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Introduction. Lot A and 3 be twe Daael spaces whose points are

cequences of complex numbers and whose noris are and
respectivelys Alsos let 1= (o, x| bean infinite amatrix of complex nou-
11 =

Lers. .\ complex nmunber 700 ealled an approximate vigenvalue of the
patris  refative to the pair (N ¥) if there exists o sequence v in A
Vith S| == Isuchthat v —n ™ e ¥V jorn= L, 2, and v —
FA I VTS T S
An dlgenvalue of L relative to N (which was defined in 2 as complex
simber 7, which satisfies 4 v — 70 = O for o point v =50 in X} is obviously
St case of an approximate eigenvalue relative to (A Y) lor alt ¥
Conditions under which 0 is not an eigenvidue of L1 relative to
atons Banach spaces N were given in 12 Similar methods will be used
0 this paper to obtain conditions under which 0 is not an approximate
cioenvidie of a niatrix A relative to various pairs (X, V).
The Tollowing vsual notations will be needed. The spaces of sequences
t votplex numbers v (v v, o) with finite worm of = sup 14
v o ip . '
ril, Yoy and i), ( i 1,-,-’) {p = 1) will be denoted by m. !
=] Fel
anmd {, respectivey
T seetion | two examples will be given, In the first O will be an appro-
simate cigenvalue of o watrix L1 relative to {m,o and will not be an
pproximate cgenvalue of (1 relative to (4, /). In the second O will be au
ppprosiinate cigenvalue of L1 retative to (4, ) and will not he an appro-
simrte cigenvalue of A relative to (4, 1),
Comditions under which 0 s not an approximate cigenvalue of a
natrix relative to (4,0, (l, Ly, (weonn) (1os0. (. w) oand (. D (P> 1)
will he Tormulated in section 2,

it RIS Yertenmtieg
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L i)

Let L be o matnx which maps continuously the Banach space X
into dtself. The speetram of s defined as the set of complex numbers

» dor which the operator 4 — 20 has not a continuous mverse.

i section 3 we will show  that the spectrum of . and
approximate  elgenvadues  of b relative to (NN ure
certain Banach spaces X if A is sviometric (iU satisfies v, - 3, for «

?

/ o2 ) and continuous,

Example 10§t

\
1 T 3 0t i \
\
1 H
L (L 1 (L]
L
1 1
i WL 0 - [T
SN
f ] 7
1
| I
LU E R I L T =
\ L
I
LU T 3 R 1 Y O I Y B ||
r r
Also, let & = (1. v, ) Dbe the pomt i omr defined by
¥, sl
Ay = 1_1; fl)l‘ 2!) - 21 ik L= 2:——1 ‘:\ | LA 21_:_ L _;_ 2:—1 +2,
e 1,2

P

It 1s casily seen that dv=0. 0 is therefore an approximate eigenvalue
of A relative to (m, m). We also see that A satisfies the conditions of
theorem 1 (section 2|. Hence, U is not an approximate eigenvalue of A
relative to (/, 1).

Example 2, Let 1 be the sequence in ! defined by

. 1
iR Py D ;R
154 - for t a2 h g2 ]
An) 1 .
Now ., = = fori=101 2 .
ol Dni 41 ’
We have |||, Ioand fy7] = 0 whenever no-e o

the set of
identicat for
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Therefore, 0 1s an ap lrlu‘{iuhlh cigenvalue of the identity matrix f relative
to {f. m), though it is pot relative o {. 0.
2. \We formmulate here conditions under which O s not an approximate

eenvadue of o matrix relative to R S (PO P T T Y PO VTS I (AT

Al (."r, {} (/5 1}. .
We begin with the (£ /) case

Theore } Can infinde matriy sneh tal

Ibheorem b Lot ] = fa) i e e i
{1 dy = i I 2
fp @ positlioe and

:'_ Hf.f N ; l 0
(2 Ij }.i A .-
=k, 2 ll”

for a real mther 8. satisfving O <& 1 Then U os nol an approxiviale

,'1';:(‘}17‘(1!1{(' ;r A relulive o ([ f).

Proof. Suppose to the contrary, that there exists o point x=={x;, Xy .-},
! =uch that

(+3) Y gl = |
=1
v 1 v | <
vl X £
L gz
viwere
(5) 0 =< a(l —3)

Lrom (H we have

'H“]‘(li\'i ‘—lﬁ e Xy

i;:l tyy

L8

Using (1) we obtain

Henee, by (3)

_ o« w a o

e = £,y Xj g oo | B
<=4+ ¥ 1 = — - \b/‘.: Ay

@ i1 |[f=1 ay * =t

v sm&, {2) and (3) we obtain the inequality 1 -7 zfa 4 3, which contradicts
3 Theorem | s proved.
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Remark, T4 was shown in 127 that 0 is not
to £l the condition wy, 5 0 which is weaker ()
with & == 1 hold.

It is casily scen that 0 is not au cigenvilue and ts an approximate
vigenvalue relative to (7, /) of a diagonal matrix for which the diagonal
munbers are other than 0 and forn sequence converging to O Further-
more, we show now that there exist matrices satisfying (1) and (2] with

anelgenvalue of A retative
an (1, and condition 12

8 = 1 for which O i< wit approxinite cigenvalue relative Lo (1, /)
Let g, be a sequence of real numbers sueh that O, .

1 and i, = }
as = u . Let

/ 1 0 —u m T \

)
01 | ' i I \
| [T 1 1 : 1 }

|
4= | TRT! )y 1 0 —r ] /
| (L] il i H 1) . U /
/

It is clear that .1 satislies (Iy and (2) with 8
of points in 7 defined as follows

=,

Foolet 287 b the sequence

t
W= = for k= wn, ni2, et

e 2in—1)
it

TR IR T R TR

+

i 0 for ke i, 2,3, A E =1 -1,
and b o 200 — 1), w1

yP=1 for k= |

We have obvioush VN =1 for o= 1, 2 Moreover, for 5 = 2
we have
. I | ,
{(3) A=~ - - (1 — ap} - (1 — o) == o, =
H R
1

. (l - a"'r'_'(u_'_-;}) — ;;

Let ¢ = 0. Since a, — 1 there exists an integer N - 2 such  that

nax (—- ;o L—a)<Sfor nx N, Henee, by (3) x| = = for - N,
n 2

Henee 0 dc an approximate eigenvalue of 0 relative e {4

APPHRONIMATE FIGENVALUES OF INFINITE MATHRICES SR

i oo . . o
Corollary. I 7 i~ an approxnnate cigenvalue of o m.n'nx A =A{ai) 7
relative to (1)), then one of the following three conditions holds:
1} There exist< an ¢ ~uch that ay = 2 1
2 There exists a sequence g of natural numbers such that ag, o = 0

31 There exists a7 sueh that

s

)

1=1, iy

|l{‘: i S
= 0.
'l{t --)\

" B4 -y a N ' ’\‘ o I‘
por an arbitrary 4 with ( _ . o
Now we treat the case in which 0 i3 not an approximate eygenvalue
of o omatrix relative to (4, L) p = 1
T i (a;)." : finite mateiy such Hhat
Cheorem 2. Lel {ag) % b an infinle

1 g > =12

(5,

PE-

v a positive o and

B =

3k

EX
“_Ulq) q(_, 2ty
an)

where p = 1 and q 1s such that 1[p-i-1jg = V. Then O is not an approxi-
atate cigenvalie of A relative to (ly, 1)

Proof. Let us suppose, that 0 is an approximate cigenvalue of A4

relative to {l,, #,). Then there exists a point ¥ = {3, x,...) ¢!, such
that
(6] L lmlt =1
and L |p
{7 N YRTESEE
i=1]| je1
whete
i8) (< e << af (2111 — B).

By Holder's ineguality we have

dyg g
I RCSRRLATL I I 1

Ve
% ) :
ATy =1 Ay

Hence
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ra Fa Iy Fa " .

R e A R i L SWALE S
d f":‘] J .gs H” .E| ﬁ—.‘
Y :
i S
oayn + 5| § 42

1
Clagt pol S =k | =1 Ay,
1=

[
i Rt

Using {1] and (7) we obtain

& o - | =
sind =z | dad :‘r!lf' \:; o
LEd ﬂ'HI/) =1 7
Morcover, by Halder's inequality,
w | e -
TR il
w 7]
LI X2 n ¥y
i=1] j=] fyy j oy
= ks

Hence, (1) and (8) imply the ingequalits | — 20 (g/5¢ 4 B) which con
tradicts (8). Theorem 27 is proved,

; Corollary, An approximate eigenvalue 7 relative to (o 1) p= 1
()l 4 matrix | == ?udr{;':g] salisfies cither one  of the  conditions 1) and
2] from the preceding corollary, or the condition

i=1

”ff_

4
) > 9 h

(I” o= ;’.

where ¢ is such that I/p -+ 1fy = I

It was shown in [2] that (His not an cigenvalue of an infinite matrix
A= Aayy), relative to m i ay =0, for 7 1, 2. and

{10] € = sup SE i s |
ARt
i

Next we obtain a similar resul

Tliangs s . » ' ; v N
“Il(l.lllll $.0f .I (“ij)g',,--l salisfies (1) and (10 thew O 15 an appro-
vimale cigenvatue of A relatine to (m, m).
Ly i 1o « =Y -1 ‘ H B s -
Proof. T 0 s an appeoxtmate cigenvalue of 4 relative 1o (e, m) then
there exists a point v = (1,7, ) in s such that

) supja;| = 1,
]
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aud
| L
. : P
(12 oty k| =
wlere
(13 Mo eiezinll -~ )

By (12), we lave

Li
-

o b Yy L '
[14) wll== {18 R '
i= iy thyy

Ustng (1) and (11} we obtain

ke |

NI
1=1
JEL ¢

[ ™

VAN

Yy

~

. - » 3 ¥
Finally, using (31) we get 1 <0 ¢/ - € which contradicts (13}. Theorem
3 iz proved. .
Corollary. An approximate eigenvalue . relative to (Ju,oyu of a matn;c
1= ()5 : <atisfies either one of the conditions 1) and 2j of the corol-
6,j= 4
larv of theorem 1 or the condition
N “4yj .
sup Y, | —2—=! =1
o=l LAy =
Lo
Remark. Theorem 3 can also be proved by a similar method to that
weed in the proof of Theorem 7 in [1]. _ o
Next, we obtain, theorems concerning the (, ) and {/,, m) Cc}bL&%
replacing the condition (1} by stronger conditions in the statements o
theorems 1 and 2 respectively.

Theorem 4. Lel 4 = (ay) 2, be a malrix such that

i
i 5 _‘_|:M<c..
DR T

”J.'I'! .
-

() “1;= by 4 &<,
|=-":1 ay
i

g L + verdoa I S PTIT
where 0 < & < 1. Then O is nol an approximate cigenvaliic ) A reladin
o (I, m)
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, _ . .
Proof. Let us suppose that 4 is an approximate cigenvalue of |

-

rebative to (£ o). Then there exists g proint (v, vy, I i osneh thot

{ 13

and (14 with

(17 o r Sl
. \f
hold. (14) implics
i ) = k iy | Ll z
Xy o X X ey —
=1 s ,-._‘_[- _-.v“' i=1 oy
EES] ]
Using (13} we g
bl » 0
Y | | £y
-E. == YL ) My (s IRy
= L | I-_--i‘ J”
fu=f

Therefore, by {2) and {I6), 1 < § = Wz This i i I
o A I bl Mz us mequality contradicts (17
Fheorem 4 1= proved. I v bty (17

Corollaey. An approximate eigenvalue 3 of o matrix | = {e4p;0. ™ rela-
r 2 ' " " » . n J o ‘l ’
tive to {4, ) satisfies either the condition 3) of the corollary to ’l‘h(:f}n‘mu 1
or
- i
i=l g ra
An analogous condition to (13} is formulated in the following
@

Pheorem 5. Let 4 - tagl.e o be o malviv such that

(18 Y e jan
=l q r
iand "
B— ¥ l % 2w\
=1 S aff

where p>> 1 and y is such thal  1]p | g — 1.
Thenw O s wol an wpproximale cigenvaline of A relative fo {£y. ht)

] " T« 1 H
Praof. 1 0 is ancapproximute cigenvalue of A relative 1o (/. mt1 then

there exists a point v — (v, v, |, sueh that
(19| ' AL
| .\«f - l,

%

t

u AFEROXIMATE EHIENVALULS OF :'\_"“_NIH_N'N ek o

aned (890 wath

(20 (o g = S

are satisficd,
Bv (90 and Holder's jncequality we e

RYR i
-;m( pIEL = ] :
j=1

Ir - —
dy (e,

i

FHenee

\,:P 2 zf’l'fl'(

11 {follows that

L= % tnlts QM(‘ E: ) ! ' Z:nfilp

i=) =11 =1 n i=1
(e

But by (19} and Holder's inequality

- “ (!i,')l:jl"r' = P I

E 2 j—l = i ZL \.J,-: = b‘ 5

=1 | §=1 1i j=

' JJ'-":I ! b B
iud by (18]

24 .‘.p
-— < Mef

| F

=1 ag)

. . e R

Heuce 1 < 209(8 -1 Met). This inequality contradict> (20). Theorem 5
is proved,
. . = e

A approximate cigenvalue of a matnx | —”{"I-'Ji,f=n

Corollary. 4
condition (1) of the corollary to Thea-

relative to (I, m) satisfies either the
rem 2 oOr
= 1

& lag—2i?

= S .

[y the sequel, the case {4, §) p> 1 1s considered. ‘ )

It i easilv seen that an approxinate cigenvalue of a matnx :c:lal.n_(

to (4, Iy 1s also an approximate eigenvalue of the s-.'un]e 1}1nt.lzx E}eln&;\ oftn

’ i i dinn ipeny: c e to {/ ol a
. b ¢ 0 is not an approxinate eigenvalue relative to Uy,

e 2 e o 2. Next we show

matrix which satisfies the two conditions of theorem 2

————
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that e lll‘l_\'\llf)hhtllh'. the sccond condition by auother if the matrix Snee ] ois continueus, /oi= o Vosed et im0 Hene
-l maps continuoushy 7 into f it i
£ L1 i
Theorem 6. 7eof (u,.J)"’;_'_1 he a matrix which maps continnously
1 - N l_ . - - - Iy [y’
Do 11 Hiere exists positioe v suel that (23) oozl (xow finl v — by
_ E4)
=0 il 7 =12, et us suppose now that 0 i= an approximate vigcllf\'u]ur of  elative 1o
|‘_l - h T 3y
! s - rata Y . osatisfving
it (,, I). Then there exist= proint IR .
i O N TR LN 1T - 2
{22 i) - 96 vl =1
) E 2 | E =) (ih] E ! il
imt gy My i=
s and
i~ . . T “ i -
where g ‘~ Lo then O s not an approximate ciocnialie af b orelative to (4. B, (27) 2 2 G Vil ==
wheve pois such that Wp4-1g=1. g=1]i=1
CProof. Let us denote by I othe set of points ¥ = (v, vy, vy, . ) in / Henee v satisfies
satisfying . > z = iy Yy
: ® Z vl — = <
a9 i
(23) ¥ k=1, = o SlE
=
and (sce the proof of Theorem 2} . .
24 2 & But by (22), (26) and Hoélder’s inegnality
(— } I| E iy XJI = ¥,
=l =1

N TRT, @ (o= lagitye (2 :.ﬁlpx 1
(2 Y == Y {E ‘ Y < 1.

= L

vere vaing . : : i ' . =
livery point in /. has at least two coordinates different from 0. In fact, iy i 1 e -
10f tilero e.\us’%s a point ¥ in 1 which has at most one coordinate other than Henee
then by (23) it has exactly one coordinate Ap = 0 and this coordinate = 'I = ]
e T . e a3 . {28) L4
satisfies |x,l — 1, So t]mtz = % by (24). This inequality contra- e E‘ ’

dicts (21),

Let v = (%, v,...) be a point in L and let v, 1, he two coordinates
other than 0 or 4 We mav write

It follows that v el Since {23) (26) and (27) are satisfied v € L. There-

fore (28) implics,

. e
inf |lx]]— - =1,
xZL 2
i oG
l = | - o T ! P - por R . . B
El = " ol Y, %t < (] o vl which contradicts (25). Theorem 6 is proved.
= i=t . ) o ) N
: i ; 0o 2y then 1t 15 not
= r = 7 Remark. If we assume the strong 1110(;11‘1]111._\f \t i (Hﬂzi;hce':se o
. : st muity A T fact, m § cf ¢
{h( y “f) ‘\( Y i-“‘fi"] : necessary' o :1lssumc thfl C(":ntmmt} af ,
i . N in such a wayv that
3L, i ! choose ¢ <
Hence @ ¢ | g, |93 <
e \; ( E i) J < 1= =
Yy = E Al > 1. i=1 4 f=1 ay &
femi SE=
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and e obtatn by (29 (26) and (28) E il

. O the other hand, from
126) follows Z f.\l'.
i=

Powhich contradicts the preceding incquality,

This remark can also be justiticd by 4 similar method to that nsed
in the proof of theorem 7 in (11,

oI this seetion, we denote by o the class of spaces (m Lo =20,
sbohas the following two properties

al X ¢ o then XN*C X

I XNe d and |
Nointo X then 1%

(0.2 is i matnix which iaps=  continuonsl
i}
[@,).” _ maps continnonsly X% jate %

1, 7m=l g

These two properties of & will be used in the proof of Theorem 7. Before
we state this theorem we recall that the spectrum of a continuous operator
TX =X s the set of complex numbers 3 for which | - 2.1 has not a conti-
nuons inverse,

Theorem 7%, Lot X ¢ & If 4 X = X 1s aconfinuons symmetric matrix

(1.0 0t salisfies A =A%) then fhe spectritm of A and the sef of approxvimale
sigenvalies of A owre rdentical

Proof. [.et ws denote by the norm in X If 72¢ sp A then the con-
dition
{(A=3Nx,) =0
implies

(e =2l (=0 v, || v, | - (),

Henee 2is not an approximate eigenvalue of 4 relative to (X, X).

For the proof of the inverse,
cigenvalue of A relative to
that

(30]

we suppose that 2 is not an approximate
(X. AV Then there exists a positive » such

Av — vl = x| |vi
for each v in X,
In the sequel we show that = = {}is the only point 1 X™* which satisfies
31 iz, A — Gxl=10,
for all 2 e A
Since o is svmmctric (31) tplies

132 2 4

" Inothe case x e Jyp the theorem is well known

— —= = —— = TR 2 G|
N VPPRONIMATE FHGENVALUES OF INFIRITE MATRICES .
IR :
. % -1 et
A0 T St Lo syt
: Henee G150 i) ; 5 o
} oberty il L ¢ . G T gl i
I1‘1:1\d it]‘lvl}tinﬁ'mu.\w fAz.5) 15 1eal .\[-mm'g\l 3.5 i W l”t ”"’_ ‘;’ 1t follows
I - icl [ e N oamplies - .
‘ot (32) fwhich holds for all i
fore, (32

oo dense i N (sec
' T g of ~ 7 1= theredote dense m
§ al g ¢ The sange ui_l / _ AR B St
i"rlo'mp(dg-)l)uﬁttlt by (301 the range of ) — 7 1= u;-l]r,;ull”l(].lilut;?:.:’%;wjruf T
Yt crefore identi ith X, Smee 2 1= nol G e of L,
_”‘ 15_”“-‘“«""“ lidlt-”nltltlll:n.l s f =atisfies the .m}(lmnuﬂ.ul‘ I.,{ll.ll.l’;::i\
A= 18(}’111' 'L#U l]!‘ ilh": {- ./.f his therefote o continuots fnvers
LR : bl . J . a ity :
:I]Jl\-"rl,l‘;:[n[:hut rgsp 1 Theorem 701» proved

H . AN e . L ] ) 1 1=
‘ "l"ll‘l] \ I i _I,!) b Y I sprevirunl af ot [N ARTRELE

i 7 X ] “t\l”.‘- Lo thw _l ; .
; \ ! .‘\"lii\ﬁ.t"'\ i I)! thl' t]lrl_'\_ 1 ”11[1‘1“']]"

syupnetric matrix e =l |
ol the corollary to theorem 2 ; .
. . 3 4 a contimuous
Corollary 2. A nmuber 72 betonging to the spectnuu ul w¢
& « . N

4 < i 11( ¢ ]'
‘ 1 LS Ui l]ll I~ N RIRE
i '21 e o
=Y luulttl‘( ll.ld.l]l\ .I. = s lll = Ol l ll thiree i1 (B ] 1 T

fary to theorew 3
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[iieel Toistatls ¢ A echiiology Hatta

TIVE TRICKE INIINITL
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[<eruntat

Coslo Y ale @ nete <intoginart de
A spajil Banae sty ale caror e ‘ ;
Fie date doud spajtl I_Lm.u,h ?\‘ 5 ‘i]]tt]'g'\lnl(‘li\ i o
0 xeowoale ciiror nonue st res O b
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awcntenen fie Ao (t el T ‘ e BT
a1 complex 7 este nuwit valoage  propric ap ‘\ i it
nlm'n'u"l :u-rt }:u .pcl'cc]u::L de spatil (X, Y) dacd existain Lo Din depupets
e -Il'tlift‘] it ot 1 sdat - px g b A
o 1d..3 . Un caz particular de valoare proprie ‘l]p:.“u.\.t' ‘i;l o]
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l'”“(‘:’! —;) este valoarea proprie o raport en RY (til . o
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s & |
TTE YT I TR lg J
F r=1

In paragratul 1 se di nn o exemplu e atrice pentin care 0 este o
valoare propric aproxinativii in raport en (f, ). S¢ dadde asemenea un
exemplu de ]Ililll‘i\"(' pentru care G este o valoare proprie ;1[:1'(r._\im;1ti\"u in
L:];jp;lnt cu {4 ) s e este o valoare propric aproximativa in raport cu
~ I paragraful 2 se Aommuleazd conditit suficiente pentru cn O si 1
le o valoare propric aproximativa a anei matrice in Taport ¢n fiecare
dintre poetechile (0 (4,0 1), (me om), (1, ), {fp ) st (L 01 Neeste conditii
st ascidndtoate condifitlor suficiente pentin ca O <i o fie o valoare
PTOPTIC a wiel matrice in raport cuun spatin de tp /oo sau ! \'-t[-
conditii au fost formulate in (2], o
Do paragralul 3 se noteaza cu & clasa de spatii {(m, 4y po= 1) siose arati
¢d pentru fiecare matrice simetric si continua multimes de \fl]'nri );o()r:E
aproxtmative in raport cu o pereche (X N1 X ¢ @ coineide e ﬁlalc.ct:'u]“

ESPACES PSEUDOMETRIQUES KT PSEUDONORMES
PAH

ELOEN PuitA

dans un
I'n
dans

Botude dun espace doté diun ceart prenant :wv-»_\:\lt‘urs 4
ensemihle ordonné a étéfaite pour L premicre fors par Kurepa.
vix concernant ce sujet se trouve
s la notien  dJe psendométrique wtro-

duite dans 731, ¢t donnons une caractérisation des .tnp‘nlugl(.‘.\' st m-rt;'un--.-f
structures algebriques (groupes, espaces vectoriels), .\uus. llul}(lll.nll_h..;lll::h!
ane extension du théordne de Banael pour les espaces nmfmnua._u;.s.
Uie autre extension, a Vaide de la Gouille (l(:s Goatts, se Liouve L]ut.l:i 2]

Définition. Svit L0 wn cnsemble vrdviné® avee un plies potilt élément
d, et dofd Lune vpiration W, dy s d o d el gque

ot = o -l d < J i T ' < d 4= of"
sotts-gnsconble Dy CYonun side of fillrand u ottt oy
cefud e DYool g

cxposé sur les résultats princije
47, Dans vette Note, nous rappelon

)
(nn v el

On suppose gt yod i _
(par rapport @ Cepdre tndinl par

‘({(16“3.3((“(»”1 el g o’ i <
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