
F, = ?y-z‘-"— has F-distribution with &, =1v —2, k=mn —rm —1
.
degrees of freedom,
=2
r =‘S”Bh~Fd‘ ibuti ith i d
" S,z,— as F-distribution with &k, —=r — 2, by = n_— 70 — 1 de-
Syp
(64) grees of freedom,
S}
L — gy—.; has F-distribution with &, =rv — ¢ — v, by =n, —rv — 1
¥R
degrees of freedom,
S'?
F.wm = ;—;B"? has F-distribution with & =1, ky=n —rv—1
YR

degrees of freedom.

By means of (64) we may verify hypotheses concerning the .1 and
B factor influence or their interaction over the random variable Y.
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ANALIZA COVARIATIONALA IN SCHEME NEECHILIBRATE

Rezumat

Analiza covariajionald creatd de R. Fisher pune urmitoarea problema :
a studia simultan citiva indici, legati unul de altul si aflati sub actiunea
mai multor factori.

In Nota de fatd, pornind de la ecuatia unui model liniar, cu factori
constanti, aflatd in [1], se aratd o cale de efectuare a analizei covariafio-
nale intr-o schemi neechilibratd in doud cazuri:

a) cazul lipsei interactiunii intre factori,

b) cazul prezentei interacfiunii intre factori.

Mai intii, in ambele cazuri, s-au gisit estimatii pentru parametri ne-
cunoscuti si apoi s-au dat criterii de verificare a diferitelor ipoteze relativ
la actiunea factorilor ce actioneazd asupra caracteristicii de cercetat. In
cazul particular, cind coeficientul de regresie y este egal cu zero, se obtine
analiza dispersionali neechilibrata.

Considerarea analizei covariationale dupi o schema neechilibratd este
ceruti de aplicatiile practice in scopul economisirii numdrului de expe-
rienge.

UNE MESURE DANS LE PLAN ASSOCIEE A UNE CLASSE
D'APPLICATIONS ISOTONES

PAR
OLGA COSTINESCU

Dans le cas linéaire, on connait le rapport qui existe entre les mesures
Stieltjes et les fonctions réelles 4 variation finie (voir [3], p. 242 — 249).

11 est évident qu’en général on ne peut pas poser tn tel probléme dans
R,, n = 1; pourtant, si on introduit une relation d’ordre, ,, <, par le
procédé indiqué dans [1] et sion considére des fonctions définies sur (R,, <)
3 valeurs dans R, isotones dans le sens de I'ordre indiqué plus haut, alors
on peut associer a une telle fonction une mesure réguliére (voir [4]). Le
but de cette Note est de résoudre ce probléme.

Dans ce qui suit nous considérons le cas n =2: naturellement, le
procédé employé¢ peut étre utilisé en général pour R, quel que soit n = 2.

Qoit X un domaine dans R,; supposons que les ensembles (Xy)ver,
X, C X, considérés dans la Note |17 satisfont aux conditions:

(a) X, = Xy, vel.

(b) Vyel', Xy est un ensemble connexe.

(c) Chaque ensemble X, détermine sur X deux sous-ensembles, Py
et (,, simplement connexes, de maniére que

n X—_-X.,UPTUQY, PNQ, =0, X,nP,=0 X.Nno,=o.

(d) Pour chaque yel, X =FrP,, X =FrQ,.

{e) Quel que soit xeX, il existeun ensemble unique X, , tel que xeX, .

On considére I'ensemble X doué de la topologie + induite par la
topologie habituelle t donnée sur R,, et on introduit dans lespace
(X, <} les P-voisinages et les (Q-voisinages (voir [1]); en utilisant les mémes
notations que celles emplovées dans cette Note, on a

g, = PyUX,y Q= 0y UXy, 9 Ny, & =N,
(2) Y:xEPy Y20y

WE = (@)W, W2=(@)NW, W.e¥(x).



