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I. Intreduetion

Let MW be a O= differentiable mamlold of dimension n. Given a linear
conneetion 17 on M, o tessar field A oon 3 os said to be rveeurrent if

VA = Wk,

where Wois o covector oa M and TR derotes covariant differentiation
with respect o [0 72, 4

The tensor ficld A is m]d to be parallel if $A 0. A teosor field S
on M is defined to L seni-parallel if there exists a tensor K ou M and

a differentiable function ¢ on M such that
(1} 5 = ah,
(i) A is parallel e VI =

The purpose of this paper is to study semi-parallel fensors. Such
tensors correspond to semi-covarianti tensers in Riemannian Geometry
{1, 3]. For a tensor to be semi-covariant constant conditions were expressed
in sowe restricted cases. In this paper using methods of Wong 4,3
a more general and simple result has been given.

Let 1, (M} = T, Dbe the tangeut space to M at ve . 3 tensor
field K of type (r, s} over A is aun assignment of a tensor Ay € 175 (v)
to cach poiut x € M, where 77 (x) denotes the tensor space of type (r,s)
over Ty, Given a basis {X;}, 7 =1, ... n, of T, the tensor ficld K adimits
an unique expansion with respect to this basis given by [2]

(I'l) Ky (‘\’) l\.ll \tl ®.. @ J\,i, X', ® -\'j‘,
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where [N} is the dual basis of 1\ (i
; : al basis of (X}, K1) are « '
: . L G are called the components
of A, relative to 1Y) v ponents
Corresponding  to  cac LEel

eac - ') we get i
! 1} o LU hoa = LeGL {n, R) we get another hasis
Ay ={Ap Ay of 1. The components ASlir of K, with respect to

4 - E] SL] L 3 o

{aX} are related to those with respect to {X) by

12 'l:l...l: Iy 3 ]
(1.2 Rl = Koty Byl By Ao A,

where BY is the inverse matrix i ;
' i se matrix of 4!, We shall w " .
e e 7 hall write the above equa-

(1.3) K (@X) = a=1 . K (X).

Iet L{M) be the bundle of linear f i

i e ] ar frames over the manifold Af a
}\lzil‘l[)t]ll_: 15}:1‘“({11::11‘@] grou‘!) (;].I(H(,{::) and det = be the projection nlappill:(gl;
L (M) = M. An element z ¢ L (: ) is given by a point x ¢ M such ti
;i:_n;t: :1.1€1dJr a( ‘?f)t IOf 1; I|11e$1‘;}' independent tangent vectors at v, We shl'?lt;
N el . by (=2, X)), where N; (i = I,..., 1) are the # ¢ -
ding tangent vectors at x. The set {X,I, ((z' = |7k 'u))is”:; If’li.]:isno?)]’r'rebl:!(;u‘
we sh‘;‘ill refer to this basis simply as the frame ,’: h S
4 f(,n’cu a tensor field N on M of type (r,5) we can associate a set of
nrts functions denoted by A on [/ (M} as follows I
gl : 3 L (M) g ows, At cach z e L (2 v
1s simply the component of A at 7 relative to the fru:ucez '1(‘11{1)&'; il

Ko(z) = Kjlor () if K (X)) = K% X, @ X, @ ... @ X%
o dy " fz® @‘\ .

Given u:A}e(;l. (n, R we know that = (ta) — v and za = {mz a A
» e )

HL“(.L 1\ (: ) are 511]][)1\ t]]L 0 3 £ ] N 1 l lt : l )} g I!‘ i
: Sl 1 > component: [ - b 1 : 3
. ( ) Of = £ ve T th(_ DASES t, .\}.

(1.4) Rzay — a V- K ().

»

It can be ecasily verified that if & i

Ll -asily I at 1 o s a4 real valued function on )
tlfla}l_a]xl s also a tensor field of type (v, s) on M and if the CO]ll]’)OIlQl{t{i
of A relative to a hasis TN o At ‘
o » a hasis (X} at 1 e M are Aji J': then the components
of (6A) {x) wort. LY aresi : et i
of (o] ) {x) . l\fj ire simply g () 1\,: i Fhus the functions on L (M)
assoctated with ¢ A are given by

SN (z) = o (=2) K (2).

2. Semi-parallel {ensors

. Let now 5 = 6/ be a semi-parallel tensor. Sinee A is parallel, it follows
br&l}l(ld:he;r(jms of Wong [4, 5] that the restrictions of A for the holonomy
e Pz} through any z, € L (M) arc all constants but non zero, i.e.
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Riz) = C for z € P (2),

where € denotes a set of constants not all zero.
Thus if S is scmi-parallel then

S (2) == 5 {x2) C lor z€ I (z).

I we assume ¢ to be nowhere zero on A7 and differentiable, 1t follows
from theoremt 3.9 of Wong [4] that 5 s necessarily recurrent.

Conversely, we prove the following :

Fheorem. o necessary amnd sifficient comdition jor a vecurrend lessor o
be semi-paralicl is that the recupreice veclor be locally tie gradient of a scalar.

We consider a local co-ordinate neighbourhood U of ve M withlocal
co-ordinate  system (¥, ..., x7"). The components of a tensor field
S at v e M are then the compouents relative to the natural basis
(8l o, djoxt, ... d]dx"] of T (M) and the dual basis (dx', .., dyn). Let
S be of type (r, s} aud let 5:11 w4 be its components at v then the com-

5

pouents of & at v are given in usual notation by
sh woify )
VIs ;‘ ,.,Js
H S is recurrent with S = W @® S, then
' MY e T, E) e d
() 1) Vl'l ‘S;[ ,..J‘:' - H/Fl S"l .,,j:;

where 11, are the components of W at x. If S is semi-parallel with 5 —aly,
then since o is nowhere zero it has the same sign everywhere. We assume
¢ is positive evervwhere. Then
.
AT By et OG oty it J log G i
(2.2) Vhbj: = Valohy) T =Ry S i
3 s axt 1 d H

At el
sinee Va A =0, From (2.1} and becatse S is nowhere zero on M, it follows
that W,= 0 (logo)/dx*, which proves that the condition in the theorem is
NCCESSATY,

To prove that the condition is suificient we know from Wong's theo-
remt that if § is recurrent then

S () = D (2) C on Pz).

where ® (z} is a nowhere zero function on 2 (z).

Let v (f) be any scctionally O# curve in M through xp = =zy and let

- (f) be the horizontal lift of x(f) througl % such that = (z {{}) — v (). Then
S =0@E»T=:c:xC;

12 ~ Anale — Maelematicd
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the function p (1) is not in general continuous. If p (x) were differentiable,
every recurrent tensor would have been semi-parallel and with each recur-
rent tensor we could associate the parallel tensor T = (1fe) S.

We shall now prove that if the recurrence vector I is locally a gradient
then p(x(f)) is a differentiable function of x () showing that $ in this
case is semi-parallel. For, along z () we have [4, Th. 3.4].

S = p(x () C, where p(x () = exp S fifydt and
10 =W )

If W is locally a gradient, then W, ((2)) = do (v ()] 0x*, wheresis a diffe-
rentiable function on M and

g = P dE _ do (x 1)

oxt 4t dt
and
o (+ (1)) = exp | 59%@2 dt = exp o (¥ (8)).

o

Thus ¢ (x(f)) is a differentiable function on A7,

In gemeral S = (exp o) A where K arethe parallel tensors correspon-
ding to the constants C and ¢ is the scalar function such that the recur-
rence vector is the gradient of o.

A recurrent tensor § on M is said to be almost parallel, if there exists
a linear connection on A7 with respect to which S is parallel. Wong has
proved that every recurrent tensor which is not of the type (r,7) is always
almost parallel and for a tensor of the type {(r,) which is not almost
parallel the recurrence vector is locally a gradient. In view of the theorem
proved here we now have that a recurrent tensor of type (r,) which is not
almost parallel is necessarily semi-parallel.

In case of linear connection with recurrent curvature tensor and zero
torsion, it was conjectured by Wong [6] that the recurrence vector
is the gradient of a scalar function if and only if the Ricci-tensor is
symmetric. In view of the above theoreni, since for such a connection the
Ricci-tensor is also recurrent with the same recurrence covector it appears
that Wong's conjecture would be true if the Ricci-tensor is proportional
to a symmetric paralle] tensor.
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TENSORI SEMI-PARALELT
Rezumat
Un cimp de tensori S se defineste ca semi-paralel Elaca existd un tensor
K si o functie diferentiabild ¢ asa ca si {ie satisfacute cond‘lpuler (i) si
ii)?din 1. in articol se studiazi condifii de existenjd a unui astfel de

cimp pe o varietate diferentiabild de clasi €.



