ON GENERALIZED ALGEBRAS
EY

MIRELA BRANZII

This paper is concerned with some properties of the generalized algebras ;
it is an account of the basic results of the homomorphisms and the normal
chains of geveralized algebras. We use the notations from the lattice
theory [1].

£ 1 Definition 1, 0 generalized algelbra (genalgebra) is a system § =

= G, A =, composed of teo sels G oand A, and a family Q = {o,|i & I}
(finite or noty of finitarv operalions, which arc mappings:

(1} o1 GM o A,

Here, m1; s the arity of o, and the collection {m,'r = I, m, & N} is the
type of the genalgebra §. F. M. Sioson bhas introduced in 3| this
coneept, in relation to the decompositions in direct and subdircet products,

W= < H,Q, B = isasubgenalgebra of §, if we have H TG, B C A4,
and for every &1 and every v, H{y = 1,2, ..., m), we have
(v, Xy, e, Xy & B
The last coudition takes the form:
(2) UolH H, ...,H) CB.
Y=y

Delinition 2. Let § <G Q A> and § = <G, QA > be two
genalgebras of the same tvpe. A pair of functions b G - G, kol - A" 4s
a homomorphism between § and §', if for any i [ and anv x; &6, j =

= 1,2, 00, o my, the following condition Is satisfied :
(3 E(ogay . oo ) = oy, o ().

If /i and & are one-to-one, then (4, &) is an {semorplism,
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Definition 3. .1 congruence on the genalgebra g s a pair (0, ¢) of
equivalence relations, 0 on G, o on A, so that jor all i I, if (%, vj) 0,
where = 12, ..., my, then:

4 (o:{), - - Am)y 0 (00, -

Let (i, k) be a homomorphism between the genalgebras g and g’
Then we can easily show that (0, ), where 0 = /oh~t, o = ko k=T 18
a congruence on §, called the fernel of (h, k). Here we consider that if
b= {{x, )| = h(x), v G, ¥ e G}, then A~ = {(v), ¥)|(x, ¥') & XA} and
hoh-' = {(x, ¥.)|(3 Ve ) (vnY)e op{x, v e i1y and  the
same for k. It is clear that (x,, ¥) € hok~ ' il and ouly if i{x,) = h(x)

Thus, a lomomorphism of § defines a congrucnce on g, its kernel;
conversely, if (0, ) 13 a congruence on ¢, then there exists an unique gen
algebra, §/(8, ) — < G0, Q, Ay = called quotient genaigebra of § by
(8, ), so that the 11atura1~1nap2mg nat (0, 9): § - §/(9, ) is a homo
morphisni. We put for all o; & Q:

(3) S0 s, Xm0 = 0, (Y0, o Y5
where o, & Q, x;/0 is a class modulo 0, all i & I, x,&2G, ;5 =
The homomorphism (/, &) = nat (0, ¢) 1s defined by

{x) = /0, all xe=mG,
{ k(o) = alg, all ac .t

:ym_')) = 7.

1,2, ..., m,.

()

and ker (&, k) is the cougrueuce (0, 9).

We can now prove the isomorphism theorems of the genaligebras.
Tirst, we have a theorem about the induced homomorphism,

Theorem 1. Let (fiy, k) and (2, k) be Tomomorphisis of a genalgebra,
§=<G, Q, A = upon the genalgebras G, = < Gy, Qy, Ay > and g, =
R AV e respectively, so that ker (. Ky) © ker (hy, ko). Then
flhere cxisis an wnigne homomorphisne (f, g) of &y upon §a so thal (f, Mo
o (fy, ki) = (s, ks). o )

Proof. Let x and a be clements of G and o respectively, so that
h(x) =y, R{a) =0, nElL, 4, € d,. We define f{x) = h{x) and
g(a,) = ky(a). These mappings are single-valued, for if A (v) = v, y &G,
or k(b)) = a,, b& A, we have (%, ) = ker i and (a, b) & ker k, so that
Do () == hiy() and ky(b) =ky(a). 1t is clear, by definition, that (f, g) o (i, &)=
= (hy, k) and the assertion that (f, g) is a homomuorphisa is deduced from
the following calculus:

w0 Ul (s oo i (am))) = gl (o, (1, - 2} ==
=3 ({l Q kl) (Oi (-\"l ot st -rnl,')) — kﬂ(oi ('Tlv CRORCEE "'-m,'))‘*__ur' (‘(’2 (":1)" g0 Jl.’(xm‘})

= o {(foh)(x), . (Jom)(xm)) = o(fUn(x)) o S (om)))

where o; is an arbitrary element of L.
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‘I'he uniqueness of (f, g) is obvious ; for, if (f, g) is to satisfy the relation,
(f, &) o (hy, ky) = (s, s}, we are compelled to define (f, &) as above. '
Theorem 2. Let (4, k) be a homomorphism between §, and G, with
kernel (8, @y, Then there exists a decomposition of (h, kY ina product of three
hontomorphisms
(7) (h, k) = {7\, 12) o (I", k") o nat (B, ).
where (i), 1) Tm (h, k) — §. is the inclusion mapping, nat (0, 2} : G — g,
(0, ) is the matural homomorphism  and (071G, (0, o) = T (4, £)

s an isomorphisnt.
Proof. The relation (7) may be written as a diagram :

(7) nat {0, o) | T ()

Gi/(0, f?)—g’;'-ﬁ)ﬁ Im {(h, k)

We must define the homomorphism (%', £) and show that the above
diagram is commutative. We have then 4:G,/0 - Im 4, M{xf0) = h{x) &
& Im i oand k' : AyJo — Im &k, k'{alp) = k(a) € Im k, and these defini-
tions depend only upon the classes modulo ¢ and o, respectively. Indeed,
if ¥ & /0, this means that f(x) = 2(x)} and that /' (x'/0) = A(x]0), and
the same happens for k. One can easily show that the mapping (i, ') is a

isomorphism.
Corollary 1. Any homomorphism of genaigehras (h, k) 1§ — G', can
be factored uniguely by nat (0, o) :

(8) (h, k) = (h, B) o nat (0, %)

where (0, o) s a congruence on § which Is confained in the kevnel of (h, k).
Proof. We must define (2, &) so that the diagram (8') be commutative :

3 G4 /(0. 9)
B o ik
7

We may take (4, &) so that: 2(¥/0) = k(x) and k{af¢) = k(a) and thisisa
homomorphism which depends only on the classes modulo 8 and . This
can be deduced from the definition of the kernel of (%, £) and from the
hypotheses that (6, ¢) C ker (&, k).

Theorem 3. Let § be a genalgebra, §, = < G,,Q, 4, subgenalgebra
of § and (0,0) ¢ congruence on §. Then §&#) is a subgenalgebra of §, (0, )=
= (0, ©) N §* is a congruence on Gy and

() G0y, 1) = §1-2(0, 9).

_ Proof. Tf (g, =) is equal to nat (6, ) : G — §/(6, 3), then its restric-
tion to €, (&, &), is a homomorphism §, -» §/(8, ¢) and its image is
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G109 /{0, o). It is therefore a subgenalgebra of §/(0, %), In order to find
out the kernel of (2, 2), we intersect the kernel of (=, z,) with G Hence
this kernel is just (0, o). Theorem 3, leads to:

Definition 4. I/ a congruence (0, %) on the genalgebra & salisfies the
relalion
{10) (0, 2) N G = A@ = ('_\G] : '_\_,1‘..
where G 15 a subgenalgebra of G, it 1x said that (0, 2} is a scpurating con-
gruence on §,, or that (0, o) scparales §,.

Coroliary 2. If (0, o) separates §,, then

(1 § = G0, 2.
Indeed, g,/A g = §,, and we can write the relation (9) in this case,
1

Theorem 3 1s the sccond iscworphism theorem for genalgebras: it
states that any subgenalgebras of a quotient genalgebra of § is isomorphic
to a factor of § (i.e. a quotient of a subgenalgebra of §). The converse
is not true; we have some examples of this in the group theory,

In the same way, we can obtain the third isomerphism theorem for
genalgebras,

§ 2. Now, we are going to study some special properties of the set
of congruences on a genalgebra §. F. M. Sioson has shown in his
paper [3], that this set is a lattice £(§), which is a complete sublattice
of the direct product £(G) » £(A4). Here £(G) and £(.1} are the lattices
of equivalences on & and . He has also shown that for any congruence
(6, ) on a genalgebra §, there is a lattice-isomorphis, f, between
£(€/(0, ¢)) and the lattice £(§(0, 9)) of all congruences (¥, 4) on §, which
contain (0, ¢). Moreover, if f(Z, 4} = (s, 5}, then:

(12) G & m) 2= (G0, 9))/(5. o).

For any equivalences on §, (0,, ¢;) and (8,, 0.), we define a composition

(13) (0,002 9109:) = [{{x), 1), (ay, aa}}| ¥, EG, a; & A there exists ¥ €6,
ae A so that (v, v) e 0, A (v, 1) € 0., {a,,a) € o; A {4, 4,) € 0.}

We may ask when this composition i< also an equivalence on §. The answer
is given hyv:

Theorem 4. The composion of two equivalences (congruences) on a
genalgebra § is also an equivalence (comgruence) on §, if and only if these
equivalences {congruences) commile :

(14) (01)?1)0(82: ‘?:z) =(0."'9:2)0(0h<?|)-
In this case,
(15) (8, 1) 0 (8, 92) = (61, 91) V (B2, 92).
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Proof. Tividently, we have for any equivalences: 0y 0,C 0,00, C
C 0, 0y, so that, if 0,0 0,1s an equivalence, we obtain hol, =10, 0,
and 0,00,=1(0,00)"'=07"007"= 0,00, '

Conversely, if 0,0 0, = 0,0 0, one can verify casily that 0,00, is
an equivalence. Similarly, o, o 9, is an equivalence. We have also: (8, 23U
U (0,, 22 ©{0, 90 0(0:, 9220 © (U0, o) V (U-.'_: 22

One mav find the definition for the operation V" hetween two rela-
tions in the hook of Cohn ([2]. p. 89).

Theorem 5. I all congruences on the genalgebra & commale, then the
lattice £{§) is modular. - ‘

Proof. We must show that, if (0,, 7 C (6, 2) . then fore very (0, o)
we have : ({0, 7)o (0y, 22 IN{(0 . 50) © [0, 2 O (_031 wa)Jo (8, 9.} Lt.lt
((vy, vy, (ay, ay)) be in (0, oo (0:, 9] {0, sl then there are tj\\n
elements ve= G and a & .1, so that ({v,, x), (¢, «)) € (0., 9} and ({x, x,),
(a, as}) & (0, ) that is (v, vje b, (0, dE e, (v, ) E 0y, {(a. 0 <
€ .. But (0., 2,) C (0, @) thercfore (x,, xj & 0, N 0, and (a,, )
& 91 () 2, hence {(xv,, v, (1, ad) € [(0r, 2) N (05 2] 0 (0, 9] -

By using the commutativity of congruences and the theorems 4 and
3, we can give an extension of the second isomorphism theorem, which
gencralizes the known Zassenhaus lenuna:

Theorem 6. Lot € be a genalgebra, §i(i=1,2) « .w-’-g:zna!gcbm of
& (0, o) (1 = 1, 2) a congruence on §;. If all congrucuces o &b = ¢, (0] @_
comnule, then (=, 8 = (8;, 9.) o (8, 95) o (B, 9:) 15 an element of € (&ii-2n)

or {5=j. 0, §=1,2 and there exists ain isomorphisnt

(15) B (2, B)) 22 8 (0, Bo) .

Proof. We put (0, 9) = (9, 9) O G;, £ /. 7,7 =1, 2. Then («,, B)
is equal to (0,, 9,) 0 0, rp;.) o (0., ») and it is transitive, as we have: («;, §)
o, B)=(=,p). We use (0, ¢) as congruences on &, hence they com-
mute. Clearly, (%, %) is also reflexive and symmetrical. Moreover, {o;, Bi)

admits the operator domain Q, thus («;, B;) is a congruence on §; (¢ =1, 2)
and, similarly, (8, «'} o (0., 9,) i a congruence on &. One can immediately

verifv that: B
(0, %) 0 (0, 3) = (, 8) N &,

Pl

since the lattice £ (&) is modular (theorem 4).
From the theorem 2, we have

5-5_.0_.1;_..-(7'. ’ 3) - &/ (0;_, "?1) o (0,'-" q;j) R NE
But (6, ) o (9., 7.) = (0., ¢,) o (5, cp") as congruences on &, hence we
have {15}). _ ' _
§ 3. Now we are able to make some deductions from the isomorphism

theorems, constituting a generalization of the Schreier and Jordan-Holder
theorems in the case of genalgebras.
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Definition 5. Let § be a genalgebra and W be o subgenalgebra of §.
A onormal chain from W to § 15 a finife chain of subgenalgebras of §

{16) T=§,C§ C... C4,.=¢G.
with the congruences (0;, »,) on §;, so that §,_, coincides with a (8, , ;)-class.
(17y If =0, CW,C...C¥, =§

with the congruences (., u,) is another normal chain, we say that thee
chains are ssomorphic, if m = n and if there exists a permutation = of
1,2, ..., u# so that

(18) G (0 ) = W] (et i)

Definition 6. We call refinciment of the normal chain (16) « new normal
chain in which cach interval §: 1, G; isreplaced by a normal chain from
Gy 0§,

Theorem 7. 1f § is a genalgebra with a subgenalgebra ¥ so that all
congruences on any subgenalgebra of § commude, then every two normal chains
from K to § lave isomorphic refincments.

Proof. Tn our proof, we use the refinements whose factors for the
chains (16) and (17) are respectively :

(19) My = (G0 1) 20, 2) o (g, wi)o (0, 9)
for + = 1,2, ..., m

and

(20) 8= (& NG = (i, ) o (i, 9} o (3, )
for j=1,2, ..., u

Trom the theorem 6, we have my; 2 8. Similarly asin the proof of Schreier
refinement theorem for the lattices {[2], p. 70), onc shows that the
chain (16) can be refined to a normal chain with factors My, Wy, .., W,
Moy - - o> My, and the same for (17) and &;;. We have obtained in this way
two isomorphic refinements for the given normal chains (16) and (17).

Definition 7. If a normal chain (16) has no proper refinement, il is
called a composition series from K to .

Clearly, a normal chain is a composition scries if and only if all its
factors have no proper congruence {that is, its factors arc simple genal-
gebras).

With the same condition for § and ¥, using the theorem 7, we obtain:

Corollary 4. Auy fwo compostlion series from W to § are isomorphic,
and

Corollary 3. If there exists a composition series from K lo o, then any
normal chain from X fo § can be refined fo a composition series.

These theorems can be used in the representation theory of a genalgebra
€ as a finite direct or subdirect product of its subgenalgebras. We have
also found a simple proof for some theorems proved by Sioson 3.

S
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ASUPRA ALGEBRELOR GENHRALIAATE

Rezima

Tn articol sc stabilese citeva proprictiti ale algebrelor generalizate,
introduse de Sioson 3] Sint demounstrate teoremele de cmomorfisim
siizomortism ale atgebrelor generalizate, precum siteorcme asupra lan-
turilor normale de algehre generalizate.



