BUUNTID UU DERIVATE FRECEET

Se studiazil ceuafiile (1.1) 51 (1.3}, unde functia feste derivabila Fréehet
numai in raport cu variabila v s funeiiic £ si Jf dv satisfac condigia de
completa integrabilitate (4.2). Existenta si unicitatea solutiei ecuatici
{1.1) 5i dependenta acestet solutii de parametru se deduce dupid aceeasi
schemd, expusii in teorema 210 Pentru ecuatia (3.1) se indicd nm]timo’;l
pe care existi o solufie unicd.
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ON THE APPROXIMATE SOLUTION OF NON-LINEAR
FUNCTIONAL EQUATIONS. 11
BY

Al BALAZS and 3, GOLDNER

In the paper 2] using the divided difference of a non-linear func-
tional F(x) defined in a Banach space two methods for solving the cquation

(1) Fx) =0

are given. The advantage of these methods in comparison with Sergejeff’s
method [4] for the solving of operational equations, consists in the fact
that, in the methods of the paper [2], the existence and the boundedness
of the inverse of the divided difference are not assumed. The convergence
of the above mentioned methods is proved under the couditions of the
existence and boundedness of the divided difference of F{x).

The present paper shows: a) the existence of a divided difference for
functionals defined in Banach spaces, and b) it proves a Theorem concer-
ning the cxistence of the solution of the cquation (1) under conditions,
analogical to those of the theorem given in paper [4].

1. We shall denote with I, ,» 3] the divided difference of the func-
tional F(v) in the points 2, ¥ & X,

Theorem 1. For every (v, 2"} & X ¥ X, there exists a linear funclional
Fo oo X* with the propertics

. Fop (8 — &) = F(x) — F(x")
() I ol = EELZ PN
I — 2

Proof. Lor fixed (¥, x"") & X ¢ X and given F, let us define
Foam [Hx" — ")) = rF(x) — nf(x"),
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for every real number r. Hence we deflined [ & L%, where
L=y VY r e R
We have also

& Flxy — I (&7

X
Y= a—ua’

Jedli=sup L o (2 =] fs
: 1

From the extension of the Theorem of Hahn-Banach it results the
existence of the functional F -~ with the properties:

Fe o (5) = fine (3)
for every 2 = L, whenee it resalts (a), and

gzl = |l favar |,
whence 1t results (b},

Theovem 2. The functional 1'(x) defined in X has a wniformiy bounded
divided difference I o for every (0, W) e X x X (i.e. |[Fe o o0 N},
if and ondy if I osalisfies the following Lipschitz condition
@ ) — F)| < Klw — 7],

Proof. 1et us suppose that I'{x] satisfies the condition (2). Then from

Theorem !, it results the existence of a divided difference l - with
) — B

¢ "

X X

|!F\’_ \]I

and by the (2} we get £ 4 = K.
Now let £~ be a uniformiy bounded divided difference, i,
Then by the definition of the divided differcuce we get

ij.'(_.'..f) . I,-(—‘_rr)E — ”'._'. (‘.f ‘.”:l [N .\_” I

Remark. 1 the functional (k) satisfies a Lipschitz condition with
the constant factor A7, using the divided difference delined by Theorem 1,
renouncing to the condition 3" and replacing the condition 47 by B(R'
e, ) < 1 the conclusions of Theorem 1 of paper |2 are valid.

2. Let us suppose the existence of a sequence of points v, &= X satis-
fving the following two conditions :

.“’ = l! I‘:t". Ty l(_\'") == ["

n

K.

(n—=0,1,2 ...

B i -1

We remark that in the case of the divided difierence deiined by Theo-
rem 1, the sequence {(v,) may be given by the formula

O X, — Yy

o T

. — il

'.‘ SOLUTION OF NON-LINEAR FUNCTIONAL EQUATIONS a7l

The approximate method, used for the solving of the cquation (1)

is given by the formula
v, (m=u1 e

1H

, . I

5 Xy = Xy — T Ty

( ) ! 1 At (-"\"I
I Comre fwe initial Jmations.

where x _,, ¥, are two mitial approxung ! ) L .
Further on we assume the functional £7(x) as being continuous 1m £he

sphere S{x,, ) specified later on. ‘ o o
1 Theorem 3. We suppose that the following conditions are satisfied

1° For the divided difference of the functionul () in the poinds x4, ¥
we have
1

—_— &
E e eyl

By;

Q¢ For the approximations ¥, ¥ the estimalions

\

~ U-‘(-VGH . L )
[Jxy — Nl +Z m g P R Xl <= ’;"("Jll = 0

I

are known .
3° The divided difference of the second order of the functional F(x)

is uniformly bounded in the sphere S(xy, ¥}, where r=max {7 (312) not
11:::', £, .t"'l =S I\I )
4° The constant numbers By, 14,60, K satisfy the inequalify

1
By = ByE(n, 4 1) <

T ' ~ solution x* & S(x,, ¥) which is the
Then the equation (1) has at least a solution 3™ & o V)
Iimit of the sequence of the approximations (x,), and the rapidity of the con-
cergence is chavacterized by the fnequality
[|x* — a, || == ! Iq""‘ (4’!0)‘“ To-
§

2:;

Proof. According to formula (3) it results immediately that
) Fapnn s (5 = %upa) = Fx2),
whetice we obtain the identity
(5)  Faey(n — Sast) = FlE) — FlEamt) = Fop g (0 = 2ami):

Using the relations (4) and (§) by formula (3) we have
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) 1 . . :
[ Anrt — Xy _I—::-.g—w |F(L’”) - I'(.l‘,,_]) S 1 Yn--t (T” - ")n ljl
me i1
from where, applying Newton's formula and using condition 3" we obtain
: K '
(6) [Xneq = ’v"!: 3 _—F—l!xn - -‘-’vl—l“ “"‘.n = An "-5:I'
” tye 'u—l”

By the definition of the divided differences and from the conditions
of this Theorem, we have

: 1 ”f:x Lag T 1".1 iy H 1- b
18 s al = 777 (1— : ;: Ul ) a0
1054 1 x, x4l B,

whence 1t results

=
TFal S1=h 0"
In (6), for # = 1 we obtain
Byl T 7
e — 4l < o . N o M0 e
| al: 1-Izo(‘°+nn) o 1— h, T 3

We have
hy = BiK (4 + 7o) =

Ity I 8 1
WL DL S
20— hﬂ) ( 1 ho) g Ly = gy 4

Hence the conditions of the Theorem are satisfied for the points x,, ¥,
By induction we obtain

I Bu-l

7 _—— B =

) TN =

(8_:' «\'u_ I — ":n Eo- -k—"- . ] n’l ! o T.ln < T‘" ?
1— kn—l 3"

(9) AEOB, Kt - ) & RS e

(1 —h_y)? 4

From the relations (8) and (9) it results
. 1 7 ", 2 * 5 $
(10) h, = P q" (2hy) ot /T ('g) gV (2h4)™ 40,

where the sequence (u,) is defined by the formula w, ., = u, - 1,1, 1y = 1,

m
wy =1, and 5, =>"u,

i—1
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Oun the basis of the formula (10) we obtain

i T }_l (]I\""l (4h|l)." LA™
dn
from where using the completeness of the space X it results that the
sequence (v,) has a limit +* & X. I'rom (10) we also obtain the inequality
characterizing the rapidity of the convergence.
By (8) it results that the terms of the sequence (x,) as well as a%
belong to the sphere S{x,, 7). Indeed we have

I, — ayll = lxe — xll 4+ oy — xall - A [ — xll <
. Y T 3 .
SR TR SRt B

The fact that the point x* is the solution of the equation (1) 1s shown
by (4) for n—roo, using the boundeduness of the operator oy . _[2].

Remark. Ti the functional F(x) has derivatives of the first and
second order, a Theorem aualogical with Theorem 3 was proved by AL
Altman [1.

The authors wish to express their acknowledgement to their colleague
H. Wiesler for some useful discussions on the subject.
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DESPRE SOLUTIL APROXIMATIVE ALE UNOR ECUATH FUNCTIONALE
Reznmat

Dupi ce s¢ examineazi i se rezolva problema existengei si mirginirii
uniforme a diferentelor divizate in cazul funcgionalelor, lucrarea prezintd
o metodi aproximativa (3) de rezolvare a ecuatiilor (1). Condifiile in care
se studiazd convergenta metodel si existenta solujiei sint analoge cu cele
date in [4].



