STEADY EXTENSION OF COMPRESSIBLE SIMPLE FLUIDS
BY
ENRIC GOLDHAGEN

1. Introduction. The theory of incompressible simple fluids is based
upon the constitutive equation

@
(1.1) T +p1 =X (F (5)),

s=0
where E(s) is the history of the relative deformation gradient, ¥ is a func-
tional, T is the stress tensor and p is an indeterminate hydrostatic pressure.
The last vears have seen considerable mathematical work done on the
theory of incompressible simple fluids {1—7]. An elegant and complete
treatment of steady viscometric flow is given by Coleman, Marko-
vitz, and Noll [8] Little has been done with general compressible
simple fluids. Explicit exact solutions are obtained for a number of vis-
cometric flows and for flows which are not viscometrig, in the incompres-
sible case. Here we shall discuss steady extension for a compressible simple
fluid. The notation used is that of [3] and [8].

2. Preliminaries. A body is a three-dimensional differentiable mani-
fold, the elements of which are called material points X. Let x be the
position in Huclidean space & of the material point X at time £ which
we interpret as the present time. Suppose that at time =, say = < ¢, this
same material point X occupied the position 2 in & . For the dependence
of Z on x, t and -, we write

(2.1) = (% 7).

We shall assuime that a sufficient number of derivatives of y, exist and
are continuous.

Assume that the velocity field v(x,f) in the spatial description is assig-
ned. The relative deformation function (2.1) may then be obtained by
solving the differential equations
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di sk

{2.2) Samty ()
dr

with the initial conditions

(2.3} z) x.

-
The gradiemt F, () of 7, with respect to x

(2.-) F () = v (x9)

is g second order tensor ficld ealted the relative deformation aradient,
The tensor function defined Dy

[2.5) FsYy=F (t =s) (s>=0),

is called the history of the relative deformation eriadient, It (ollows from
(2.1} that

(2.6) o F @ -1

where bois the identity tensor,

The general constitutive cquation of o compressible simple flnid wmay
hewritten on the lorm

-
(2.7) T~ p (D X (s) ),

gen
where p(z) is a scalar function of 2. The response functional 3 ol (2.7)
has the value 0 when F(s) - 0. The privciple of material ohjectivity requires
that

- w
(2.8) R (0) % (F(s): 2 R(O)7 — 3 (R (s) F (s R {0)7; ).
Ty =il
for cvery continuons function Ris) whose values are orthogonal fensors:
and cvery history Fls),
The equations of motion weay e writien in the formn

(2"()) div'T | _:b =,
(2. 1) dz o divy — 0,
dr

where s the aceeleration and b is the density (per unit mass) of hody
foree,
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i ie at the flu - is underszoing steady
3. Steady extension, We sav that the fluld bhody s u Colng

<tension if there exists a fixed Cartesian coordivate system such that the
CANLUS NIt

al vy, ve, iy are given by
components of v oat vy, vaay are g 3

(3.1) ve==d; Yy,
: 3 e
where @, are eonstants, Togs. (2.2) an
dz, , s
fiit (LR
3.2) e

aund, by using (2.3), the required solution s
‘ ' - &)

(13.53) E ppetep (s =4 —

The history of dleformation is given by
a—h ) 0

(3.4) F (s 0 A (0 ’
0 t) e

Tere  Fist o represcuts the watrix of the tensor Fis) L
“hUILT f};)il;n'\-;s Trom Lgs. (3.4, 12.7) and (2.8) that the stress tensor 0

jmust be 2iven by an isotropic fuuction of M. where

iy t) ()
(13.5) M 0w, O
0 ) tly

. ] L fnelions of
Using this Tt and the represcutation theorem for isotiopie functions i
sy .

svinneiric matrices we find that

[3.6) T == (== p 5 & 4 B M 45, M*,
whiere the cocfiicients %, . 8, aind B are functions n_[ ;';mcl the tln'(-u‘1):‘1‘119}]):11
variants of AL: their fori depends on the fluid under consideration.

Using the matrnx

wioo oblaain
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(3.8) Iy Ty= (0 — @) By + (o] — a}j 8,
o1

i — Ty = (o, — ay)

If we assume that the bodv forces ar i
: : 3 s are zero, it follows { y :
and (3.1} that the equations of motion (2.9) and (2.10) re(}m‘r:ljc]o]‘qs‘ Y

+ (af — a3) 8. .

ay} o 2 6T2 2 aTS
07 ga Ny, B——: el { I . = p(tg.\'rl,
(3.9) ‘ e o '
dp | O
T+ ax, 4 pXa, ~
az—}—éxifz + o¥a, = 0.

Suppose now that the rheolo ici
at t gycal coefficients
only on the three principal invariants of M. By ?E?S.’S)ﬁ,l f:'lc:dn?;vd &Eill}i

(3.10) Loy, L o L
6x| axz = pdz X, 6x3 = pdz Xs.
It follows from (3.10) and {3.9) that
2. Op o )
axy - - a, x =0, alx o — gy, P
(3.11} 6y *oxy ™13 3 “ aaxl .
S S T X op , o L
‘ | 2 Xp r sxxaéx2 0, 5 +-c7x,-a‘ ¥+ pZa; = 0.
Equations (3.11) show that
2 gl 2oV 14
A Xy —— - @y Ky~ = 2%, @ 2, 2V
(3.12) Vhom Ty, =0 afig —dings =0,
2 oV oV
%% e, 0 Boxs 0,
(3.13) AL LSS O] 4
e T g R g P L e
and ‘ o
A | 24 5
=) a2 25,0%) g
2 X
(3.14)
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where
Vip, xp, Y, 25,8 =10

is a solution of (3.11).
a) Assuming

ay 5 @y 5= aq

we have, by virtue of (3.12) and (3.14)
V=V{(at), s=c¢)

and by the continuity equation (3.13),
(3.15) o = ¢ THE
By integration of (3.10) and u<e of (3.8} we obtain

3
(3.16) Ti=3 o355+ oty + a1+ ()

where f{¢) is an arbitrary function of £
b) Consider the case in which

d4y == @, = d == dg.

b,) If @ and a, are not zero, we get (3.16).
by) If a; = 0, we find that

and

T = ?_;S pla, Hdo 4+ a; By + ﬂ? B+ f (),

et

where a = 22 + 12, and f{¢) is an arbitrary function of f.

by If @ =0, 5 and 7; can be written as

1
p=—g (xge~),
Xy

1= 7= a g (e d + 70,

Iy=T, - a3 By + a3 Pa
c) Assuming
a,l;.az—-ug:u,
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we get

) L L o e
arwd
: a*(
Iy ’ Iy , \?'/7’- .
where 7o a7 foag ¥ and J{) as before, is anarbitvary funetion of 1,

oA applieation. We assune that at =ome time the bodv has the

shape of a hox whose cdges are parallel 1o the coorditate axes. It then
foHows from 1. (3.1) that the fluid [lls & Dox at ali tes. Lot b,

bi(f) be the length of the edge of the box parallel to the ants. Faua-

tion (3.1) implies that
. {h,
{-£.1) il ¢ b, ‘ {foz b,).
ol de -
M owy == ==, by (3016) we obtain
1, =15 ; (uf hy — i /a:':) (ery — et} |2, (et a5,
{+.2)
-1, {(lfl i)fl — ol fJ;"';] {0y — ay) [3, 4 fa, - ay) B

where /s the normal stress {per unit area o the present configuration?

1 the centre of the side perpendicular to the o, axis s (4.2) may

be used to caleulate the material functions Gy and B8, -
i 42
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ENTENSIA STATIONARL A FLUGIDELOKR SIMPLE COMPRESIBILLE
Kezuual

in luerare =e¢ considera fluidele pentru care tensinnea actuald este
Jeterminatd, pind o presione hidrostatied, de istoria gradientului de
deformare relativi. Presupunind ¢ aceste fluide (2.7) admit cimpul de
viteze {3.1). se arati ¢d tenstunile tangentiale sint nule, iar diferengele
tensiunilor normale satisfac relagitle (3.9 Dupd integrarca ccuatiilor mis-
citrii, putem determina nadura fluidului conoscind tensiunile nornade 51
forma volumului ocupat de fluid la un moment dat. Cazul cind acest
volum este un paralelipiped dreptunghic este considerat e o aphicatie.
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