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divizibit prin numdrul oiw p 4u 1ok oo py el 1.2
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APPRONIMATION TO CERTAIN ChAR=ls OF RENL IR RATIONAL

NUMBERS Y RATIONAL FRACTIONS v WIEEET (v, vl |
AND v, IO [ i
by

RO B I ) BTN |

i. Introduetion

Let the continued fraction expansion of the irrational number 0 be
0 == [dg, @y, woee @y - -0 Then the m-th convergent is polge = o 4y,
@, and the u-tl denowinator is a,. We shall use the Jollewing known
results

A TI6 poalguiae Poidey Py TG three  comscenlive  conver-
sents, then

P Py 5 Prces Uy = dudlioy 0 e . pa_y i o Putlr— (17

B IT 00— plg,

1 (7 4%} then 7, i given by

7, dyoqdy s ; 0oty dpy e - i

Vs we can write 7, O, L, where 0, tinhig ity aned by
g, dgey . ity b
IF 0 is a wsiven irrational number, then it is kuown that the ratioaal
fretions /v which satisfv the ineqgualits

L sonte comvergents of 0 Precisely, we have the following three theorons
Jeor cach irrational O
A, Ly coneergend satisfies (V) with = =1
A, A least one af two consecutive conversenls satisfics (1) with
\, .U feast one of three conseentive convervents satisfies (1) wilh

gviast
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These theoreins lli'k' Jue to Diveldet fas 1t s ated By Ford A
Dml:.th]\ hefore 1830), Valhilen "4 in IS5 amd Dorel 1o 1shis,
The Toregoing lllumnh have been extended by the tallowing resalts
NS RN sadisfivs (D wilh T -y
A, U least vne of convereeitds ooy gy cand fog, srlesfoes (L0 with
i, 1 ia,.
N, A least one ofcoierends f. e
with % (u;-: 43
The first theorem follows from B, and A i woresudt of ok aosaw
4 i 1923, which can be also obtained dircety

TR LORYT SN c T sadisfros {1

Theorem A 45 a result Al Morimota 3 in 1926 pownd agnin by
Obrejkaons hE (th(.li by FHygan _’.) Mo ALMAOIler 8T in
1949 und 1935 :c~];u11\r1\ These resuits are cived in the hook or 45 S w-
dan 12 Theorem Ag has heenused by g e an 2o IMGE A is adso
i [H'll‘titll].ll caze of our theorems 1. Th '7 i 1901

Considering the works of Raplacl M. Robin-ow 11 in 1941
and Leomard Tornheim 13 in 1935 ou the approximation of real
rationals by classes of vational numbers. and 4 being n rrational. v
cail state the theorems

13,. .1 Least oue of Bio consecutive concrgeuds salisfios (b wilh D=l
and (v, pY) = b osehere pods a prime. koo NOAN s the s of the nadural
nemhersy.

Lo, A feast onre of Jour conscealive convcrgdiiy sidisfies (1) with 2 = 2.
and (X, p¥Y = 1 where podsoa prime =2

3y A deast one of STa consecntive convergetds salisfies {1) with 2 - GEE

and (x, pr) = L, where p s un odd  prim
Thes=e theorems 5110\\ that taking dnnhk number of unmumu Colt-
vergents in the results Ay AL A, and imposing that condition (v, /) !

(p Dbeing some prime. 2o N} b verittedd, the .|p|u'n\;im.1ti<m 1= 1Lt
changed.

The principal puijose of thi= Note =t show 1 st is possible tooae
neralise theorems 13, B, 1B, i the sense fn abich theorems A 08 A,
represent extensions of the resulis Ay AL Ay ' “
- The Note ix concluded with results on approsinfions v vwhich satis-
fv (1) and conditions (v, v Lo o, pler bowhere foand g are dis-
tinet primes and & 7 & N

Intermediary resulis

Leununn El. Hip.. b pootheit ooy qiey safisfies Lhw i
witd (Ppoy. P = 1 ichere pois o« prime and k&N

’ APPROXIAMATION TO CERTAIN CLASSRES OF NUMBERS -

[ 1 [
Pvoof. W (fuee D .~h' hu,.uhL /",,_.q,! , — /1 =1 Ga—z — ( 1).‘ ) u...,.:
have {/),; o )= ] and Py iy Satisiies (1) with 2 = u,. by virtue o
<tatement B
Lemma B, [/ «, | ~du W= L p) = pywhere isa prime
a, L amd ke Nt af .’:m! o u! "UH\LH!“:L concorgents pulg, and
. . ) ! . . N . .
ooy oy sedisfies (1) wriih o4 l/u and (v, m) =
| ' 1 ) - S 1y, we
Lrevf. According 1o (e #) P e /’, it /)”tfr!.-—'l‘l A ) o
have {p., p)=1. hecausc it divides pp, awd p then p divides pooy s
LERS wr v .
— Py oy, Which has divisar 1 (u)ut]..duimu e p is prinmie - 1
n Yn—=1

o, =a, =1 pod, sarizfies

P g { . ] 3
i n (it - ]) (f,z \.-1, . —-‘ ([“

Beoause o, £V D d, 4=fa, 1o a; =1 and taking i to account statement 1.
e % " - !

11wy, =, then (Po 1. PY=1, s podivides p,_y and not :r.,lt;/g
1 ding t ) . st C B CONECY A
In this case (@, ;= ,). according to AL, at least one of two consea

convergents f!,,lq, and p,odn antisfies (1) with Z==a, - Vi {Pu p=1
and (p, . pH) =
- o i==1.2), m o= p¥ . Ve oo llore P IS
/”I;”:l‘lrgﬁﬂ_)l{. 1 [{r:‘:f{?- :’c/(jr.-,‘l\'t then )rf 1': (I‘J/:mc’({:j !!rﬁn " /;h (n /) -t
and (1 - '))-f;ii convereents  salisfies (1) with 2 = (a2 - ayewmd (v, ) =1
Proof. Suppose that {Pu-r. py=p. Therctore (po. p) -= L sinee, i p
divides p,, podivides pyagn — P G (=1 .

IF ¢y 2oy = 20 then Pl satisfies
T << ————lﬂ—— e 1 —- s11ce
9 42 2 {2 :
E I (”n -t -)f],, ‘],, (‘r" 4)
] i > ey, o 2
Fop = l:(l”_:_l, ty—a, A= _U, (y, gy - -3y, = thy_p =4y "7 ~
Al am, = 2> (a2 b

In this way, incquality (1) with 2 = {«% - - ) and (p,. p)==1 s sas
{islivd. , ‘ o ‘
Hoaye, 18 a, o u; + 1 and @y, = 4,0 -2, then, stace podivides P,y :m.d
not -, amd pu, (P heing A pmm aud p > at- ) and Py = Qumafa

4+ Pany. We have inequality

Pam _ g < ' < L with (e, ) =1

e O TP 2L .
Fu=1 ! (a + 'Z) qi-i-l ) ((t" 4
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| i 7 o 2o oy 20 there e four possible coses
Cuse b, -y, iand o, 4 o Lot this ease
£ iy | iy i st iy iy i, ]
| 1

that 1= p g, satisfies (10 with z («r? Bl (AP I

Case 2, ity o, w- o, then
it | u, o, a, R B
] ] 2 .
- if, f —= ‘ll;l H
! 1 o, i I7

that ix pelyy satisfies (1) with 2= (a2 )% and (p. p) == L

(ot 355 i <y a, Loy i, then
B It ity 4. Uoa, |, d,. IR |
!
| =T (d: ‘”“
", N "
«

"

¥

In this case poyy, o satisfies () with 2 (a2 1= ) and (pyoy, p) =1,
Case 40 a, e tysa a,. Then

/)" 1 Y /)‘-' '-'(."ll ' (“!'l thy g~ ” (/,Jlul e = Yn }bn} -
(N (a2 - 1

Hop ddivides p, and pyon, then podivides ar o boowhich s oo contradietion
heeanise pois o prime - o? I, Therclore (p, 4, p) = 1,

In this case. in view of theoram oy ot least one of  convergents
Pulta /‘hn:lff‘f"fél' NI 17 P satisfies (1) with (Pus fﬂ = A (P =10
(Pooo, Pl=1

We have shown that o the possible ciases, at least one of three con
vergents Ao, b g v poodlga e satisfies (1) with (v ) =1, where m=p*,

Now we can state svinmetric resulis for oy

Lemma B,. /f (¢, .. q) q. mt=—y" where g is a prime and ke X,
then (0 — 1)-th convergent salisfies (V) with = — a, and {q,_q. g¥) = 1.

il

_———
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Lemma B, 1/ ¢, .m0 g g ) g whare g i d praiin
I U and Foe N Hien at least oie of o consecnlive f'ninw;qvm’\ Pty
[ p gy satisfies (1 weith T, bV, wnd (vonn !

Lemma B, // a. ac{e = L2 gt e eyl here 'f'f IS
W furime ¢ !I | wnd k¢ N thew al deast one of taree conzerg s poly.
1 i = ) “. - B i p . ; Y
M iltte 1 fa afda e serdisfioes (1) it % {n; Y o v 1.

A Prineipal resndis
ahere fooda ot i and Koe N

Theorem B 0f el w0 fLn
Load py g,y salisfies (Dl

toen ol least one of convergents poowly
a, and {von) !

Proof, M (p, . then according todernma B foo e ~alisties

(1 with < a, and 4o Py — 1
"W {p, ..M 1. then

-f.,, 4 i

(W ae My thy o,

with {(p. .. /) |

Therclore. we have -t 0

e g

Theorem B ) « e (1= 1,20 m = pipooay s L foe Nownd

hoisoa prime then al feast one of  forr censecntive goneergents P -1t II‘
Polttas P v tuove Poaltn s satisfies (10 with 2 — Vi, awmd {v.m)

Proaf. There exist three possible Gises:

cither (fa o pY = pooor {po Pt = pooor APy Vhe )

mg w b i Cothiret
In the first two cases, according 1o lemmw By, o least one ol o

citisfies (1 with -« 1,
convergents Pty fao Y ,]. Puialyu o sutisfies {1 with f,
and (v, pl Poor (v pf) o
In the last case, (f) oo bl avcording to _\2 at least one ol two
conversents  poo gy Pl satisfies (1} with g Va, and {(pa_y. pr=1
[P ) ! _ )
U this wav, the proaf of theerem s complete
| I ; f 2 5 NN N
Theorem B, i1 a, . [L23 0, nl ' pEop S 0 ([ /1 e
aind frisa />rum'.. then at least one of the seu conseeilied coneergents py -,],u/,;_,.
ki o Pl L salisfies (U wih 2 (a2 41w {vomy — L

Preof. We have Jour possibilities:

ciilicr (fn o P Jrooor (f’.,./’:' ! o y. N = b
vilier {f (p3 puss Picsgs fi= ]
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I the first three possibilities, by demma Byoat deast one of the con-
seetttive convergenls pfgooo A, g satisfies [ owith 2o -.’u"-: S
apd (v,op) = 0

In the Inst cose according to resullt AL ot least oo of convergents
Fooagn o Pudyes P oo satisfies (1) with' (@ - ) and {x,p)e |
or (l../‘l") = .

Obviously we can alse stale ssanmetric theerems for ve

Theorem IF;. T T oy, M (/"‘ where g I prime wid ke N,
thew al least one of convergents p, ou, o pe g o satisfies {1y oith T—a,
ated (v, om) = 1.

Theorem Bl 1/ v,y a2 F2) o gy mady b Ee N wd
y 15w prime. then al leastone of four conseaudive converdends po_ g,y - - ..
Py . salisfies (1) with 2w, P, wid (v, m) 1

Theorem liz'i. Ioa, , a, { | IRSUR T § S TR T i - ke
altd ¢ is oa prime. (hen ol feast one of (he sixo censcenlive convergents
Poa G Palye oo paoy dae s sabtislies (1) with D= (a2 - B and
(v.om) — 1.

4. Consequences of the theorems BY and B

We shall now statesome consequences of the theoremz B B, B,

which will he designed by L'l_ C Cf; respectively,

Ll It the continued fraction expansion of the irrational number ¢ hos
infinitely suauy blocks (4, o) of denominators with /2o and m = p¥,
where pis o prime and £ ¢ N, then there exist infinitely many convergents
of O which satisfy (D) with 2 == ¢ aud (vom) = L

C,. If the continued fraction expausion of the irrational mamber 0
has infinitely many Llocks {&, 4, o, «.) of denominators with a; ¢ (1 =

== 12 and o= g where pois a prime o -1 and A e N, then there
exist indinitely many convergents of 0 which =atisfv (1} with £ = a =+ 1/«
and (v, my — 1,

C,- I the eontinued fraction expansion of the trrational nwmber U
there exist inlinitely wany blocks (4, w0, gy, sy, 3p) of denominaiors
with o, & (P2 0,28, 4 wnd an fooowhere pois oa prime = oof 1
and £ & N, then there exist infinitely maoy convergents of 0 which sa-
tisfvy (1) with = fet? 41 aned e 1.

We can also state  sviunelric conseguences (5 C,. L, in the same
words  with obvious modifications,

We shall state only one of other obvious consciuences

) PR Ly ey
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C ol U vontinued fraction expiansion ¢ O the irrational 9 bas w, ~ &
5 5 5 - . ’ . -
for -, aid there exist iulinttely many o, “/._ ane g 2R \\hcz_u /)
it a prime - 2 Tand ! N, Uien thore exist infinitely many convergents
W whiel satisfv (11 with £ {7 4 and (v, ) 1.

In cise & 1 we obtain the results of Leonord Torihenm 15 .

5.\ theorem of Vahlen type Tor the futerconvenyends al 4
Theovem . At least one of the il r'_:"un-u'."g(’f.'i.\'.([) P i’!"!'"_,‘/”- %}
ad {0 (e gee) satisfies (1) wolth Ze= TR 1l T (w2 =12

Prosi. Let o be an odd mnnber, then

I, o b e -1 2(p fu o P ) _'.3 ,
o e | A {g0 = g 1) W tfa ) {q. gt g Gu
fo  ymifi i . I“)"' ._;.:-{): . fl fJ" _-' /'- i | {?i n
q__l 4 TR L b 7 P {q-. 3 ) (U” 4 =i g, 1)
) - b U,
annd ‘f—‘-——‘/)—‘—'- H — : .
l"'- gl PR W = ()f;i ]) (U.: tf: '!{' o1l
1t follows
e S T S i1
¢y Y- o= G
Auppose tht
f — Pot Pue ) .
i 0 Gu= 2 O R ' R iy
2
I .f_l _-_/) 1 U l
4= G T e — Yu-1)’
By adding these mequalities we have
e 1 1 { o
1] & G (9. —1,.-1) =z Ly TR Lif fi=1f"
that i= :._.hl|'; fegdt = (ﬁ, I',Il Ui Y=t = "_.f.; I} {7 ER
Frapt f= {Ii'-' I" E -1- we have ':.:.,.‘- i, ur ifte U, |
T 25
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This s conlradiction stoee g, ¢, T S Sy o, T

contradiction proves completly the theorem for o cdtl becitse the Ulu[lll-
lies (2) are nat true =tmmltan onsiv Ta The sanie way, we Cil rov
1he theorem Tor noeven

Remarks Mexauder O ppenheiae 10
/3 ondy Tor 2 I e,

i 18 poved the theotem
we hase anew precision of Oppetheim’s resuit
Brecans=e 2 i a funetion of g Oppertheim™s sesult wives an universal
comstant for al

Fhas wew result, 1 the cuses

= . 4 41 3 _
fr—nZ| §
3

e =" : 1. ¢l
|

sives s soile ngproveients of Oppenlcnn’s result
G, Approximations ¥ v with the conditions (v, v) = §and {x. p* ¢/y=1

Theovem D 1fa oy = uy 0 — p7 oy (poand ¢ distinet primes, ko1& N
wind criher a, AT Voand . g,y are Uoor 20 thea at least one of
‘r‘_r""./””‘[“”‘;" P ilenne Palthas LPamr Puca Y (yn ‘lu—l (P Pu - Mg — Gy )satlis
fies (1Y with = (1t Iy b (o, — B — b amd (vom) o= 1

Prroag. Tu the casc g, 2o one of

the convergents p g, paii
s the mwunerator prime with om, then

- R it |- 1}2 f— 1
- TR . o, . ctry o oat, e 2 (s A1)
(a, o 1}—
(et 3= L3P -
i {oen bl O T R R | LR (P 2= TR e aned

(”a; ':" ])' -
‘,”J_‘ '{" ]): -

E f—l”—.f-._l' and (v, m) =
o, -1V~

i

that convereent <atisfies {1 with

Othenwise o 1= divisible by poary, Suppose that p, is divisibie

by po then hecanse {(p, L pu) boaceording to AL it Totlows that p, s
divisible by ¢, Tn this case the interconvergents (b, = py )/ {ge -] il
P ooy . y) have nmmerators prime with on sinee {p,_,.omj =2 p
ard (b, g Inoview of theoren 10 at deast one of the intereonvergents

L _(P;M) {gu -2 o O oand (py o pay) lgw < guoyt o satisfies (11 witl

2 ==T{a,-- 1Rl 150 o, 1) 1oand {v o)y -1

1] ATPLROXIMATLION 1O CRITALN ClLAESES OF L . s e
fn the casc o TR ) b, theen
| - '
vivlwy 7, (I l. . :
I i | 3
¥
it A Jic sl [ i . : >
1 =
ol Eai) ir 1 | . ; :
l ! i h
oy 0o
it ] \ s ), .‘ - :
: . .
In this vase a4 anlisfies (1) with 2 543
The proef can be coutinued as above. .
Ihis theorem cian be st aed also For rationad Tractions vvow hiche =atisfy
the condition (vom) — 1

One ean alsn state consepuvices of tvpe O and

Nemuarks. 17 The comlition (v, oy I s equivalent with the two

conditions (i, pF = 1 and (¥ ¢') !

9 All the apronimations oy heing convergents ol the auniher B, 1t

jollows that comdition (v.v) i = also satisfied

o
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Rernnead

in paragrafcle 2—4 s¢ modificd teoremele By Bo By cunntate in
mtrcducere, o sensul ea acestea =3 poatd i enuniate pentrn amuouite
clase «de nmmere irafionaice reale carora 11 se impun uncls condifii pentm
citurile partiale «, din dezveltarea lor o {raetic continnd regulatis T'eore-

mele principale obiinute aicl sint B B, B, s B B, B, Ele constituic
rezultatele asnpra aproxtmari unor case de irationadc prio Drasctn rationale,
satisfacind condipii de forma (v, vl Tsi{y, A9 o= Fowde poeste un pudr
prim st A un nuwndc antural. Inocaznd eimd w31 (conditic satis-
[Aentd de orice drational real) obtinem reznltatele Tui Leonard T o n -
et din 14935,

T paragraful & se obtine o teorema de tip Vablen pentrn aproxinares
nnerelsr frationale reale cu intreredusz, teoremd ce coistitive o imhuna-
tatire a vnui rezultat cunescut al vl Alexauder Oppenhenn. Io nltinud
paragral =¢ aplicd aceastd teorcmd ta ~tudivl aprosimdni nwuerelor iratio-
nale reale prin fractny rajionale v v satisfaciad  condifitle {v, vy I
(xv.p%¢y - 10 unde posiog sint numere prime distinete si A os 7 nunere
naturale.

SUR OURLOCES PROBLEMES DI QUASI-COMPACITE

PR
Al

Ol oA CORTINEST

Dans e witdre de Pétude des espaces quasi-comipactzs o peut piser
dificrents problémes qui réelament, @ bon droit, Vartention des mathidma-
ticiens (voir par ex. 2}
’ Paus I Note présente, nous allois nons ocenper Jde cortains probiemes
auxguels nous avons fait allusion plus haut -
La prewdere partic coitient. un lh.{-(:r&m-.' (l’c quazi-compactilication
Pun espace topologique queleorque (¢ ot le résultat !.}'11!(‘1]):11]. tandis
que dans ta scconde partic on ctablit certataes conditioms suffisantes doguast
canpacite, -
' s b Adin de formuler fes résultats annonces il est négessare de preciser
dabard le sens des netions guion va itiliser
Néatinitien | T espace  lopolegique (N, =) sappelic quasi-
ani poared sf feud fillee G snk N oadmet st poind adhdrend {cext-a-dire
@ Ve o= 5. M osizaitic Padliérciec de Mo par rapport a la topologic <}
Wig

O it quiune partie 0 de (Al este un en=embie quasi-compact =
Pospraee (17,0 est guast-compact,

Déafinition 2. Un espace (N1 ol onn Hoos pace st dout filtve
g N ped wredr e plus owne poind Nl

Béfiniiion [ espace  dnpolugrgine (N 5y ost lacalement s
ampacl st AN 71 est Les pace o fond point voe N oadmel nn voisinage
witsi-cnin
Definition 4. (w0 osparc dopodogigie (N, 21 oest compact sl

of anpsi-com puaet o Foes paey

e



