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ON THE REGULARITY OF SOLUTHONS
OF LINEAR PARTIAL DIFFERENTIAL EQUNTIONS
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In a preceding Note 1 we have studied  the propagation of hypoa-
nalvticity of solutions of differential cquations with constant cocfficients,
excluding the analvtic case.  In the present paper, using a result of
toman 37 on the intersection of non-quasianalytic classes of Tunctions,
we consider this case. We use the notation and definition of 4 and 6,
We denote the points of R by {v,. Cv) and we set f) i dyg.
For each
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Il is a distribution with compact support. o € A (R*) then i#(3) denotes
its Fourier-Laplace transforu.

Let O be an open set of A* and ket L VL) be an increasing
sequence of positive numbers. We shall denote by CH(82) the space ol inli-
nitely differentiable functions in €2, such that for any compact set KNC O
there exists o constant W such that the following ineguality be trae

(1) Dxy K Yo M $0LY

A class CH(L) i called non-quasianalytic iF it contains a non-triviad
function with compact support contained i L2 The Carleman-Denjos
criterion states that €7 is non-quasianalytic i and only if ¥, L7 <7

0

B
U 7y — A with | g 2 -0 o, then CF(Q) s the Gevrey class GHQ) We deno-
te the analvtic class () by {42}
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Theorem 1. (Boman 37 Let K (K be w positive incrcasing
segrenee suel that l.l\'k" o Then dihe onderseetion of all non-grasianaivin

classes 0 cohere Lo dnercasing and LR s decreasing, i cyuad to the
=

wielvic class L af amd ool fN RV CRIR K Iy 2, Cfor son
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W oor s o nonquastanalytio <lass, we denote by 75020 the funetion
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Coucerning the sequence /, Lo we shall assume that, for any poss

tive integer i, there exists a constant € such that
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We shall prove

Theorem 20 Lot w e O(RY) be a distribution aud let CF by a won (HaS -
analyiic class with I satisfving (3). Lot KN be a compact convev st in R»
with support function H. In opder that e CU(RK), il s necessary anid
sufficient that there cvst constants N A and @ sequence of cons

lants Oy such that for & Adarge cnough Tl Ao dog B0, Re T o
raplics
{4) (%) =< Uy (1 SUY exp (M (Lm%) & LA lm J) 0 Letrn

Provf. Here H denotes the function H(%) — <up (v, 2. Let A, be an
vER
saneighborhivod of the compact A and et 7, he a CF function with its
support in K and equal to 1 on Ay, Since the class CHQ) is non-quasi-
analyvtic, we choose the function 7 (1) such that

(5 D, o Me it

with a certain constant M independent of 2 Thus by Palev-Wiener theoren
we have .
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On the other hand from the hypothesis it follows

TR(L =35 Vudls, 22 A1 =1 D

Henee
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17 (T=ya %) | < (Ml ¥y | Ret Foexp (Bl ),
Then by an elementary enlendbus it follows

N (0 )l Mooxp (BtmI ] Fy (s Re D).

Now (41 follows from (6} and (8) il we take z I/k.
To prove the sufficiency of (4) it s cnough to show that w g €7 in
-t of the Torm
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L N < R vy >u = Hig) .

wheve ¢ f, A7, In the complex space €7 we consider the variety
1 I 7
H.Ti g
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Remwark vow that, if s 6('.[:1!’(ilu) N4 then for k oso large,
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Henee we may write
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Py izl (Zm)= % T A Foaits, L) ogt— 1 — L)dT,.
ahere the integration with respect to - 2, 13 over the boundary 'y defiued
by (9}, Since the space G2 () CF s dense in Cr, this implies that for v, = u,
the distribution # is equad to the function
w(x) (2= " ) oexp o VoP e d 2 exp (e T TS
' Ik
Il we denote p (H{gh — o IR), then for & large cnough it follows
the estimate
(1t D, L, Mg BN Frr(d2)dE.
Sinee fp (3 Do Lo oy every g o2, ., then i we choose 7 osuch

that jp — - 2 ar Jh —n I, from (11} we obtain

Drp, ) |z M= "‘:;;1 ,
with a certain non-negative integer y independent of 2. Now from (3) it

follows that  n€ €7 (L) for cach « == H{g) and this proves the theoren
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Covollary V. Lot Kbe w compact conver set in K and let PD) be a
partial differential operator with constant coefficionts. 17w e & (R and
DDy e CHR*™ R), then w e CL(R™ K},

Provf  follows from preceding theorem. usiig the inequality  {sed
Hormander 2

#(2) sup T e ). A P

As o spectalization of corollary 1, we have the following

Covollary 2. Lot L — (L) bea sequence salisfving (3) and X L=tegy,
Lel a be a distribution i Q C R* sueh that n e C7(QNQ), where O s a
compact subsel of Q. 1f K s a compact convey of QO with K C Q. such
thal P(Dhi e C7 (L K)o then u e CHON K).

As a consequence we can prove the following theorenm, of propagation
of hypoanalyticity (see 357)

Theorem 3. Lot K be a compuct conven contuined i A3 and let u be
a distribulion € ' (Q) which verifies in Q' K the equation P{(D)—f. We
assume thal [ € GE (L) and 1 e G {QN Q) where K C Q' C Q. Then
e Ge(L - K).

Proof. 1t ¢ I then the Gevrey class G5 is non- -quasianalvtie and the
theorem s a \]J{‘lell/cltl(lil ol corollary 2 Now we suppose that s I

IT in theorem N we take R, A% with &= 1, then we obtain that the class
of real analvtic functions 1{4)) is the inte r-eut1nn of all non-quasianalytic
classes (7 where 1o 1L satisties the condition (31, Ihus applying co
rollary 2, we obtain the desired result,

Remark 1. Let 0 e 3 (Q) and Q' C R, 0 C R be two npen
sets such that (Y L7 C 4 W= R R Tor ge Oy (LP 1, we constde
the distribution s & &7 (') defined by the retation we-n(y)  wlo ® vl
It £ =140 i anincreasing sequence, we denote by C1{L2) the space of all
distributions 0 € 9(Q) <uch that o - y & CH{Q7) whenever 4 e ( (L))
andd L QO C . Then the preceding theoren can he extended to the
space 8 (see (1),
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CUODERIVATE PARTIALE LINIARE
Tezumat

in aceasta Notd se demonstreazd o teoremd de propagare a ;lin‘llnm:1~
tatii solutiilor unwi operator diferential cu cocficientt constauti. In .lL; :
~cop se stabileste o feoremi de caracteriziare o distributiilor  cu suportu

non-ceasianafitic intr-un compacet convex



