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where 1, is the n-th Laguerse polyiomial,

[n this paper we propose to prove a theorem for L, ., similar to the
one proved by Bayard Ran kin in his paper [4]. Rankin has proved
for m — 2, while we give the proof for vatues of w other than 2, and also i,

it may Dbe mentioned that statements of the type Ly go=1 - 2n
have occtred in the phase-space analysis of the quantized harwonie oscil-
Jator 1. 2, 31 and have been shown, in that analvsis, to supplement
the wore familiar cnergy cigenvalue equations: 2HP, = (1 =5- 2n)hob,,
po= 01,2, ..., where I is the Hamiltonian operator for the oscillator,
I is Planck's constant, @ is the frequency of oscillation, and @, 1 =
— 0,1, 2, ... are the stationary wave functions.

2. The generalized Laguerre polynomial of order z is defined as
- €7 B
(2) L@ (x) = (n!)=) eFam * o [em ¥ ane
" dx”
For zero order. we write L (x) = Lf-‘ {(x;, and for n =1, Ly(v) =1

We require the following known identities with a view to proving some
femmas
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Fhe femmas that will be necessary for our main result are as helow

l.l«mnm l. i:r:r valies of wroother thar U and 0 non-negalioe tideser, He
allowine cvaluation holds ‘ o

9 Wi
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I'his can he proved easily by using (3) and {4

Lemma 20 For cach wan-negative integer n, the globad  cxtremum  of

Lomv)e ' oecurs f a0, For 0« v there are n local extrema sefifch are
rods of the cqnation

(10 v () o L, )y L (x|
This follows from definition {2) and identities (3) and {6},
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This can e proved by repeat : 1 i i 1denti = B
f A peated apphication of identity ; corati
bz parts, Pl ty (7} and integration

PTHE ARITHMETIC MEAN OF LAGUERRE U NCTIONS Rite:

Lemma 5.0 o O vodid u 12 3 o the fellowinge Ddendity
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To prove this, we have Trom identity (8 and the definitions £ = 44
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(i k) Loop g (mix}t = 0.

Muoltiplving both sides by (I p) T sumning over &owe Trave
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Thix completes the proof of lemma 3.
3. The main result is expressed in the following

Theorein. For all the values of n, cxeept mo= 1, 2, and non-negatioe

Juteeer n, the number xp is a point where the Laguerre function, L,(mx)e™,
assumes o docal extrennom, if wud only if vy isoa solution of the
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0 the statement of the theorem is inttnediate and
) For n =1, 2, 3, ..., direct caleula-

I'roof. When w

the upique solution of (15) 1s ¥ :
tion using (11) aud (12) shows that the statement of the theorem is troe
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jor the global extremum v O Por » o= |, 23, , ad 0 v the
following can be veriticd by <imple alechraic substitetion -

(L35 (18} and (16} daply {10] while {10y, (83) and {16 imply (13)

Thus, sinee (13) s anidentity and (10} determines the local extrema
for positive v, the statement of the theoreny follows,
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DESPRE MEDIA ARIPMITFICY A PUNCTHLAOKR LAGUERRL
U DOMENIU PRUNCITIAT

Resumai

Rezultatul csenfinl din aceasti Nota este acela cd daci w1, 2
$1 01 5k intreg negativ, vy este un extremum local pentru functia Laguerre
L, (mx)e=* dacdi satisface (13} si (18).

DOUBLE INTEGRALS INVOILVING BESSEL FUNCTIONS

BY

B T. SHARMA

t. Twiroduction. A\ function ®(p) 15 operationally related with &)
when they satisiv the integral equation

i D) = p § e Ml

:‘_——15

provided the integral is convergent and R(p) = 0
A= usual, we shall denote {11 by the svmbol

9, h{p) = I

The object of this paper is to prove a theorem in operational calcullt?
1md use it to evaluate double integrals involving products nf six Bossz;z
fnnetions of different arguments. ‘I'he results obtained are helieved to be
e,

2, Theorem.

}

If a(py==2(tiny and H(p T.(2abty T, (2ee) (Y then
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& (ng B ket = e}t ‘.v(ﬂ? Y R

svovided the integrals are absolutely convergent and a =0 b >0 ¢> 0
Y

Praof. By defurition, we have

B(p) = p E el (:) dt

then



