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call a ¢ W a deit (right) quasi-regular, or quasi-invertible element with res-
pect to the endomorplisms g, 5 Leninu 6 D, permutes with 50 for any
a. r e Ao i and onlv if 1), 21,3 (from emma & in the text) liokd, _I.rmm_u i.
The additive subgroup s D, is a it weak-nleal for any v (AW S s a right
weak-ideal for any #) if and only if (167 helds for any ¢ {any aj. :_’/h'r}'r't_'{rr
L9l is an associative weak-ring if and only if (167 (237, {247} {237
hold. Theorem 2. Tu an assoclative weakering 9, the set of all its twe-
sided quasi-regular clements s a multiplicative subgroup G of the multipli-
cative semigroup of 20 the identity clement of G s the rdentits clement
of 9 for any « ¢ G, N, S, are automorphisms of al .

SOME NUMBER THLEORETIC APPLICATIONS OF CERTAIN
POLYNOMIALS RELATED T RERNOULLTD POLYNOMIALS
BY

IHIMEITRT JE UGRIN-SPARAC
Jarely

Let us imtroduce the notations

(1 I T VO B T
1 N (,] — }: St
ke

As concerns the destgnation 7, subscript 0 will be omitted wheneves
it as possible, henee 7 — 4, — 5, (7). Also £ will designate an indeterminate,
if v need not be an integer,

By ouse of the known relations

¥ , - 1 31;-:—1 "_’.'H : I s
Sum—y (7] . B (7 ) — 1.0 N ( ] {r - 1y2m—s p

Qi gmag

wlhete Bernoulhi numbers appear in the even-suffix notation {except for 13)),
wie Hird

Dnae 1N Fay (Pl Ty (F— 1) g%

LI 20
: . [" } s A S R e i,
N ]

Ttere 8, s Kronecker’s  <ymbol, By introduction of the  designation



IR DIAMIFRIIE UGRIN-NFTARA

e 18 from the definition (1} we have r= (-0 -t — 1) 2n
and substifuting it in the above sum we obtam

poEmt l 2rit] . = .
Sy 1) = — N l (o= 1y i2er— 2
Fie=el tim =, s ) '(\ - / 1- :

ik L A (ST '{/1}?—1- T)f.“_,:,,,:»:- s

uw—1 ¢ ) = —— =
=iH {2 Saie 4 {0 T W [ . - >
bl £ | for g ofr? =0 Qs S AP Qg B

The expression in the braclkets is comnected with the Tehebichel polyno-
mials 7.(x) in a known manner (cf. [T po 15), hence

Siar {1 [;] E'EI ‘.2:,] (2ar)s= 2% P s L B

s FELb

Substituting here the explicit representation of the Tehebichef polynomiat
one obtains
[Qm—r
; 2=t oyl t—s (Zares k10D sonn g
=T ¢ () = sl e

v=4 Foy VS o RV(Ziwe s =00

where the order of stmmation will he changed

ot k=1 tm—ik “ini— | 1 hi— s i
o (,l" % r}.- = ~ N ‘-Fl ' (.a 3 ¢ ] I_‘,
dmi—1l ! s} ) ] e
i=1 J g=0 L 7 A |

For ihe polynomials on the sight-hand stde we shall mtroduce the folle
wing lesignations

112
{ it = }_ o (m, k)l = 1.2 3 .
ey '
w e
ot -1 Fw ‘Z-‘ " T § e
40w A ) ( ’ ( £ b i ! 12, i
¥ oot 4 . !

and call them Jacobi pobviromials for C.GUJ0 Facobt was first whe have
fonnd them in 1834 (¢f. 4, po 601 (1t is to distinguish between £AD
and Jacobi orthogonal polynomials ) The expression (4 being suitable
for applications if & is close enough to ui, gives adso the following sesults
2(1, 1} Loam, 1) = 0 form — 2, 3 4. Another expression for the
coellicients z(m, &) may be found, this tinme convenient for applications
it & is close enongh to 2
Lot us mubtiply the Bernoulli polynomial

3 APPLICATIONS OF CERTAIN IMHENNOMIALSR |
S LT | .
By, ()= % ) R
<0 -
by v F, differentiate this equations £—1 times and take then . Sinee
B, th- K, we have
st (:”. ! ‘_’ kes=1 gy N ,(’3.-—1 ('.:f 52
| Moo . 2,
)_—!, J . = J ) ,".—'.'.1{_. } ) | - ]I'J._.._- p -

In another manner one can show that

E[ Jl by ) T En{ ‘ J e

Comparing the last two equations with the relation (41 we ohtin

& L= o =1 [k =2
Ry g (&) (=1 — ¥ (I —=(=1) ( B } ] Iy —

! =0 ; ) k=1 N :
moe= 1,24 ... h=1713 cor o particularty = 1 and 1 = bl

the formula (3) reduces to

.)h =1 f | )
) ' B e { - et 2u— [-s—l 3
) ) = (= Vg [0S e

Now owing to the relations (4} and (6) one can caleulate wasiiv a few
first and last coefficients of the Jacobi polyiiomials

w (i, m) =2w= Vo o L

s, m — W = 2y 23 2

( ) =2,
(ne, o — 2y = 2=~ 1) — 3} (T — B)[3151 w23,
(

= B) = 2= G — NY (—-2) (it — ) (ST — 89 -
LA8) 8 T w4

I3

x

i

e
—

7 s, om = ) = 2 ) (n-=2) ie—3) (=38 (F270F 60 L e oA
1038 — 3841517, m =5,
wim, A= 4| T e A2 — DB i
SR 8 (2in WIS STV

w2l 20 = 2{2m W2y, .. Hi L
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By means of the above formudas wetg cateulated the Tollowing cight
pelvnomials

Colly = 1, Coff) = B Gyl = = (B =P O = - 88— 488,
Coly = L (166 =308 4 128 88, Colt) = = (160 =825 L 340
200 A0
Co(f) = (960 F— 28004 39— 47200 L 2764 — 6OLE)
115

Oy (1) = & (486 — 19207 & 44805 — TP + 7184 — 4201 - 1055,

A simple property of the Jacobi polvinomials is a conscquenece of the
relation

Niie b= O (l) -

Nuamelv, if one put » 1, it follows ! Loand €,00) Lo 1, 2,04,

Generally, the coefficients z(m, &k} are Tractions. The application of
the congruence methods to these fractious will be possible 1f we know
something about prime factors of their denominators in more detail. With-
out auy effort one result is obtained by use ot the von Staudt-Clausen
theorem for Bernoulli numbers

‘

Lemma 1. e denoninator of the cocfficeent alm, k). k= 2,30 0,
Foon odd somber whase every prime fuctor i dess than 2m -1

Proof. Factor before the sum in formula (6) 1s 22k el o be the
ereatest integer such that 20k Then o2 o) hence 2= =2, There-
fore the denominator of the Traction z{m, £ ix an odd nmuyber. Bernoulli
nimber with the greatest subseript in formula (6) is B,,-,. %0 that grea-
test primfactor of its denominator could be 2 — 1. Lut in the case 2m—1
i a prime this Bernoulli number in formula (6) iz multiplied by 2Zm — 1.
This proves Lenna 1

‘' make Turther investigations on Jacobi polynomials suecessful, some

generalizations are necded,
Theorem 1. Lol « and D arc arbitrary anmbers. Then

®) § (an bt =@t Cpffa o) = )]

=t

wlere
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» i .
(&3] i at -t b $ {an - b
Al
(10 ¢ bl - B i2as.

Proof. Let for a moment v desiznate any non negative integer. Then

Y (# eyt e -k Ol = 0

nel
Sinee the left-hand side can be considered as a polyuomial in y whose degree
is not greater than 2w, awd the eynation is satisfied if & assuwmes any
non-negative integral value, this cquation must be identity in . Henee
the equation will he satisficd alsa for ¥ hlg. After some rearrangement
the equation (8] follows

Replace in the cquation (8} e by om I and thus obtained equation

differentiate  with respect to /

. 1 ' .'21‘7-" i n N . . T . [ e \
Y {an - B =  (Zar e 20 C L {vfa )= (al Wy | (o)

L LT
iy L] i

In particular. if we take « 1. & — 0, this relation is

(1 SRl mee o 6 ()

Herefrom we conclude that (Su. (712 is always a polynomial in /. Another
interesting application of the relation (11) leads to

Theorem 2. Let p be an odd prime. Then

(12) i by = - —— [de] {mod p)
2 iy by o 1y = Je 1 :

" "135!-’—'1

where the summation 15 extended over all inlegral suffixes such thal | B8

Ch<ip= ...<hs(p—02 k=1 2.3, ... (p— 8Lt according
o the definition (1),

. o g b
(13) Ll byoon fy)7'E — P (L] {mod p)

here the swmmation s extended over all infegral suffixes such that
e <y oo < £ (p— D2 B 1,23 ..., (p— D2 & accor-
fing to the definition (1).
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Proof. Tet p-2a 1 Ty view of the Lena | equation (11) shows that
the congruence (0 (#) =0 (miod ‘p} has solutions # o= {, A, a0 dpeegn
Suppoese any two of these m solutions are congruent, say f; = 4 (mod p).
Then either ¢ 7 = 0 (mod ploor i 4= 7 -= 1 =0 (mod pl what s inpos-
=ihle. Thercfore

(1 e (e d (i TN P TR S I l—m) {mad pp,

whered = () DaQn 1o -1y = 2% = {0 D@08 Guod pro On the other
hamd one can find by use of the relation () residues modulo poof the coeffi-
cients ol the polvnomials € i)

ko (s [, Ay = {2 “'Z_l') tmod pl.

Compating the coctficients of the congrnence {H), we obtan after son
calenlations

. e .

il ;= (3"’J (mod pY, & =2 (p -~ 3L

12 l'k _’5" f: B
whete summation 15 extended over all integral suffises such that 1 <

TRECY - (p — 312 besignate the above sum by s, Then 1t
1= obvious that

A -
Bl T {r._ S SEy ’(F_‘l)if'
the sum being extended over all integral suffixes such that 100 o =
i (p - U2 The cougruence (12) results
If we divide corresponding sides of the congruence (12) and of the con-

gruenee

&
i o= (N e (nod ff

after =ome rearraneenients one oblaing the congruence (130 This proves

the Theorem 2

Theorem 3. The fucelr polvanmials salisfy the differential-differcice
ctdion

. 1 . : :
I“ (_21 - )-\,.. g () = Q{2 == 1) v{¥) = (2 — 1 By,
[15)

m=1,2,3 Cachere v, (0 = Ol

Proaj. Dilferentinte the equation (8] iwo times with respect fo 4 pnt
then a—1, h—0and take into account that £ (0) = 0 and 7 (0}
Do 4 1.2 = Hm 1 f3y,,. m — 12,3, - . it Tollows

7 ADPPTACATIONS OF CHitlALN POL VNOMIALS L

(16 [‘_’! t } o U 5 { Zur {2 by Calt {2 Vi hs.,.,

1 we now conceive £ as an indeterminate, the above cguation coneerning
polvitomials of dewree e nnest he satisfied for o b fa L henee
iois ddentity in ! This proves Theorem 3

Corollary 1. Comparing the cocfficients ol the eiretd  poicers of Lo L
cgtrtin (161w [rnd o recurrence formala for the oo fliciemts of Jacolid po

Fononials

TSRS ak 1 :
2l |- =4 o fam 1) g {m, k— 1l 4 g {14
175 k(h4-1) b1
/1
fe o 2

We shall mention here without proof two reeurrence formulas for Jacobi
polyvnomials
= mod o 1 . . .
: { e (” & S ( . | ] az L (o (07
¥ Bms] e

R 2~

] 284,

the formula 1% correet also for = B (s case the s i= omitted

. o m—2 fu . v n"'...' -
o ey 2 (T it e ] e
Kb T o

- 1 (2m = D (OO () e ) (2ui - DR O

3.4, 5. S formula belds also for on = 200 in ths case tie =~um

i omitted.
By the help of the above relations we shall prove

Theorem 4. The coefficients of the [acobi polvwomials  Juve  alter
wating signs. More precisely

20 v (m, k) = (=1 v (k)

Proof As base of this prool by buduction, we may <tate an alreads
ond result: 22,2 — (— 1222, 2) Suppose tha 2 (0, k) == {(— 12+
2, B for B 24 oon =24 ...,2m -2 by comparing  the

=

coelficients in the equation (19) one cau find for » 2.3 ne |



266 DIMITRIJE UGRIN-SPARAC : =
LT 5 woor g 1]
R N 1 i 4 =~y ) 3 v
= 2 (2 b 2y [ L ) {2ue — b 1)
k=
FE . . .. ‘ : ]
bk (k 1) ': g (Pnr-fe 4 pi = (2= (2 —20 N a2, ) x (- L

{1 1 (2 Vi By 2 (1)

where the sum on the sight-laud side 1s to be taken over all partitions
of the integer » in integers 1 g, 2= Feeom, | ;o= m -- 1, and by
definition »{m, #) = O for r — . Formula holds Tfor m 3,4, ..., and
Aso for meo= 2 if in this case the stun on the left-hand side is omnitted.

Vor ro= ot -2 m =3 . 2m— 2 one finds
B T 9 9 Bret=1 oy — ) f
w(2m—1 =2 B 5, ) 2m =k = 1
i Ee= o

+ k= 1] —%—" 2w — k= 1¥

= {2 — b (2w — 20N sl Helm 1),

(+~j=r

with the same explanations as above. The formula holds also for r= 2u—|
if then the sum on the left-hand side is omitted. By virtue of the induc-
tion hypothesis and the fact that By = (- 1)¥ 1B, for both above cases
we have

a2 — Loy =22 e % e, ) [V — 1)

2in—1 P4 j=r

+ (e Wi (— 1= By_a} 1 2 m, 7)

)r‘:” . (— 1)1 };1 (‘-:;:__1') 2m — k= 1) -

il
he — 1 W gm — k=1,
henee
+ {2 1, r (— 1yt 2 {2m L\, r=23, . 2m l.
Suppose  now  that  z(n, k) = (—1)* T x(n, k), for k=23, . .. »n

o= 28, ..., %2m — I. Comparing the coefficients in the equation (18} one
can find for r == 2,3, ... m 1

y ARPPLSCATIONS OF CERTAIN POLYNORMIALS {17

r—0 I H : I
wA2m, r) 2 \;“ {"2: 11. I)]_' w2 — kor ).; w1 ow (e

] L]

where the sum o the right-hand side 1= 1o be taken over all partitions

of the integer Fin integers £, f 2 il m. ot r TR 1T S S
L, 2 1 one fhids
el Bl e L ,
22 A =2 § gy | o5 xl2m—in Yol i) w{m )y
- k= h el

with the same explanations as ahove, The formula i~ true also for »
o if then the sum on the left-hand side s omitted, Owing ta the
induction hyvpothesis in both cases we have

2 (2my (V8 w0 2l
iy
.1 B
co xR L2 (e — ke
(— 1y 2 Ll(‘lk-I " 7 { v, ¥)

henee
v (2m, ¥ (— Lyt (2, Al ==l 2
This proves the theorent
It might be of general interest to establish the  following relafions
hetween Jacobi amd  Bernoulii polyvnomials

21) Culth = 2 [ B (L 0 VT30 Bou) .
2 9
(22) (ﬂﬂ—i2048whhm,E(l;ﬁTlgﬂ,m 12,3

From the last two relations by use of the Theorem 4 one arrives
immediately at the following results:

i we assume —1/8 = ¢ = 0, then result reads

(— 1) (Bym {2) — Baa) = 0 in the intervat 0 < = 1,

(—1)" Byy—y (z) > U in the interval 0 = = < 12,

(- 1}* B o (2) < @ in the interval {2 -

it

{(which is of course already known, cf. for instance 5. p. 22} and
thereupon for { < - 1/8 the result can he stated as



34 DIMUTRLIE UGRIN-SPARAC 1

Theorem 3. [he pelviomials By, ()= D, amd B., () haive we 2o
o the straight fine - — M2 iy v

1t may be inferesting to present a possibility of extension of the Jacoln
polvnomials, Here the main reason for thiz Hes in the desive to examine
the properties of the cocfficients z(m, &) given by the formula (6), which

cetiins o meaning even b oo 1ok 20w ko Ui worthy to mention
that we conld start our investigations by the differential-difference equation
(13 with o properhy chosen v (vi. Mter this remark, the exposition

can be given as follows, Our goal i~ to find an expression in the closed
form for the =eqenee of functions

=
(23, et = Y vl A
K
whoete 1, 2,8, 21 1) =, . Ly 0 For o 203000 and the

renpining coefficients zfm, &) according to Tonmula {6).
A simple method for the summation of <eries may be aszed to obtain

1 , 1
i - L Sxl!
H 1
. 3 . H B 1 . .
{241 RN Loy R e I E A C R B S R R
) i gl 16 16

Tn order to find stnilar expressions for the remaining terms of the sequence
eo(v)n the extended coefficients z(m, #) should be examined.

Theorem G, /e cocfficients afo, k) defincd by the forntela (8) for ey
o2 amd e 20 selisfy the difference equation (17},

Fustead of the proof we shall mention only that the direet cheeking
of the above theorem s very simple. In fact, il the coefficients »(m, k)
given by the formula (8], are substituted in the expression foried as a diffe-
rence of the left-hand and  the right-hand side of the cquation (17}, and
this expression arranged az a linear form in Bernoulli numbers the coetfi-
cients of Dernoulli nwinbers are adl equal to zevo

Theorem 7.

(25 alm, b =10

for kb N (T 2w ] P 2 3.

Proof. By direct checking, one finds that z(3, 4) == 0. Supposc now
that «{m, k) — O for A w1 42 D2 — 20 = 30 With recard
io the relation (170 we have

-fJ

11l AITPLICATIONS OF  CERPATN 100 NOalDag s “Praty

o (e 1 S 41
¥ (i Vo] 2 R 1 ¢k, LG (ri, I P 1T TR ",
(i -0 0on 20 TTHE r

because of v m = 27w then

S (i 1 '
J'.'. il_i - 7(”1. i lJ
Leihe =1

2k
AU | % {0 i !

ahenee by the e thod of finite tduetion we find ~necessively

w{n (P RYTTERETN T A S This proves the thearen

Uior kb

Covollary 2 From the refalivns (8] aned U233 00 resafis it

,”._l..] AT LT A 1 dae i N
(26 y A I R VS
etooamp—1 2 :

)

foir K i [ TH S D 2

, kil i3,
The next wnexplaored coclhoent s yiin 2o by, 3, Woeo =hall

<ftow that

{27) v {2 1 e w8,

S A ene ean [ind o (3.3) == -6

Substituting in the formula {6) w : =
' i Then by cquation (17) and

Suppose the formula (27} holds {or m

Theorem 7 il Follows that = = 1 2a 1! 12
Theorem 8.
{ l)k Ay { Lo~ i
2R y ko= (2 { - ke 4 I’ .
o Bf = LR A oaand i R T I

Proof. We desianate the expression on the right-hand <ide of Ui relation

for the moment by xz{o, by The direet checking shows that -'-/.(m. i
o O the other

L SR

I
-,

catisfies the difference cquation (170 for ko2 2o,

hamd putting o 2oin the formube (681 e Tiods tha

boawhilst the relation (270 =lhiows that (. 2w 1) ot 2 =) e =3
Thite we conclude that s{me, k) o~ o ko - 2 Towd o 3

o 1 what s esseutially the content of the Theorem 8

Corollary 23 From the velalions (61 and (28] i oresults that

e 1 gt e d) {200 1)
. " [.’a‘:._.ej *, ‘ ' I,

- HI A

s=1

(2o - D, 3
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Do,

We e pow 1noa position to findd suttable expressions for functions

Wit defined by the relation (23

A
No ol bk "
-

h=m 1

e

Zml V]

Let ns <tart by the Tunetion

The coefficicuts 0w, k) given by the relation (28) shonfhd be transformed

i a simple manner to obtatn

it - ) 2h—2m)

L. . ) ,_”
Il b Syt
AV L B A S U N

By vse of the Tormula (of . 3.

e o P i
=3 "'_'u- 2} ol }..a(

=

(32). p. 233)

the expresston Toy g, (v may e modificd again

| X 2 dm— J
2V 2_—.1}. (S EI{ '.'.;—!J{

=nr-3 1 1

Let us oo deline the polynomials £,(v thus

i Ui (o L5 (] = % '-‘ (S ﬁ (2::1-—1J ‘

S = 2
Hence we can write
| E e
L ha . R Ry O, m)_, (S’ }_'.I
- -0 H

where the arder of swmnetion may be reversed

2'_’11. P
.
<o that finally we arrive at the propesed relation

232 R I |

vy

TR (1 ¥ (l - Hvl-}‘,'.):.... i |I|

2

0 [ G

[ B TTR | 3
_}_a](:', ‘J{I Sy

: idipi— 2 ( et
¥ t o 2

. b
e
—

13 APPLICATIONS OF CEICFAIN POLYNOMIALS 7

valid for = 3. This relation 1cwains tiue also ot 2 what 1s checkad
by means of the relation (24 _ )
i the definition of the function ¢ (v i modified

B 1 o Ll
P e R e R i il ‘[l St

the sequence of functions Ty () e (v). (4] Cshould satisfyv the differen-
tial-difference vquation {15}, if there _\'l(.\']. RREECR (\ oyt
-2, 3,4, . For the present it is a principal property ol the sequene
of functions {23)

Consider now the relation {26} and take 2 I
jo A Introduce the noetation

f.owhere the prime

(33 ;— ‘:) P

Gl the substitutions s = w me. kR m ¢oto ahitain

o
(5 h) { .

where

md x 203, - 2 Introduce al=e the potation
(33 g | B
S T S | I 23 . 4 In the ease » /11 1s possible
to verify  that 0o 2 200 2r ] meoo 1. 1 1
e e =3 = p— 2 sooone may apply a result ob Lowens (cf.
. too show that
Iy Sre="u 0 {mod p

[7 " i = |

for & — r In particular it ix necessary to examine the residue of w, |  f

modulo p. By use of Wilsow's theorent it results

e Rl

T . L (el o
B i p= (D2 ()t
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Now, after these preliminany expositions we are able to rewrite the eqina-
Hon (343 as the congruence

137 x ow Ve =t ) {11eml JaN
wer 1
i P23, o 20 Heneeforth we shall distinguish the two cases:
i 2o and by 2u |
Case a). w200 p— b L From the svstem of congracncees (37)
where #1208 20 Fone may clminate 20 numbers oo

T . To that end one could multiply the con-
crucnces (37) by properly choosen detenminants and add the corresponding
ides of these obtained congruences, On the left-hand side rewaings the owm-
DO Yoy 10 Now 5o o5 Yz Whereas on the right-haud side it appears a
determinant of the 27 1-th order, sayv Dy o Heneeo the result of ths
process of climination is the congruence

Vo Yaowicay Vw—aie

135 Vb Ve = Dy fiod py.
P :

s concerns the elements of the determinant Hy; 0 they are given by the
formulas (33) and {(36). If one requites that the condition # .. » for the
elements o, ,, must e satistied, this inuplies a condition on j, It % cusy
to <how that the mentioned condition reads

[ oo 1208

Expression (333 for the clements o, i used to Tind the Tollowing form
of their vesidues odube po

N1 i .

{mod i,

where No-— T L L P A SR i

With segard to the expressions (36) and (40) we jujer that the deter-
minant Dy, does not depend on poif 7 has a fixed value. Henee, there
exists o prinw py{f) such that for every prime pzpo (1) we have 1y 257t
fmod py, and the condition (39) is falfilled. On the other haud it follows from
the definition (33) that v, = 0 (mod p) il and only if B, =0 (mod p)
provided that 25 = p — L Owing to the congruence (38) we can state

Theorem 9. /.ol i be o fixed nalural waomber, Fhere exists w prive py (1)
cuch thal for cveev printe poof the form di - 10 p o py (1), al least one of
the suneraiors of the Bernouwlli wimhers By B o000 B s ol
divisibde I p

Fipooag oz

o

5 APDPLICATIONS 317 CERTAIN DEFLYRNOM L

Paan e Birsd o partionbar ciases, o bt e Fineds
13 3733
b, == —— ) =
! a 4, 57 j [
and because ol the condition (3%, A, (1 19, i 12) 31
Case by om0 po - b 1. snuttarie as 1 the vase al, bron
the svstem of congiuvaces (7). r [ C2i s possible to clinmnaite
D numnhies Yuow o2 Vmemieas o Vmo oo Y mew Ywow On the
loft=hiamd side i remains numbers L, g0 Ve C N w1 apd on the

right-land ~ide it appearz a determinam 1, of the 2-th onder. The resuit

ofhi< oliminstion = therefore

H \_ Ciloug  uj It [awd fib
i

The clenents of the determinant 7, are given by formulas (35) anul (2303
Bat in e case frone the formulin (357 it Tollows that

IRNCLPSRLE PSS § R S T
I3 T - =1 I ]
-2 . b a2 , Gl fr
whoere @ (e )2 == o= e o (e B == 1
F2 b Mo satisiy the condition o Tor element=qa . ol Ul feterin

nant 1, . the codition
(45 (2 -3

~hould be dulilled,

Apain, since the viements of the determant 12, are siven by tonulas
(36 and (42}, we conclude that D, does not depend o po Hoenee it is
possibic to find a prime poti) =ueh that for every prime foo ) the condis
tion (44 s satisfied wind D, 220 (uod P10 hemg a fixed natural nuhor,
o the base of the congrucuce (41) and the delingtion (33) we are able

1oy state

Theorem . Lei o be o« fived natural nionber. There exists privic
fro (11 siteh dhat for cocey privie p of the forme diw L p oy (1)l feast one
of the mameralors of the Berpordli wamhers B0 00 0 Bips gy 15
uof ffeisible L p.

For the fitst three cises, £ o= L2080 oo can [12dd
i K AR RE
D= e D= =200 Dy Lol
: 2.7 2.7, 1)

aid by wvirtue of the condition (43) poll) 13, fu(2 M (3 =Y

1 enged Matearaticn
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o
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o

We shall stari the ferther dnvestigation by the formuda (30) re-
written in a slightly different form:

gm—-2, e D ) {2m=—11 o, ) : : )

i i
Tntroduce the =vahol

li, = alg I e - 1 Ly, (i =]
aned replace & by 2 - r—= 2 in the ahove formmla o obtun
gt LITEE R
LV TS } P | I =,
24

poam 208 Lo, mre= 208, coa Ttis easy lo vendy that the formuia

dm—1 Yo g

Vo ($ e — Voo (208 = Sl 77 7 £ i,

[}
- boUOA0 i cquivabent to the proceeding ones Make here unothier
substitution 20 u - g < b ta obtaan finaliy

'.!-1*_-‘1-.1 T 14

(44 No{s - [ y B o= ® 2 (_' ,H\ =il

.-"
b B omon B, ge L2030 Now we shall make the assup-
tiong 2 — L = p the prine p 3.0 2y ip N2 2= g wlifp o

B4 and dndroduce the dosiguntions
0 (v 7o Degmepar, . o= {59 ) . P

Ascortain first that £ois divisible by pooudy oy < 00 and sceondly That

i, dx dlivizible Dy A B net by Ao dor & = o — 2y |,

A /TR ty SR
a. s divisihle by p2 for s {p - g 3) 20 (p-dy o Tp20 L E
Henee, with the notation s, {fp e 3020 drem the cquation (44 it
results
PR [
(431 AT 1—|" l £z 0 {mod ph.
s PRER :

Put here ¢ = 2 to cenelude on the base of the theorams Y and Y Tor

fe= loand the conersonee {(43) that o Teast two ol the numerators of

3 ' APPLICATIAN S fF CFRTATY TOFVNORMIALS .-.'1:
the Bernoulli snmbers B _y. Beoa. B4 e not divisible by the prime
p, o~ 19 Take turther ¢ o= 3 o conciude on the baze of the foregoing
vesult und the congurence (431 that at least two of the numerators o the
Beenoulli muabers D, o B, - oo B yosy are not divisible Iy tle prime
legf‘ :2; 14 []‘ se !\:"lllti“lll' thi- choaar ol x‘n'll“.lil.air)n- WU HoVe
Th:orem §b 1f (ceni o the tincrators of e Bernoulls ninnders
].;,'»‘ ol e ]?,-—_'r 1t '“(:)--u ey HTC M fiersible by L [”'l.”!- o I
LT AT ST [ el af freiii f._r_' Pl -I t.l = ." 1 :
| [ R |
| - [ SRR 1y srecbinune CVTEL Terlin 1938 teatslated dront Rus~um
i [ H oy T A P YIS c-'g_'_l PRSI 'I:_,[__-"-‘n nwitefs
FTTLET) T e vull. =oc. Moah Tranee
i =y = a
[ i obdertoerin . Temlamet, Leipzig. 1927
» TR fin il s N Pt Partss Gambie raY illars 1923
FaEplpord ! i fargy ! ez Berhn springer. 1924

CITEA Y APRICALTE N IEORIY NUMERBLUR ALE 'NGR FOLTNUAME LEGATE
T POLINOAEDLD 13T BERNOULLY

Lrcrigen eshe collacratid eximinani unotr proprictidi ale polinoamelo-
Aonmunite ner ale Tei Jacobi pentng v Jacobi a fost wel care le-n des
coprrit, dor care trebuie dueoschite de polineamele ortogonale ale lut Jacehi-
St wisite dond formule diferite (4 si (810 pentra cocficientii polinoauer
for Vaeoli, e pare e Sint vanosette pind acuin, Cuoajutornl aeesto-
couticienti sioal oy proprictati ale polinoanmelor Jacobi sint gdsite rezis
dunite Tunetiilor stmetrice clomentare abe numercior trinnaeniare dupd un
aecdid prim (Teorenu 210 Sint gasite lormnde de reenrentd pentru coelicien-
$i 17 s pentru polinoamcic Jacobn 118 S (190 Ultimele dond pelatii
au bt posibilitaten =4 -c denoti=trese i covticiatt it polinowmelor Jacom
ah ~emine clternante (teorenie A Inostirsdt <e generalizenzd polineamele
Tacobi (254 2 cendimonstreas s ol eeste crerlizin =it Tunepd aleehiice
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(32) penire care coeficientii dezvoltani paterilon contdue Tawmistornl resuis

l:ft.; _\:xii l’“i.i“ nnal din anmerele Berpoulli £y, A, B iy s ente
divizibil prin numarml prime poo= e - 30 daea Tpp f"){. f.'-"i .
u N - .o

(feorema 9) & el patin unul din soerele Tui Bernontii de mat sos o e
divizibit prin vumdrul prime po-- e odaea poopdd. 0 102

[jtrcoreum ity (_.vl putin unui din .1111‘11‘.‘1\-]‘- i Bernonli B, .

PR D grsae Muosint divizibile prin numarul primg hopar p
it G e entistiee Y Vb .

pentru arice g ocere Satisfaee 20y (p - 32 (teorema T

APPRONIMATION TO CERTAIN CELARSES OF REAL TRIATIONAL
NUMBERS IV RNTIONAL PTRACTIONS afy WEFHID (v v !
AN (v = L OR (a i ==
BY

NONECOHERCY

i. Intreduetion

Let the continued fraction expansion of the irrational number O be
== [y, dy. = orv s then the u-th convergent is puign = do o
w,” and the a-th denominator is a,. Wo shail nuse the following known
results

A IF ‘/J,., 2/t

sents, then

Pt Ge v Pulyy are three  conseeulive  convet-

/?'E y Py /J' eyt dyifio = G n el /""- 14 P e ( 1"
B, IT 10— pig,! (g3, then 7, s uiven by
7. T S | L I R iy
Vo we can write 7, 0,-5 L b, where ), Wiy, Hgsg. 4 el b
i, gy - Lty

IF 0 s a siven irrational number, then 3 is known that the rational
Daetions vy which satisfy the inequality
i - = —
die come convergents of O Procisedy, we have the following three theortens
o cach irrational 6
A, ey ceneergend satisfies (V) with T =1
N At deast e of ties consecutive convergents safisfies {3y with
\y M least one of three conseentive converzente satisfivs (1] stk

'R ALY



