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reale positivo @ = 0, per Ia 8.24, esiste un £, = O tale che per ogni 7 = =,
si ha g{f) < g, ¢ quindi [s(f) <« Da cui s ha che
3.25 lim a{f) 0,

==

el il teorema ¢ cosi dimostrato.
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ASUPRA COMPORTARII ASIMPTOTICE A UNEI BCUATIH INTEGRALL NELINIARR

Rezuniat

Se studiazi ecuatia (1.1) pe semiaxa ¢ 20, stabilindu-se faptul ci
lim o{t) = 0 pentru f — oo, unde s{f) este o solutie marginita jar FiGNI0]
si ofc) satisfac conditiile (1.2), (1.3), (1.5)—(1.7) din text.

Autorul foloseste metoda lui V. M. Popov din teoria stabilititii siste-
melor de reglaj antomat.

MOBIUS TRANSFORMATIONS AXD A CLASS
O RICCATI EQUATIONK

BY

15 ROSURVANARAYAN and J. AN

1. Introduection
In this paper we shall give an algebraic structure of a elass of Riceati
equations of the type
iy
iy
where 1, B, C are functions of x. In order to study the structure, we shall

first study some of the algebraic properties of the linear homogeneous
second order equation

(A) A+ By 4 O

2y

(B) d—‘ [ b2y =0,
o x* ’

where % is an integrable function of v over the interval [x,, ¥]. Over a parti-
tion P of [x,, 1 asequence of step functions is defined over the subintervals
of P which converge uniformty to £2(v) as the norm of > approaches zero.
The solution of the differential equation over each subinterval with coun-
stant A% gives an infinitesimal Mobius transformation and the product
of these transformations in limit leads to the solution of the Riccati equa-
tion corresponding to 3, namely

ay
3 (FRRIEr oY J By 54
dx ( )

We shall use this idea to generalize the result obtained by Davis ([11
p. 11}
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2 Basie Eguations
The second order linear differentinl cquation
{1 i F{f 1({) ) {4 B =0
i ) it I I :
following a chanue of the unknown
!
. 1 ;
(2) () = 17{) exp {‘) S o) c.f'.'}
and an introduction of
1 d |
3 2 = B! ey — = 1R
3) {1} () T W=
can be teeast into the canonieal form
d*i
4 LR ) =0,
(4 e
At some point & = X, We Ihay suppose that we lhave a given constraint
d 1 du
3 = ———=g, Y=1,
) dt wdr '

which singles out one solution ; another Hnearly independent solution can
be specified by choosing a different value for the parameter g, Another
change of the uuknown
i x
. N ey g _ NP
() T {5dE = Tnoax),  w{x) =5 ,

L ]

that i3,
1 dn

(7) T{y) = - ,
dxy

will be more useful in our work. The continuity of 1'(¥) is assured if we
restrict our attention to continuous solutions of #(x) with a continuous
first derivative. 1f these functions are bounded, then we note that the
poles and zeros of Ux) correspond to the zeros and extrema respectively
of #(x). In terms of I'(x) equations (4] and {5 hecome

dr

) dx

(k2 L 1), x4 22 XD Xy
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(9) I’ S \ Yo

wherein we have adopted the convention that the initial condition is given
al v v, and we wish to propagate the sotution to the right of some

arbitrary point v, Formula (8) describes () in terms of a Riceati equation.

3. Infinitesimal Transiormation and Solution

11 this section we shall obtain an expression for I'{x} in terms of a pro-
duct of 7 252 unimodular matrices for an a-th order of quantization.
it the Hmit as n — oo, cach matrix operator becomes an  infinitesimal
transformation. In order to accomplish this, we shall approximate the
function A%y by step lunctions and solve the differential equation (4]
over cach subinterval on which (1) is constant and express 17 as product
of infinitesimal transformations,

We assume that g, and &2y} are real so that we confine our attention
to real solutions of (4). Once the real solutions are known, complex solu-
tions can casily be coustructed by the superposition principle.

lLet I Vg Uy o oou At be a partition which divides a portion of
the rv-axis sav the interval

o Ty A Xy K
Let

A= 1 Vi,
Define the sequence of step function
(1) W, (v} = ke, — kL) RO

and
lim b (1) = A3y),
e
where 1 — oo such that the norm of the set 1Ay, approaches zero.
The differential equation (4) in the interval [x;_,, x|, replacing &*{x)
by k2, now becomes
o, "
(11) — & ki, =0, Wog < K < B
.3 )
dx

and its solution 1s

-l : '
w, = A Uk sin k(v — vyn)) - cos R (v — X))
wherein the discrete parameters 4; and 17 are
i fdx
{12) A=y, = ——‘/— X = X,

"
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A, and I, can be identified as the amplitude and 103,.1nt11nm_ dervative
of the solutions at the left end point, Even though 4; is a jump function
this initial data can be continued as a smooth function for all x, provided
we choose

ocos by Axy — Fkosin by Ax;

13 I,

(13) ' I, ki tsin k; Ax; L cos k;Ax,

and

(14) Aoy = Ay (U&7 sin by Axy - cos b Ax]

In this manner we obtain a function which satisfies (4) evervwhere except
that A2(x) must be replaced by A% Furthermore, the iterations required
to extend #;(x) are very easily performed, since (13) has the form of Mobius
transformation whose coefficient matrix

_ cos A, Ax; — & sin Ay
(13) M=t .
ki osin k; Axp cos Ry Ay
has its determinant equal to unity. As a result the cocfficient matrix 7T,

rcqulred to transform 77, into some final value T, at the arbitrary point
¥ = ¥, is the product of m factors

(16) ’j\m = “]m -‘Irn_], LA 1111

and is likewise unimodular,

It is now a simple caleulation to show that as m — 5o tu a mamier
that the norm of the set {Ax,} approaches O, then the process converges
to the differential equation. Since I'(y) defines #(v) uniquely except for
4 multlphcatl\e constant, it will be sufficient to show that the continuous
limit of I")'s defined in (13) satisties the Riccati equation (8) on any interval
Ay, We find from (13} that

Uiy — Iy kysin by Av, — (I k) sin &y Ax

(17) A, Ax, [(1 k") sin k; Ax; + cos by Ax]
as the norm of P approaches zero, we obtain

N .
(18} O 4,

dx

which is precisely the equation (10). Also we find from (14) that
Ay — A da ,
{(19) lim L 1 = _ 1

30 Ax; dx

which checks with {(12).
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The preceding analyvsis furnishes a simple illustration of the algebraic
structure of a particular Riccati c¢quation: one example of the gencral
theory of such equations which shows that its solution can be characterized
by Matrix operators. In the limit, cach Matrix M, in the product (16)
approaches an infinitesimal transformation, and the total transformation
1, giving 1'{x,,) can be expressed either as a Matrizant (2] or as a product
integration [3]: the finite result of compounding sequence of infimtesimal
transformations.

By dircet multiplication, it is casily checked that cach M, can be
reexpressed as the product of three matrices

{20) A i e
where
(g e { o8 M s I pe
21 ¢ _(/, ) |] ]\'!-=(L_ml'_h' sin &; A )
0 R sin &, Ay, cos R Ay

The zeometric meaning ol M, 1s discussed in 47,

4. Solutions of a Class ol Riccati Equations

In this section we shall obtain explicit sotutions of a class of Riccati
cquations by use of the analysis of the preceding section. IFrom the results
(13) and (15) we [ind that for any [unction w{x) =10 in &, x] the matrices
Myoand M represent the same Moébivs transforination. And in this con-
text we shall write

(22 g M, = My

Let us counsider the infinmtesimal transformation
I’ cos k; Ax, — sin & Ay,
', sin k; Ax; + cos Ay Ax
for an integrable function A(x) in x, v]. Forming

. . \ o
lim (I, — )/Axd,

Axjtt

1
iy =

we find that (23) simplifies to the differential equation
. N .
(24) W w4 L

dx

And the corresponding matrix of the Mébius transformation is the rota-
tion matrix

V. [ cos f; Ay st Ay A,
o sin Ay Ay, cos Ay )
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The limit of the successive transformations is given by the lunit ol the
product matrices
mo | s [ — 1 IR
5 cOs s
M=Tim W M, [ J

m—yw 1oo] sine f cos

where f k{t}dt. Hence the solution of (24) is

[, cos [ — sin{
Iy sin T 4 cos /

I'(v)

The above method is capable of generalization. For this, let us constder
the Tunctions z(x), B(x), v(v) and 8(x) continuous on [v,, x] and differen-
tiable in (v, v} Let us assame that the determinant

) ) ] L,
3(¥) ()
over |y, 4. For an integrable function A(x) on [x,, v], we consider the
matrix

(26) Vo] B [ cos Ay Aa = ST R AN (0 — ot
= B . :
i 8L sin & Ax, cos Ry Avif\ —vioy %o

The infinitesimal fractional transformation corresponding to the matrix
(26) 13

- v L
(27) vy By
Lyvi - Ly

wlere
£y (28, | — BiBiog) co8 koA 4 (88 4 4wy sin ki A,
L‘.! = (357-5 1 7—-{ i1l Cos ":"‘1 A"'.. {717": 1 .silgi 1) Si“ k; A":l"
Ly = (781 = Biia) cos i Axg - (88, , + vori-q) sin & Axg,
Ly = (8% — 0P ) cos kA, (8181 + fi%i—) SIN Ky Ay

Torming the Hmit of (v, — v)/Ax as Ay, approaches zero, we find, alter

some simplification, that
(28) 1= 4 By 4 €,
where

y3)d = af’ — B2’ — k(o* + B4,
-I’Bl])’ = .l,’ ~ YB! o 18’ I 81’ i 2)’;’(_’/_'{ . 58)’
4BIC = ¥y — 8 — k(4 ¥).

s o —
2w
=

E
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We find also that the corresponding limit of product matrices, by use

of {22) 1~
.o 7 By fcos [ sin / 3 )
m 10 M, = 'J) ) : e,
w1 v Sfsin cos f Yo "
and the Mobius transformation is

(29) via) =

S voB) cos { 4 (3of 1 agy) sind}vo-t (#f— Boz)cosd — (BoB zgxysinf
Bov— Yol cost 4 (803 <+ voy) sin g} yo+ (2ed — Byy) cos T (zov-] Byd)sind -

o (
o

(29) is the solution of the equation (28). This is a gencralization of the
result by Davis ([1], p. It
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TRANSFORMARL MOBIUS SI O CLASA DE BCUATH RICUATI
Koezanmal

in accasti Notdi se prezintd un proceden de coustructic a solufiel
pentru o clasi de ceuatii Riceati cu ajutorwl produsului de transformiiri
Mobius,

Considerind cenatia diferentiald liniard de ordinul al doilea (1) si forma
sa canomici (4), acesteia i se pune in corespondenti in mod obisnuit o ecuafic
de tip Riceati (8). Se construiese solugiile peutru ecuatiile diferentiale de
ordinul al doilea (11) in care I'; se considerd constante pe intervalul [vi_,, x;],
punindu-se astfel in evidenti transformirile infinitezimale Mobius (15)
al caror produs 1, din (16) permite determinarea printr-ui proces de tre-
coere la limitd a solufiei ecuatiei Riceati (8} In final rezultatul se extinde
pentru ceuagia Riccati (28) punindu-se in evidentd solugia sub forma (29).



