TENSOR INTEGRAL AND EXTERIOR DERIVATIVE
IN PARALLELIZABLE SPACES
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The question ol tensorial integration, defined as an inverse operation
to covariant differentiation, was posed and studied for the [irst time in
1951 by A. Moér (6. W. Fabian 21, H. Sasayama [8]
and A, Moér [7] have subsequently contributed more to this problem.

Assuming an n-dimensional parallelizable space, we shall define in this
paper the multiple tensor integral over a p dimensional domain (p = )
by a generalization of (1.10) in [7]. We shall then find Stokes-type formulae
which will enable us to define the exterior derivative of tensorial forms.

Introduetion

Let E, be an n-dimensional parallelizable space (191, chap. 111, § 4)
of coordinates %' (i = 1, ..., n) and having » fields e (=1, ...,%)
of linearly independent covariant vectors, ie. for which

(0.1) a = det (*a)) +=0.

By condition (0.1) the existence of the local (contravariant) frame
3b* is guaranted and we have

(0.2) wq b= ¥ and Pfa V= 38,
The coefficients I of the connexion defined by the parallelism ol

the considered frames and of the torsion tensor ka.- of the connexion
will be given by
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03] I, = ¥ 8, (d, b=
-t _f i .
Sy=1E  with 9, = dfdx*,

where the process of alternation is indicated by the square brackets (/9
o ° :

chap. I, § 3.

L¥]

1f v is the covariant derivation operator, for the tensor T,'_';'_:"""'k- —y 7
then : ' .

& k) AT mz ;. LTS ATEPIPN of T8 = PRREE .
(0.4) L= O T S R DT -AEI‘ 7t

¥ r=1

where (/) is the netation for 7,7, ..., 7,. We can easily see that
{0.5) vt =0 and A; .00 = 0.

I V.., is a p-vector, then ([9], chap. TII, § 2):
(0.6} Vo Vhodpt = 04 Vioipd — PSa Vinis gy

If T{;)‘_’?I_‘JP is a completely antisymmetric tensor of indices j7,,... 7,

we may define the operator ([9], chap. TII, § 5)

_—'I (& y J/ k)
(0.7) Tm Tl =V L m.r)j,...jf,'. TP Sy Tm(.k!i'.-z..‘:,, g
50 that
pq T ; r
(Tt =g 1. 7. ap
(08 Vl‘. ( (r g 1p Urc) Jhg .- ;l.“) v.ll ’[(u).]jl...jplg) D(s;sllml..ﬁq; X
I 7Y
Tl ap Vo Uiy )
and
Pl p
9 - T = =
(0.9} Vi Vy, r;:).jl...jp] = 0,
as the curvature tensor of space E, vanishes.
Let
(0.10) A5ty = it AL A dxp

be the tensor of the element of a p-dimensional hypersurface. The Stokes
theorem for the p-vector Vi...j, becomes ([93, chap. II, § 8}

(0.11) j iy ST

= J 0 V.. i dSUr - dp,
t5p) Bpop)

where (5p) is the boundary of the domain (S,.,).

|
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§ I The delfinition oi the Tensor-Integral

Let Fi he a vector field. If the components 1(Q) are subjected to a
parallel displacement in P, with P, Q@ € L,, then

(1.1} Vi(Q, P} = b (P) “a (Q)VH(Q).
Similarly, for a field of covariant vectors I7;, we have
(1.2) Vi@, P) = 2a; (P)0* @}V, (Q).
In the case of a parallel displacement of a tensor '!':;E’f?, we have
(1.3) f“()“ (Q. P) = &h! Py mus ©) T (0),
where
(2}»'.'(“‘ = a,, i)” and
(1.4) Way, = =, ..
(mbi"' : ,hb"l - 5,i_bk"

The definition of the leasor-infegral of the teusor 1((;‘3 7 which

is completely antisymmietric in indices j,, ..., jp over the p- a’zmcnsmnal
domain {S,) < described by the point @, will consist in the following rela-

tion [31, [4]

(L3) 178 dsn---fp—\(fmw , 4S-in) (. P).
{5p) : 15, ]
1 ,h'
and, thus, by (1.3)
I T, Ao =

(55
{1.6)
— @hW (P) \(ﬁ)hﬁgn T dShed.
(bp)

It is now obvious that the tensor-integral is defined over all points
P of E,, and is, of course, function of P. As in (1.6} there are scalar factors
under the mtegrdl and tensorial ones before it, it follows that the teusor-
integral of a tensor has a tensorial character as well.

§ 2, Stokes-type formulae

If {S,)is a closed hypersurface, we shall obtain individually by (1.6),
(0.11}, (0.6) and (0.5)
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th) ASH g @y 0 ) (@B T.0 i it
.}J T tyoay 457 = Ghe; (P)S”m (% el 99
K Spp)
_ (@) - @) 70 I
" (P) g B @ Ty 5,0 =

[5",]__:_!)
-'_f) 51 (B A

!'.'jl' ()" A1) [x].11|j2. s

iy A0 =

A (P )S S vy T TS ks S Tl ;'2...;',,_} ST,
Spsp)
and, from (0.7) and {{.6)

r
G TR W F O g Ak iy . g
(2.1) I T S ie =T vy Ty, 5, 4S5,
(3p) (Spa)
where (5,) is the boundary ol (S,,,). (2.1) is the generalization of the Stokes
theorem for the tensor-integral.

& 3. Tensorial Forms and Exterior Derivative

We shal call a lensorial form of order p {(or shortly tensorial p-form)
[5] the expression

Fd

(3.1 o = T(;.‘)’f}lmjpdsil---fp,
where T is a tensor whose components are functions of necessary class.

We can now introduce an exterior derivative operator for tensorial
forms, which will enable us to find a simple expression for Stokes-type
formulae.

We can derive this operator by interpreting (0.7} as an operator upon
tensorial forms by the relation

g » -
(3.2) Aot = v, T('i()’.‘l)il---ip'. dSti:--Jp.
So that, from (2.1), Stokes-type formulae become
(3.3) Je=1 do,
055 8p 1)

where (S,) is the boundary of domain (S,4).
The operator (3.2) may be called an exterior derivative ([1], chap. IV,
§ 6) because it satisfies the following properties:
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u . . 0 -
1y if p =0, dw agrees with the definition of the absolute differcutial
of w:

# . I
2} domain of w = domain of de;
3} d is R-liniar (R = real numbers)
r ; b q I ¢
4) d{w A cl-)) =(lw) A o+ {—1} o Ade;

B » 1 r
3 dldw) = 0 for all .
From (0.7) it follows indced that v, = v, so that property No. 1
is satisfied. Propertics 2) and 3) are casily verifiable.
Ti now

Ff o
wAl = 40

Sy ..
() )hy iy 454y

is a tensorial g-form, we have

§ (%) . Q]
BRGs 0
Oy A O

= 7w dxiv A Lo Adxie Add a0 A dale
(l].}l.ﬂjp (x],:’.rl.._l.-q 1
so that
! Ly et e : {51 o
Ak AU g— 5) ) Tan Y LU TERSS PV
I ((am) A T ) v I(fHJ]---J:,l { R i A

and by (0.8)

bl q n .
) _— .
d (0 A ogh) = {Vu Tl o) Uil

sk ]

T . frn Sy gy ok
jm.[j,...jrf; t (s).,'.-l...:;,,]} 45 ! t

P )
= {V.; 1"{}5‘_‘31.1”_% dxt Adxit fL oA :i,\'-'p} A

/\{ U B daf poo LN a’.r"q} + (= I)P”‘(iﬁ'[]j,.. i dxi AL COA dxfp} H

(s} dp .k 4
@ . ) '
/\{\7“ Df:‘(;fl"l---’f,,-] dXPA da AL A d.\f"q} )
consequently
P if ] " 5 7
(3.4) Aot A o) = () A o0 + (= 1P o Ao,

and property ) is verified.
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Finally the exterior derivative of (3.2) wili be

P Pl g o pEtop
ddog) = v, v, T8 dSHi-p = v ¥,

o3y o
(i).[jl. . 'Jj) ] N (!5 b,

I
(1'.';1...1;
so that by (0.9)
i
(3.5) d(d o) =0,

which 1s the property No. 5 Poincaré’s theorem.
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TENSOR-INTLEGR ALA =] DIFEREN
IN SPATII FAakALR

TALA ENTHERIOARA
JZARILE

Rezumuat

In prezenta Nota autorii definese tensor-integrala intr-un spatiu para-
felizabil cu ajutorul relatiei (1.3). Tensor-integrala unui tensor are de ase-
menea caracter tensorial. Se obfine generalizarea formulei lui Stokes pentru
tensor-integrald datd de (2.1). Definiud formele tensoriale de grad p prin
relatia (3.1) precum si diferentiala exterioard a acestora prin (3.2), formulele
lui Stokes capitd expresia simpld (3.3). Diferentiala exterioars astfel defi-

¢

nitd satisface proprietatfile 1) —3) din § 3.

—-U

DEFORMAREA PLANA TERMOELASTICA
A MEDIILOR NEOMOGENLE IZOTROPE

D, PENAN

Considerdm un mediu clastic izotrop care ocupd o regiune finita, simplu
conexii § care constd din reunirea domemiilor S; (7 = 0,1, 2, ..., m), dome-
niul 5, fiind multipiu conex, mirginit de curbele inchise 7; (7 =1,2, ...,
m+ 1) suficient de netede si fard puncte comune, dintre care L, contine
in interiorul sau pe celelalte. Domesiile S;(j = 1,2, ..., m) sint simplu

conexe, disjuncte, marginite de curbele Ly = 1,2, ..., m). Fie L fron-
tiera lui S, Presupunem ¢i mediul elastic ce ocupa domeniul S;(j =
=0,1,2, ..., m) este omogen dar trecind de la un domenin la altul pro-

prietdfile elastice si termice se schimbd, Notam cu FE; si ¢; modulul lui
Young si coeficientul lui Poisson pentru materialul din  domeniul
5i(7=0,1,2, ..., m). Fic & coeficientul de conductivitate termicd cores-
punzator materialnlui din domeniul Sj, iar o; coeficientul de dilatare termici
liniard. Considerdm cazul in care temperatura este stationard si nu avem
surse termice. Presupunem corpul liber de tensiuni exterioare.

Alegem un reper cartezian rectangular #Ov cu originea in S,. Vom
nota cu #;, ¥; componentele vectorului deplasare in domeniul 5.

1. Determinarca variatiei de temperaturi

Fie ¥; variatia temperaturii mediului din S; fatd de temperatura din
starea nedeformatd. Dacd temperatura este prescrisd pe frontierd, problema
revine la determinarea functiilor ¥ care satisfac [17:
(L1 ANTEs i S;, (J=0,1, ..., m),
(1.2) Ty=1; pe L;,



