ON F-DIFFERENTIABILITY OF THE SOLUTIONS OF VOLTERRA
NONLINEAR INTEGRAL OPERATORS

BY

E. ROTARU

Cainmunicated at the scientific session of the Al [ Cuze” Universif)
o the 30-th oclober 1963

1. In this paper we shall bring to evidence the properties of conti-
nuity and differentiability in the Fréchet sense (F-differentiability) for
the Volterra nonlinear integral operatoss, defined in L, (X, p), where X
is a Banach space and p is the Borel-Lebesgtie measure defined in the

set of real numbers.
In this order we shall adopt the following notations: / is a certain

interval of the set of real numbers,
A={(ts); a<s<t<d [=(ab)}

(X,|.|)is a Banach space according to the indicated norm in the brackets.
By L, (X, p) we shall understand, as is natural, the set of all mappings
«(t) defined on I with values in X measurable in the Bochner sense with the
property that

(17 du@ <+
)i

where . is the Borel-Lebesgue measure on JTand p > 1. In thecase X = R,
we shall denote this space by L,.

For every pair of elements u({t) € L, (X,) and () €Ly d() =0
we shall denote

Weix; xel,(X,w, 20— <3ON

) Obvioulsy, from the given definition it results that W L, (X; u), but
in accordance with the induced topology by L, (X ), it-1s a metric
subspace of L, (X ; u).
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It can be remarked that the W set is convexe. because if

» o€ [0,17, Exiz P and v, €l with 1 <<i < » then {21; x; (f) —
=1

i)

— (Y 1=1§_";x5 % () — 2,’ ()< o n ) —ult) <3

and 2 nox (8 €W
=1

It can be seen very easily that 11" is not a vectorial subspace of
Ly (X5 1) ) ) _

The set IV being closed and L, (X ;u] a Banach space, it results
that IV regarded as a metric space, is complete.

In conclusion the set W is convexe and according to the induced
metric, it is a complete metric space.

In the following, by ¢ (¢, s, #) we shall denote mappings defined on
A w W taking values in X or R, with the property that

‘ ple
g{gcp(f,s;rr (5]} ‘?ds; dt = + =,

a a

‘The set of these mappings forms a normed linear space (sec [6]) with
regard to the application:

o= ({{Su (t.s s () 1 ctu(s:ﬂ}m df-)w

a a

We remind also the definitions of differentiability in the Fréchet and
Gateaux sense.

Let E and F be two normed linear spaces and 77 an operation defi-
ned on E taking wvalues in F.

We shall sav that the operation 7 is F-differentiable in the point
v € E if thereis a continuous linear application denoted by DT (x, i} such

that
IT{(x+h) — T{x) — DT (=, B) || =0 (}1]).

The operator DT (x, x} = T, (*) will be called the derivative opera-
tor, in the Fréchet sense, of 7" in the point X, and evidently it is connected
with the differential by the realtion DT (x, k) = T, (h}.

The T operation being F-differentiable in x, is also continuous.

In a similar way the 7 operation is G-differentiable in the point
x, and the direction % if there exists lim-l— (T {x -+ th) — T (x)), I — fixed.

=0 £
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It is known that if 7 is [F-differentiable then 1t is also G-differentia-
ble, and the differentials are equal.

If T is G-differentiable in a convexe neighborhood of x, then for
any point v + /i belonging to the neighiborhood is accomplished the ine-
quality

T(x+ 1) —T{x)— DT {x, 0y sup | DI {x - th h) — DT (v, 4) |}

U==1

2. Let us consider the Volterra nonlinear integral equation
I

{2.1) vty = x{t) + \ N{sov(s)ds; atgh,

aQ

where ¥ {f) and y (8 arc mappings defined on ! taking values in X' or R.

D. Willet showsin [3] that the equation (2.1) admits a unic solution
if the following sufficient conditions are satisfied :

a) K (¢, s; w(s)) is Bochner measurable on A for every well’;

b) there exist two functions 2(f.s) and = {{) measurable on A respuec-
tively on [, nonnegative, with ||| % woand [lell, << - oo such that
the following inequalities are satisfied :

| K@, s, w(s)) | <2 shxls). {t.s) ed;
K (t,s; w(s)) — Kt s v (s))] <2 nilsha(s) —ws)], for every (f5)€A
and w, vel’;
¢) 8 () is sufficiently large, satisfying for instance

S 2180 — 1) 1+ ) n(KE H\l n{t, ) if“];"-’]”p)- (\ > ’“)

alinost everywhere in [ C K.

Fvidently, imposing more restrictive conditions the above inequali-
ties become simpler.

The solution v{f) of the equation (2.1) , when it exists depends from
the free term. If we shall assume as permanently satisfied the existence
and unicity conditions and we shall let x{f) vary in L, (X'; ) then we
shall define punctually an univeque mapping from x (£} to v (¢ which
will be a nonlinear operator defined in L, (X ;u) with valuesin L, (X ; u)
and which we denote by 17(¢; x) = v ().

In this way we have defined an operator ¥ (£ ; ) by the cquality

t.
{2.2) F{tx)=x() + \ K(t,s;V(s;x))ds.

a
~ Iu the following we shall bring to evidence some properties, as {-dif-
ferentiability and continuity, for this operator V {¢; x). Finally, for the fol-

20 -~ Motemalizé — fase, 2
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lowing it is strictly necessary to remind aninequality that which frequently

be used. '
Tet o, 9. Ze L, he almost cvervwhere nonnegative and satisfv the

tnequality )

. o
(2.3) o () < LI + %) (\ o (s) afs)]

almost everviwvhere in [, then the Gronwal ineguality

" \ e | 5 Ve

(2.4 (Yor ) 0] "< y= v\ e 1

a a
takes place everywhere in I, where

(8= exp(—— Sn,'ﬁ’ (s) ds).
We observe that e(f) is a decreasing function and lower bounded
by 2 (b) = exp (= ||y [F).
3. Before showing the results, we shall prove ;
Lemma 3.1, In conditions of existence and unicity for the equation
{2.1) the operator (2.2} satisfies the inequality

(3.1) Vi, x+h—TV{E2|<HI|,

for anyv he L, (X ; u) with the property that /. <4 x¢W, H being a con-
stant.

Proof. Evidently :
Vi, x+h —=VI(i;x =h(t)—I-\{K(t,s;V(s;x—l-h))—K'(t,s;V(s;x))}ds

from this equality using the hypotheses we obtain :
[ 4
[V(gsx+ Ry — V{E; x| |2 () '+\}‘(t;s) | V{s; x4 k) — Vis; x)|ds.

Using the properties of & (¢,5) and the definition of the operator V(¢; x),
we can apply to the second member the Hoélder inequality for A {f,. )€ L, (X; p)
and V{t; x)e L, (X; 1} ; we shall obtain

L 14

) (§ v ose 0=

a

(3.2) (V{ix-fhy—V{Ex)<|h() + (

T oD e

— V(s; x| ds)l .
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Remarking in the inequality {3.2) that the lunctions ;. I7(¢: x4+ A) —
I

d i
(o x) . | () (\; (1, s} rqu are nonnecative and  belong to 1, we

a
may conclude
?

(Sl Vis; v+ i)~ V(s:x)? (i:«‘)wé l—:_llH%-T(f_ﬂ';(g i (s) # < (s) ds)mJ

a

evervwhere in J, with
iy Pig
e (¢) —exp(—-\{\}*(a,‘:)d:} ris).

Using the properties of =(f) we obtain
r

; ‘ (\ Iofs; # ds\”ﬁ

(\ Visiv—h)— Vis;) PdsJiF

q

'

= {1 —z(b)]ue

that is
Ve h) =V )< HIE,
where
H={1-[l—:z{O)" < +x

because || A || < -+ co. With this, the lemma is proved.

Consequence 1. The V {¢; x) nonlinear operator is lipschitzian in the
norm topology of L, (X, u).

Consequence 2. The V(¢; 1) nonlinear operator is continuous in the
saiie topology.

It must be remarked that these properties ol the operator V{¢, x) are
ostablished only in the conditions of existence and unicity exposed above.

In the following we are compelled to suppose that the functions which
occur are numerical, that means we shall work only in L, . But all the rea-
soning remains true if the functions take valuesina normed algebra over
the field of real numbers.

Theorems 3. 1. Let us admit the following conditions:

a) conditions of existence and unicity,

h) there exist K, (t;s;un(s)) in / in the L, norm,

e} || Ky lll <+ 0.

d) K, (t,s;u(s)) is continuous (in the norm topology) with regard
to the third wvariable, that is | K, (/,s,v(s)) — K. ({, s, w {s)) ||| <<z when

Y 3 (z).
In these conditions the V(¢;x) nonlinear integral operator ix F-diffe-
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rentiable, and its J-differential satisfies the equation

(3.3) DVt v h) = hit) + SK,‘ {&,s; V (s; X)) DV (s,x; h) ds

. . . - a
called equation in variations.

We must remark from the begining that the linear integral operator
(3.3) allows an unic solution in hypotheses assumed for the kernel, hypo-
theses which together with the existence of the solution ensure its contim-tity.

Proof. Taking in account the definition of F-differential we shal
deal with:

Vig;x+h) —V{,x)—DV (i x;h) =S{K(t,s;V(s;x-|—h))—

K (s V(s;x)) —Ku(t,s;V({E,x)DV (s, x;h)}ds =

—SK.. (&, s; V() {V(s; x+h)—V(s; x)} ds —SK“ (¢ 8; Vis; 2)) DV{s, x; h)ds =
=7 (£ + SK,,(J,S Vs, )iV (s;xv+h) —Vis; %) — DV (s, x; h)}ds,

a

where
7 (¢) =S{K,(¢,S;V(s)) —Ku(t,s;V(s; o)} {V{s;x+h) —Vis,;x)}ds.

' In the admitted hypotheses we can establish for 7 {f) the following
inequality
t

T,(a)[gs Kolt,s; V() — K@) Vis; )| [V(s; 5+ k) —V (s;2)|ds

which, thanks to the Holder inequality, gives

i (t)|<(§|K..(a,s;V(sn—K,.(t,s;V(s;x)) f?dS)”q(ifV(S;x—}-h)—

lip
—V{s;x)|* ds)
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or

3

0 {f) lf’g(S[K“ (¢, s;Vish — Ku(t,s; Vs ) |7 ds]”p (S] Vi(s;x-+ ) —

Hp
— Vis;x) |Pds) .

Using the monotony of the integral and making convenient evaluations
we find

—

Il < IV (x5 — V@ HEKAV) = K (DIl < + 2

whence it results that = (f)€ L.
Using the results of the lemma (3.1) we find for n (f) the bound

(3.4) Il lls < HIAIIEK, (‘I;) — K. AV} I
but
|V — Vi=a(V(x+h) — V(¥), where o€ [0.1],

therefore | V— Vi< ol |17
From the properties imposed on K, and from the last result we

find that
(3.5) WK (V) = K(VYB < AWRD

where A is a monoton increasing continuous and positive function, with the
property that it tends to zero when the argument tends to zero.
By combining (3.4) and (3.5) we find

(3.6) Hall < HIAIAA)

necessary for the proof of the theorem.

In the new notation we obatin
H

[V(l;x-{—h)——V(t;x)—DV(i,x;Ir)}g]-q(t)[—}«\‘]K“(tJ; V(s; z)) |
.iV(s;x%—h)—-—V(s;x)mDV(s,xa; hy|ds;
if we apply here Holder’s inequality we obtain
Vi z+m) =V -DV L I<In@+
: yagy P
-+ (S[K., t,s;Vis; x))"‘ds) (S]V (s, x-+1)—V(s;x) —DV (s, x: ) lPds) .

By using the properties of the functions that occur in the last inequa-
lity as well as Gronwal's inequality we obtain
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: 1/p (
(3.7) (\ Vis v+ —Vis;x)— DV (s, ;h];rds} %

a

1[#
1 ()P ds)

bt | B S

for all tel, where

i H

z () = exp (— \{ \ (K (5,7 Ve, a)) de }-.I?rls)-

[4 a

Using in (3.7) the properties of ={f} we get
b
ur s

(3.8) (S]V(s;x—}—h)-—V(s;x)-—DV(s,x;k)|f’ds) <

By combining the inequalities {3.8) and (3.6) we find
(39)  WV(;x+ A — V(0 —DV(tx; hI<HIAA (R,

where H = |n|/(1 — {1 — e ({)]¥")-1.
The inequality (3.9) permits us to conciude that

(V{t; x4+ k) —V(, 2) =DV (¢, x; )| == o (J|1]),

that means
WmiV{E;x+ha) -V, x)—DV{E,x; b))=0;
A0

}

the theorem is completely proved.

Consequence 1. The F-derivative of V (¢; x) will be the operator
' (t; x) defined by the equality DV {¢, x; k) = V'{t, x) (R).

Consequence 2. In the conditions of theorem (3.1) the operator V' (¢; x)
is G-differentiable and its G-differential coincides with DV (¢, x; k).

~ Consequence 3. If the conditions of the theorem (3.1) are satisfied
in a convexe neighborhood of xeL, then for any v==x+ ) of this
neighborhood, takes place the inequality

Wix+ 1) —V{(x) =DV {x;h)| c2sup [ DV (x4l h) - VD {(x: k)
0= ;=1
Evidently these results are applicable for entire classes of nonlinear
Volterra integral operators iu which the kernel X lhas different forms.

The concrete forms of the theorems in the cases of particular kernels,
will constitute the object of a further Note.

Theorem 3.2, Preserving the hypotheses of tlie theorem 3.1, we may
conclude that the operator DV (f, x; k) = DV (x. Al iz a continuous
operator relating to x for every f{ixed hel,.

—T—<O17

|
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Proof. Let x; and %, be two elements of L, and & fixed. Taking into
account the usual evaluations, we find

| DV (%, k) — DV (z,, I} < \ Ko (s V (s 501DV (%, h) = DV (o, h)lds +

a
I

+leu (6,s; V(s m)) — Kaltss: Viss %))l | DV (x; R} |ds.

Applying Hélder's inequality to the first term of the second member
and denoting the last term by 0 (¢} we obtamn

[ 4

. 1iq
\DV(x,, h) — DV (5, 1) [ < 00)| + | \IK, (655 V(s %) "’ds) '

{3.10) _‘ B
.(\iDV(\-] ch) — DVixg; M) |P d’x) .

But 0 (f) satesfies the inequality

f

ier
[ 6(8)] < (\\KH (t,s: Vi{x)) — Ku (¢, 55 V{x)) ! ds) [\ | DV (x,, h) (" ds

a

e

I
i v

5 Pre
16 () 1r < [\[K“ {t,s; V() — Kolt,s: Vi) |4 a’.s] \ DV{xy; )17 ds.

&
a

ing i king the 1/p power of
ating in both members frornQ a to b, ta the ol
the rleli.el%r’:mdg considering that the Ji-differential ¥V {¢; 2) is a contimu

ous linear operator, we find

—~

(3.11) 101, < M (h) A iz, — %),

where A (#) is a function of the samc tvpe as that alr;ead;y used.
Appliyng Gronwal’s inequality, [rom {3.10}, we obtain

(3.12) : — -
¢ [\iDV (x, ) — DV («, hyle !?'5‘ < 1= [1— (e
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for all tef, where

2{f) = exp ‘ \l{\. Kos = Vs a)nd T}"'-‘"..f‘ .

By combining the inequalities (3.12) and {(3.11) we lind
DV (xy 0y — DUy, W) < P. \(fix
where 17 s a constant which depends of /.
The affirmation is completelv proved.
We remark that the operator DV{x; h) will be uniformly continuous

with regard to both the arguments {i.e. on the product space Lyx 1)
if and ouly if the folowing conditions are satisfied :

1 A

1%, the family of mappings V=DV (x, h), keL,is uniformly  equi- 1

continuous, and

2% the family of mappings = DV {x, ), xell is uniformly  crui-
continuous.
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ARUPRA F-DII-‘ERENTI:\BILI'l’.:XTIl.' SOLUTINI OPLERATORULLY
NELINTAR VOLTERRA

ENTEHGRAT,

Rezumat

Se consideridt problema diferentiabilitdtii in sens Fréchet a solujici
ecuaiici integrale neliniare \'olterra (2.1) in raport cu termenul liber, de
care depinde solutia.

Diferentiabilitatea operatornlui Vit; v) este  studiati in spatiul
LY u), p=1.

SUR I,/EVALUATION DI IERREUR DANS LA RESOLUTION
DES SYSTEMES LINEAIRES

PAR
¢, TLIOI

it Ax =/f un systéme algébrique d’'équations lméalrf:s avec

det (:?1())1;: O‘.1 It s’a'git souvgnt de connaitre I'effet du char_lge:men&: dcles eigiﬁ%n;;

de la matrice A sur la 510111pi011 1du1 sys‘;etlgsé ﬁadwgi)lzigm&le lae V:riation oo

-5té 2 erturbation de la m ’ L

](Lu zfl}z\itr?él;eii\:z?se.p Pour caractériser cette dépendance on % mtéro;h;:lt

dans [4], (5] les nombres de conditionnement des matrfllcei An ,.g”?l -r1||'

le nombre de conditionnement de la matrice A ested'ng )_-tﬂ 'cﬂ Jazl
et le fait qu'il est une mesure du conditionnement de la matri

conséquence de I'inégalité

o |4 ___(H] + E)-1| < n({A)e ave IEY

) (_‘,s,'—'-—','n(A)€<1;
' A1 1—n(d)e

41
: iati i ; . 141). Il est évident que
h E est la variation de la matrice 4 (v. {3], p ;
?’grrlf'euersrelitive de la matrice inverse est proportionnelle au nombre de con

ditionnement # de la matrice, o ) )
Te probléme que nous étudierons est plus ‘I‘)artlcutl}efr g:c:l f:h;;afn:el‘]ti:
i is il n’ s résolu d’'une maniére satisfais
ci-dessus, mais il n'est pas réso : )
théorie générale. C'est pourquoi nous allons trouver (%) id.éltres méthodes
pour ¢valuer l'erreur, plus convenables pour notre probléme.
§. 1. Soit le svstéme

2) a%=§ avec det (é}=£0,

oht Ia matrice quadratique a ('ordre N peut étre considérée partageé
en quatre sous-matrices:

3 4= (’é g)

: SN
Aet D étant desmatricesquadratiques d'ordre #, respectivement m, #-t-#= N,




