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FORMULE DE CUBATURA OPTIMALI PENTRU ANUMITE CLASE DHE FUNCTII
Rezumat

In [1] si [8] s-au dat formule de cuadratura optimale pentru anumite

clase de functil. In aceasti lucrare se extind unele din rezultatele amintite

la formule de cubaturd de tipul {2}. Pentru aceasta se di evaluaréa exactd

a restului (3), apoi se determini coeficientii A " si nodurile (v, v;) astfel
ca formula de cubaturd si fie optimald pentru clasa de fTunc(ii I} (M,,).

DEGENERATE RIEMANNIAN AND DEGENERATE CONFORMAL
CONNEXIONS

By
V. OPROIU

1. Introduction. The Riemannian geometry deals with the study of
the geometric properties of the Riemangian structure, i.e. the structure
defined on a manifold A by a nondegenerate quadratic form of definite
sign. Since the fundamental tensor field of this structure is nondegene-
rate, there exists a tensor field of type (2,0), symmetric, which is given by
the converse matrix of the fundameatal tensor field. Then it can be esta.
blished a canonical corresporidence between the tangenr and the corangent
bundle of the manifold AL

If the fundamental tensor field, denoted by A is degenerate, then we
cannot find a tensor field of type (2,0) with the properties of the tensor
field constructed for the nondegenerate Riemannian case.

The structure defined by a degenerate symmetric tensor field 4 of type
(0,2), and rank constant p on M is called a degenerate Riemannjan
structure,

We shall study the integrability of the degenerate Riemannian struc-
ture determining the family of the linear conrnexions associated with this
structure and calculating the obstructions to the integrability. These obstruc-
tions are cohomology classes in the Spencer cohomology associated with the
Lic algebra of the structural group of the degenerate Riemaonnian structure,
The same problems are solved for the degencrate conformal structures.

Let M be a C=-differentiable, n-dimensional manifold and on M
be defined a tensor field 4 of type (0,2), svmmetric and of rank constant
p- We can associate with this tensor field a quadratic form and this form
can be reduced in every point xeA to a sum (difference} of p qua-
drates. If P(M) is the priacipal frame bundle of M, we can construct the
reduced principal sub-bundle P (M) of P{M), determined by the given
tensor field.



Let R* be the real n-dimensional vector space with the natural basis
ealy 2 L2 n and et us ook at the fibre in xe M of the principal
frame bundle P(M) as the set of the linear mappings of &" into the
tangent  space I in the point x ¢ M, where x is arbitrary in M.
Then, it ({7, iv a local chart defined in x we obtain the follm;'inz local
chart in P(M):(z YU),u m) where =: PLM) — M is the natural projection
and (1) Is the matrix of the considered linear mapping defined by the
given frame.

We suppose that the cuadraiic form associated with the tensor field
A can be reduced to a s of p quadrates and the other cases can be trea-
ted in a similar manner.

Let us consider the quadratic form (v} — =5 ¥*y® defined on the
vecror space K" where {v',...,v") are the ccordinates of the vector v in the
basis {e,) and: [

[l e=B8gp

| 0 in the other cases.

If the quadratic form associated with the tensor field 4 is given in
the local chart (U,#) by ¢ = g;dv'dx’. then the reduced bundle P;(M)
determined by the tensor field A is defined by the following relation

Ps(M) =) € PiM) (gl 1l = 24},

Since the form ¢ can be written locally as a sum of quadrates, it
follows easily that Pg(M) is a principal seb-bundie of P(M) and its struc-
tural group is:

y P - 9
% [( 20 ) g, L2,.,p . T o
7 | o e) @b pt 1,2, 0 (+9) € O(p); (2} € GL(n p,R)l,

where O(p) is the orthogonal group in p variables.

According to the general definition of the integrability of a G-struc-
wre, the degenerate Riemannian structure is integrable if the manifold M
can be covered by Jocal charts so that the natural frames in these local
charts belong to the reduced bundle P¢(M). This implies that the quadratic
form < can be written in these local charts as:

(1.1) Y =5 (dw)2

The tensor field 4 defines a mapping of the tangent bundle into
the cotangent bundle and this mapping can be defined by its action on
the sheaf of local sections mm the tangent bundle, If X is a local vector
tield giving a germ of vector field in v ¢ M then the mapping determi-
ned by A associates to the vector ficld X the 1-form A, defined as follows:

(1.2) (A)(Y) = A[X, V).

The kernel of this mapping is an # — p-dimensional distribution 17,

If the degenerate Riemannian struclure is integrable, then the distri-
bution ¥ is involulive and on the quotient manifold determined by this
involutive distriburion (the manifold of sheets of ¥} we have a local Euchi-
dean, Riemannian metric.

In the sequell we shall denote by M} the sheaf of germs of tensor

fields of type (s, 1).

2. The degenerate Riemannian connexions. A degenerate Rie-
mannian connexion is a connexion in the reduced principal bundle Pi{M)
defined by the degenerate Riemanntan structure. A linear connexion on P(M)
determines by restriction & connexion on P;{M} if and only if the hori-
zontal space in every point of P;(M) of the conmexion in P{M) is tangent
o Pg(M).

According to the usual methods of the theory of G-structures [3, 6]
one shows that a linear connexion given by its covariant derivative ¢ is a
degenerate Riemannian connexion if and oniy if the covariant derivative
of the fundamental tensor fieid 1 vanishes, 1.c.

(2.1) g el =0 X e #(M).

Let I be the distribution defined in the section | of this paper and let
us consider a complementary distribution H to V. Such a distribution does
always exist and it can be defined, for example as the orthogonal comple-
ment of 7 with respect to an arbitrary Riemannian metric defined on Af
We shall study the properties of the degenerate Riemanmian structure with
the help of the distribution H and we shall show thar many results do
not depend on the choice of this distribution. Obviously, the dimension of
the distribution H is p.

Theorem 2.1, [fer h, v be the projectors on H and V, respectively.
There exisis a tensor [field A of type (2,01, svimmerric, globally defined on M
such thar:

(2.2 Ay-A—=hX; od -0, Xesdi(M),

where Ax-A,vA ure defined m local coordinares n the following way: If
al_,a'-',z:},X" are the expressions of A, A, v, X in local coordinates, respec-
rively, then: (Ay-A) =a, X'a¥; (vA) — via¥.

We prove the existence of the tensor field 4 in the following manner:
The form + can be written locally as:

R NP
L }_I,(m

and the distribution A can be given locally by the system:
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=0, a=p |1, P EREET ,

where % @' are n linear independent Pfaffian forms defined on a suitable
neighbourhood UC M. Let us consider the local dual basis of the cobasis
{2, "), given by the local vector fields F,, [, defined on U and satis-
fying the relations: oNE ) =05 wi(l) & "L ) A Wil Y =0,
a, b p| lu,n; g == 1,2, p.

We can consider the following quadratic form:

r "
o Do)+ 2 D owdre,

g=1 amfd-1
defined on Ux R" * where R'-? is the » p dimensional Euclidean space
and (R*~#,1") is a chart in R"-

Since the Pfaffian forms o’ w' are tinear independent it follows

thar the rank of ' is P 2(n—p) = 2u—p The form %' can be written
in the neighbourhood U/~ R* # 45-

. . n .
v = a;ydeidxi 4 2 D oefdxide,
g |

[

The matrix of the form ' is:

4 o)
Wi 0
;

and since the form ' has the rank 2 p it follows thar R is nondege-
nerate. Then there exists the converse

1 ﬂ& aﬂ
& (:-1 a"")
of the matrix B.
Using the Laplace method of calculation of determinants and the fact

that rank (a;) - p, we can prove: @™ == (). Then we have:
13
i ki aa bk k. ol ol = . 1 N gl S Ry
(2.3) a.a 2 w2 s = 3 ola 0: @, of =0; Wi, = de
a=pil

Lsk=1,2:n; a,b- =P 4 1,.,m
It fo'lows that 2 are the coordinates of the local vector field I/, in
the given chart and the relations ;

Lid
(2.4) @ ot - N eI B bt g
i L [T x

a=p 1

define uniguely the Jocal rensor field o,
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If we choose in the same local chart another system defining the

distribution H:
o' — Oy a —p-rl,u,n
then &" must be linear combinations of the forms «* i, e,
rt
€7 PRSI det (xa) =~ 0.
o
It follows that the dual basis of the cobasis {0} Is given by:

H
LE,=E,; E, E whlin, a,b=p 4 1,0,
b=p 1

&

where (uf) is the converse of the matrix (7-4).
The matrix of the guadratic form :

"
'

v agdedad L2 E 34 dx'dr,

and its converse Is:

T s (a? 3
B (e &)

=h
Sivee T oare the coordinates of the vecior Tield . we have:

= "I_“- gk S
230 s

The tensor field o is uniquely determined by the relations:

" i~

(2.5) f?,-j(—;kj -i- E €4 ?:':ﬂ 35 af;”' 0.

a=p—}

From the expressions of &, Z, it follows that the system (2.5} is equi-
valent to the system (2.4) and since the temsor field a/ is uniquely de-

13

termined by the system (2.4), it follows: @/ - a' : We see that D5 etk
= ptl
are the local coordinates of the projector z. Then (a') depends only on
the distribution A and the tensor field A which are globally defined on
M. We can prove easily that ¢ are the coordinates of a tensor field A
of type (2,0}, symmetric and globally defined on M. From the relations
(2.1) we obtain the relations (2.2},
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Hence we have the following relations

(26) hiv=1; Aix—4Adr; Ayv=0;0Y 2> Av-A4- X: vd =0

where 7 € 5}(M) is the identity tensor field.
Now, we look for the degenerate Riemannian connexions, i.e. the
connexions which satisfy (2.1). If we write the covariant derivative v as:

where v is the covariant derivative of a given initial connexion, then the
tensor field P of type (1,2) must satisfy the equation:

(2.8 A(P(N, Y), 2) + A(Y, P(X, Z)) = (xx AV, Z), X,Y,Z ¢ 5y(M).

It follows easily that the equation (2.8) is equivalent to the equation:
(2.9) hPIX,Y) (AP 4 = (vxA)y 4,

where Ay Py is the 1-form defined by (A4y Py)(Z) = A(Y, P(X, Z)).
We introduce the following tensor fields:

1 =

b= (Il IRy A »nA),

I —

(2.10) Nv=mll @ F==d 2=l A ® A),
I \
-} , v @ k).

These tensor fields are of type (2.2); we consider the operations
TPy, UM, defined as follows: ift '), Py are locally given by:‘l‘l’:‘, Dk
P, XJ respectively, then:

I By G R )
() = g0

1,2,

Lty g, kym .

Then the equation {2.9) can be written as:
t o ~
|..)..ll) l]l‘x'l)."'_ ) (\-.\'A ! -!1
where 1" Py = ('FP)(Y).

It can be verified by a strasghtforward calculation the following
relations:

1 I
Vg =72 =" 5 (8 IR e 5 O

1
R e R | TR e G111 ) Q] I R 1T R A TR 6,
Then the equation (2.11) is cquivalent to the equation:

1 - ~
(2.13) ['I"cF Oy Py== (v )y A,

and from (2.12) we obtain:

(2.14) @—0)+ (M +0) =101 (®—0)b—0)=b_0;
L F O 4 0) =W L0, (0 — O)(T+0) — (14 0) (D —e) =0,

Hence W - ©, & — & arc projectors anl the equation (2.13) has a
solution if and only if ® — @, applied to the right hand side of the equ-
ation (2.13) gives zero. This can be verified by a straightforward calcu-
lation and then the general solution of the equation (2.13) is given by
the formula:

1 5 ~
(2.15) PIX,Y) =, (Tvdl)vu,wv A -+ (9 — 0)y Oy,

where Q¢ #(M) is an arbitrary tensor field. Then the general family of
degenerate Riemannian connexions is given by the formula:

; 1 5 -
{2.16) Y =1,V o (Txdhvend 4 (D — 0),0,.
We shall prove that this family does not depend on the distribution

H. Infact if H' is another distribution complementary to 1”7 then the cor-
respording family obtained from (2.16) is:

(2.167) TV = ¥ b (Selliand L0 00,

where 0, ‘I, ©)" are the tensor fields of type (2,2) obt-ined from [2.1()
with the help of ', o', A, corresponding to the distriburion M.

If the initial connexion ¢ is a degenerate Riemannian connexion, then
a connexion from the family (2.16) js given by :

(2.17) T V= V- (-, 0y,

and a connexion from the family (2.16%) is given by:
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2,17 Vi Y =xaY 4 (0 09,0

In order to show that the two families of connexions do coincide we
must prove that every connexion of the family (2.17) belongs to the
family (2.17) and vice-versa. From (2.17) and (2.17°) it follows thar we
must prove the following relations :

(1 07) (b )0y
(¥ O 00

{2.18) 0
0.

il

As /', v are projectors, we have:
(210) W =h-tliv=v—1; & =4 B;lei(M; Be(M),

Since the distributions H, H' are complementary to the same distri-
bution V it follows:

(2.20) AB—1IX; B—IB; B —14; lv=0; 1 =0; Al = 0.

Then the relations (2.18) can be verified by a straightforward calcu-
lation. Hence we have proved:

Theorem 2.2. The general family of the degenerate Riemannian conne-
xtons 1s giwen by the formuda (2.1G) where v is an arbitrary initial conne-
xion and Q € W\(M) 15 an arbirrary temsor field. This family is expressed with
the help of the distribution H bur it does not depend on this distribusion.

From the expression of ¢ &}, we see thar it can be written as:

| B Y & i l (h@h A = )
and then the formula [2.15) can be writien as:
(2.15)  PX,Y) = = (Ceelvs v A, + 201X, Y)+ & (h 5k — A 5A),0x.

3. The torsion tensor field of the degenerate Riemannian

connexions. Let us suppose that the initial connexion ¢ is torsion-less
and let us consider ths gencral degenerate Riemannian connexion:

TeV = TV S PX,Y) = 60 Y & L (Fedhord 4 2Q(X, Y}
(3.1 1 ~
: h fi A ® A); Q_\
Since ¢ iy torsion-less, rhe torsion iensor field of rhe connexion v ois
given by:

O] DLOENERATE RIEMANNIAN AND CONFPORMAL CONNEXNTONS RiE
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(3.2) ML Y =Y+ o X — [ Y] = P ) — P(Y, X).
Since v 1s a degenerate Riemannian conncexion then:
(3.3) APX, V), 7) — ALY, P(X, 7)) — (vaaY, 2).
I'rom this relation it follows in the same manner as in the classical case:
APALY) L PY,X),Z) 4+ AY, T(X,2) -+ 1K, T(Y, Z))
(Vxed) (Y5 Z) + (vd)(Z, X) — (v2:d)(X, Y).

We should be interestedin the obtaining of » degenerate Riemannian.
connexion with the torsion tensor field 7 such that AT (AX, LY} 0.
Then for such a connexion we must have:

(3.3) 2A(MPHX, Y ), 1 Z) — (Gav AV Y, hZ) - (v AV 0, 17) — (T d) (hX, BT

Hence;

(3.4)

3.6) WPRX,BY) = | (Coxclayd = L (S A A 2 (VA (X, 1Y)

Since AP(RX, 1Y} must be obtained from the formula (3.1) it results
the following condition for Q:

(3.7) l (h @i — o 7 AyOus —; (Cwedjind — | (TA)RX. AY) A,

If we introduce the tensor field ]) (h@h A~ fT) then we can ve-

ity the following relations:

1
3

= hd @A) sA& -y A A_] It =,

1 J Y 1 ¥ ~ 1 [ e

5 -k A> A » ih o h AR A -E»u’r @h—4d . ),

1 —— n .
38) 5 bR+ A@A) , h@h AR A) = (h < h- A d)

1 —1 1 .

?[/! xh—Adx A)y (b=t A@A)

1 P | =
hoh - A4 5 o AxdAd =0,

2

Then the general solution of the equation (37 is the tensor field
), hoving the following property :



RQUX, WYY = - (T e d — & (2 A) (X, 1) AT
3.9)

1 o

Sk = d Ay Sy,

where Se#l(Af) is an arbitrary tensor field.

The tensor field Q from the formula {(3.1) can be written as follows:

3- 10 Q\ (Q == !fQ,z,‘\' /I) i /IQ 1 h.

Using (3.4), we obtain:

QUX, ¥) = (QX, ¥} — hQUX,hY)) (il
(3.11)

1

— (VA (hX,hY) A - o 5 A Al Siy

Substituting this expression in (3.1), we have:

vaY = oV -,1; (vxA)yyod - z (Var A e - _; (VA AN, hY ) A
(3.12)
- (D —0) (O — ROl

Hence we have obrtained.

Theorem 3.1. The genera! Saiily of the degenerate Riemannian conne-
vions with hTh. i =0, is given By the Jormuda (3.12) where (¢ UMY fs an
arbitrary tensor field.

Remark. We have denoted by #7174/ the tensor tield of type (1.2)
defined as: (ATh.i)(X, Y) = ATUhX,hY). In the sequel we shall use the
following notations too: (& T} (X, Y) =hThX,Y); (LTANX,Y) =] X RY).

Now we are interested in the finding of rhe conditions under which
there exist torsion-less degenerate Riemannian connexions.

If in (3.4) we substitute the vecror field 7 by vZ, we obtain:

A(Y, T(X,0Z))  AX, 1Y, vZ)) = (vadi(¥,2Z) |
(Crd)(X,0Z) — (¢.z )X, V).
Proposition 3.4 The tensor field L(X,Y, Z) (To AL, v X
T (VAN Y, vX) (Vo) (Y. Z) does not depend on the torsion-less comne-

xion v oand —L(X, Y, Z) is the Lic dericative of the tenscr field A with
respeet to the wvecrwr fichd oX, Qe ;

(3.1 LEN, Vo F4)) & (L (Y, AL

(3.13)
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Proof: 1f we consider another torsion-less connexion V=V P
PLX, Y) = P(Y, X)) and the respective tensor field L', then:
L(Z, X, Y)= (v, DY, 02 V) (X vZ)— (v )X, Y
L(Z, X,)Y)—(A(P(X, Y),0/)— A(Y, P NvZ)y—A(P(Y, X), 0%
AX, P(Y,07)) +A(P(v7, X), Y) - A(X, Pl Y)=L(ZX,Y).

The Lie derivative of the tensor field 4 with resfect to vZ is given
by the formula:

(LANX, Y) —0Z(A1X, Y)) — A([vZ X], Y)— A(X, [vZ, Y]]
(Vo AN X, V) £ A(T.2X, V) - AX. 5. Y) - AT X, V)
+ ATz, Y) - AX v Y) FALY, vivZ) (vezA)X, V) =
A (X, Vo) = A(Y, vx0Z) = (G A)X, V) — vy A)(X, 07)

(ved) (Y, 07) - LiZ, X, Y),

where we huve used the relarion:

0= YA(X,vZ)= (vvd)(X, 0Z) + AV X, 0Z) -+ A(X, Ty 07)
(VA (X, 07) - ALX, T 7).

The relation (3.13) can be written as:

(3.13%) AY, T(X,vZ)) — A(X, T(Y,vZ) - L(Z, X, V.
We have:

(3.15) AT (YoX) = (Ay To) A= Ly 4,

(3.16) hT(@wY,0X) =Ly, ,A.

From the expressions (2.10) of the tensor fields W, it follows :
(2.17) A A-20%0 b o h—20—0),
and then we obuain:
. 1 -
(3.18) "X, oY) 4 (b - hT - 5 Lvyaxd,

Let us consider the deaencrate Riemannian connexion v with its
torsion tensor field 7, which satisfies: #7700 — 0.
The tensor field 7" can ke wrirten as:

{310y FRGA DL Y BT XYY kTN oh ) (e X, hY).



J68 3]} |

We obtain:

(X M I e A S g Tl Ly e
3.20) :
( {(th —6, (1 ol'v — 4T \-} — (b \| 'l) Y A /.'T..,J.

Let us consider the connexion :

(3.21) Vo Y= pal = (00 ('J_i.ll.,

IS J

This is a degenerate Riemannian connexion and 1ts torsion tensor field is:

(3.22) T V)L e d 2 Ldpad Eat, e

For the tensor ficld , v - hTv which appear in (3.21}, we have:

t .
/z(,) e /fTv)/;.I: ). It follows thact the torsion tensor field 7 of the
connexion ¢ has the property AThi—0, ie. v is a connexion of the
family (3.12).

Proposition 3.2. 7. right hand side of the relation (3.22) wanishes
if and only if L — .

Proof. If L =0 the assertion follows directly.
If z‘ o, VAL %L‘\-,WFT 4Ly, .xA =0, then :

LY, 0%, 07) — L(X, hY, hZ) - 2L(Y, 0X, hZ) — 0 .

I X - /X, we obtain: LY, X, W2y — L(hX, hY, hZ).
Bur L(hX,hY, hZ) =(LaxA)hY, hZ) =0, since 24X — 0. Then LY WX hYy 0.
It follows: L(Y,0X,%Z)=0 and then L(Y, X, hZ) = L(¥, v X, h7) -
FL(Y,hX,hZ) = 0. We have: L (Y, hX, vZ) = —(L; A) (X, v7) —
(Lo A)vZ, hX) = L(Y, 22, hX) — 0.
On the other hand:

—L(Y,0X, 02) = (L., A) [0 X, vZ)
—Ad(fo¥,0X],27)

v¥Y{A(v X, v2))
A@X, [oY,2Z)) = 0.
Then L(X, Y, 07) — LY, oX,vX} + LY, /X, vl) = (.
Hence: L(X,V, %) — LY, X,0Z) |- L(Y, \, hZ) =10,

lrom the proposition (3.1), (3.2} and the formulas (3.13%), (3.22) we
obuiin the following theorem :

(1] PTEGERERSTE RIESMTANS LA &, CEPNPOHMAL COMNNEXOXS i

Theorem 3.2, There exises a torsion=less degenerate  Rigmunnian consie-
xton if and only if the Lie derivative of the tensor field A with respect Lo
cvery wvector field of the distriburion V. vanishes.

We know that the Chern-Bernard invariant of a (r-structure vani-
shes if and only if there exists a torsion-les connexion of this G-structure.
Hence the tensor field 77 of formula (3.22) is a representative of the
Chern-Bernard invariant of the degenerate Riemannian structure in the
Spencer cohomology attached 10 the Lie algebra of the structural group G
of the degenerate Riemannian structure and it vanishes if and only if the
Chern-Bernard invariant of the degenerate Riemannian structure vanishes.

Let us suppose that the Chern-Bernard invariant of the de renerate
Riemannian stracturs vanishes, i.e. the tensor field L vanishes. If (U, 1)
is a local chart on M and in this chart A, A4 are given by a,,ua’ respec-
tively then we can verify casily that:

(3.23]

ot
1, B H

I 1 fday | dap  day
Ot e’ aut

are the connexion coefficients of a torsion-less degenerate  Riemannian
connexion. Hence if L --0 we have a »Levi Civita-connexion® for the
degenerate Riemannian structure, but this connevion is not uniquely deter-
mined since 1%, depends on a'* which depend on the distribution A, If
we consider another distribution A then the corresponding connexion is
obtained from I‘r’.]_, adding a tensor field of type oS,

Proposition 3.3. If L — 0, the distribution V is mwolutive,

Proof. Let X, Y, e IV be two arbitrary vector fields in V. We must
show that [X, Y]eV, ie, Aix, v =0,

If in the formula:

0 = LIXY, Z) = (LeA)(Y, 2) —oX(AY, Z)) - A([oX, ¥), ) Ay, [vX, 2)),

we take X —~2X: YV 2V then it follows A([X, Y], Z) =0, ie. [X, Yie I
Hence, if 7 0, the distribution ¥ js tavolutive and we can choose jocal
charts (U, /) such thar the distribution 17 is generated on U by the Jocal

B i (4 = B . . )
vector fields sy . Expressing the fact that the Lie derivatives

dul cu”
) ey 4 vanish, it follows that
cnlTl 1"
@, does not depend on u?*l.., u. Henee (U, n') can be written : (U, ')
I T L AUl L k") and on U we have a Riemannian merric.
It remains to see if we cun choose (U ) such that « i) — A+ (the
Kronecker symbol) : ¢, Lo P .

of the tensor field A, with respect o
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4. The curvature tensor field of the degenerate Riemannian
connexions. The degenerate Riemannian connexion given by the formula
(3.21) has the torsion tensor field 7 given by the formula (3.22}). We in-
tend to express the family of degenerate Riemannian connexions having

the same torsion tensor field. Obviously, this family must be given by
the formula: :

VoY g Y - 0)(Qn RO Y
PO, V) L AQ@XhY) b A0,

(1,1}

where ¢ is the connexion (3.21) and O a tensor field of type (1,21 which
must bc__detcr'minecl. Since v given by (4.1) and ¢ have the same torsion
tensor fields it follows:

(—12' (‘I) ('):-. 'Q /IQ_,\/I) (‘[’—(.:))A\'(Qy == /1Q;,y/]) —

This relutibon gives :

A, Y) — oY, X)) : hQX, 1Y) — : HO(w P, XY — = 5 A
2 i 2 - i Las i
(4.3) : . )
. .'f \ Q;.\' 1‘1 ”.
it follows:
(4.4 (X, Y) = vQ(Y, X).
If Y—9X, then:
IQuX, YY) — AvQuvd — O
Hence we have proved:
. Theorem 4. The general degencrate Rigmannian connexion with the
forsion tensor field 1" is given by the formmia :

vaY = v V- 20(X, V),
where Qs a tensor field of 1ype (1,2), symmetric in the lowa imndices. This
Samly does not depend on the distriburion H.
"]jhe last asseruon follows easilv from the formulas (2.19), (2.20).

- We shall study the curvature temsor field of a connexion of this
family since this tenvor tield furnishes «n obstruction to the formal inte-
grability of the degencrate Riemannian structure.

It we denote by k, R the curvature tensor fields of the connesions
¥, ¥ respectively then we obtain by an wusval calculation :

46} R(X, V) =KX, ¥) (s —o(Fio8)s = adiedy— aSinsi
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Since ¢ is a degenerate Riemannian connexion we can verity that
M{gxeS)y — {vvodiy + oSvosSy — oSyeSy) = 0.
Then:
(1.7) hR = hR.
Hence :

Theorem 4.2, The tensor field hR, where R 15 the curvature  tensor
weld of a comnexion of the family (4.5) does not depend on the connexion <.
' Now let us consider the integrability problem for the degenerate
Riemannian structure. If there exists a torsion-less degenerate Riemannian
connexion, then the distribution ¥ is involuuve and we can consider local
charts on M so that if (U,u) is such a local chart then: (U,#) -
(U 1ty et 2 (U7 b 0y s ay —= 0 and g, depend only on x'..,x":
(g,r = 1,2,.., 05 a,b = p 1+~ 1,...,n). In the neighbourhood U we consider the
jocal distribution H given by du' =0, a —=p - 1,...,2. In local coordina-
tes, the tensor field A is given by: w' =0 a=p | L0 1,2 ... x
a'* depends only on 1, u’.

We have:

3 =y

g a7 = ri;; g, =1,2,..,p

[t this coordinate neighbourhood the ,,Levi Civita-connexion'* is given
by the formula (3.22) and we have:

' 1 ((}'Cl,; Gty da,
Iy s

a“; g,y st = 1,2, p.
2\ dus ou’ (?u’)

(4.8
[ =05 a=p+ lL,n;i,j=12,.u

We see that this connexion is the Levi-Civita connexion associated
to the Riemannian structure determined by the degenerate Riemunnian
structure on (U, ut,..., w?).

According to a classical result the quadratic form o, de du’ can be
reduced to the canonical form; {d«')® 4 ... (dw?}? it and enly if the curva-
ture tensor field of the Levi-Civita connexion on U vanishes. If the
tensor field AR defined by (4.7) vanishes, then we see that the curvarure
tensor field of the connexion (4.8) for which /AR == R, vanishes, too. Hence
the Riemannian structure induced on (U7, ul..,#") is integrable, ie. the
degenerate Riemannian structure is integrabie.

If the degenerate Riemannian structure is Integrable then obviously
hR =1,

Hence :

Theorem 4.3, The degenerare Riemannian structure s integrable of and
wlv If there exists a degenerate Riemannian connexion with vanishing torston
and curvature rensor fields. In this caser L= 0, IR = 0.
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3. Degenerate conformal structures. The degenerate conformal
structure is defined by a symmetric tensor field of type A of type (0,2)
of rank constant p on the C»-differentiable, n-dimensional manifold M.

The reduced bundle corresponding to the degenerate conformal struc-
ture has the structural group:

G — [(f 0 ); (/B 1,2,.,p

Wer 2efs a,b=p 4 1,0

where CO(p) is the conformal group in p-variables,

The degenerate conformal structure is integrable if and only if M
can be covered by local charts such that in this charts the quadratic form
v associated with the tensor field 4 can be is written as-

(13} € CO(); {12) € GL{w — p, R)},

v o= f(n) S (duy)®,
by
where flu) is a function defined on the respective charr.

In the same manner as in the case of the degenerate Riemannian
structures we shall study the conformal degenerate struciure with the help
of a distribution H complenentary to the distribution ¥ determined by
the tensor field A.

A linear connexion given by its covariant derivative v is a degencrate
conformal connexion if :

{3.1} vaAd = (X4,
where 7€ 99(M) is the factor of the connexion i

Using the procedure of the section 2 of this psper we obrain the
formula for the general family of the degenerate conformal connexions :

(5.2) Y =¥ — L aX)hY - (b - 0), 0,

where ¢ is an arbitrary derenerare Riemannian connexion, /M, @ are the
tensor ficlds determined in the section 2 of this paper and Q is an arbi-
trary tensor freld of type (1,2),

We have seen that th: tenor field 7 introduced in the section 3 of
this paper is closely related 10 the integrability of the degenerate Rieman-
nian structure. It 4° = ev4 is the tensor field of type (0,2) obtained by
the multiplication of 4 with a funcrion ¢%, then:

(5.3) DX, Y, Z) = ¢ (L(X, ¥, Z) — A(Y, Z)du(oX)),

where L' is the tensor field corresponding o 4’

The tensor fickd of type (2,0) corresponding (o . is given by :

|
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and we obtain :

(5.4) LNX, A) = L(X, d)  pdofex),

where L(X, A} is the value of L caleulated for the vector field X and the
tensor field of type (2,0) 4.

-

If we denote: f:(X) ] L(X, A4), then:
Ig

Proposition 5.1. The rensor field
(12.5) X, Y, Z) = L(X, Y, Z) — L X)A(Y, 7),

15 an invariant of the degenerare conformal structure.
Using the method described in the section 3 of this paper we can
prove the following theorem:

Theorem 5.1, There exists a degenerate conformal connexion v owirh
the torsion tensor field:
TX,Y)

(5.6}

I ~— 1 Pt —_—
5 C! 91'..\'A R T ;\';J.!YA | CY_’-.\'A;
and the vanishing of this tensor field is equivalent 10 the wvanishing of C.

The general family of degenerate conformal connexions admitring T as
the porsion tensor field, is given by the Jforimula ;

Tt =y Y- 1 rhX} Y — _;i— 2(hY)hX -

(5.7) ) i =t
) /l(.\’, Y)/&‘! '!‘ ‘Z'Q':"Y} Y)J

where 7. ¢ (M) is an arbitrary Pfaffian form and Q€ ¥1(M) is an arbitrary
tensor field symmetric in the lower indices,

We look for an invariant of the degenerate conformal structure given
by the curvature tensor field of a connexion of the family (5.7),

We denote 1) 7= o and then efh = a: cp =0,
We have:
5.7

oY = 9o Y — o(X)hY — s(Y)IX A(X, Y)sd +00(X, Y).

1 Calculating the curvature tensor field # of the connexion (5.7) we
obtain ;
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MR(X, Y) = hR(X,Y) - KyA® Ay — Ky A Ay +
Ky ®@hX — Ky 5 hY - K(Y, X)h — K(X, Y)h,

where K¢ :7)(M) is defined by the formula:

(5.9)

(5.9) K(X, Y] = (vxo)(¥) + o(X)n(¥) — + dls, ) (X, Y).

Az, 5) is the value of A, calculated for the form o.

We cun obtain, by some calculations similar to those used in the ¢
classical case, the ,,Weyl tensor field“ of rthe degenerate conformal
structure :

L (E(X,Y
WX, Y)Z = hR(X, ¥}/ - (-—(—_) +

p—2
.04 : X, Z X,z
1 BX, 1) M_IL(Y,X) Be B(Y,X) hZ+([(X,7)+B(\ 3)”_
(5.10)  pp—2) p—=2  plp—2)] L p—2  plp—-2)
r—2  plp—2 p—2 plp—2

Y A By -
+ A(X.2) w—+,—+——|f; :
p—2 plp—2)
where [7¢ (M) is given by the formula:
B(Y,hX) - B(X, hY) R

(5 FX,Y) = DY, X) - —— =l
(5.11) (X, Y) (¥, X) P 20— 1)
and B, ) are obtained from ARe (M) by the contractions like in the
case of the Ricei tensor fields, (B(X,Y)= — B(Y, X)}.R is the scalar
Ricci curvature of the tensor field AR.

The Schouten-Weyl tensor field of the degenerate conformal structure
is given by the formula:

A(X,Y),

I B 09 B\
I (L e B Y,Z—\—.( + )X,Z).
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CONEXIUNI RIEMANNIENE DEGENERATE SI CONFORME DEGENERA TE

Rezumat

Se studiazd problema integrabilitafii structurilor riemanniene dege-
nerate cu ajutorul familiet de conexiuni compatibile cu aceste structuri.
Se obgine un rezultat analog cu rezultatul clasic pentru structuri rieman-
niene. O structurd riemanniand degenerati este integrabild dacd si numat
dacd existd o conexiune compatibild cu aceasti structurd avind tensorii de
curburd ¢i torsiune nuli.

Pentru cazul structurilor conforme singulare se introduc niste inva-
rianti care amintesc de tensorit Weyl ai structurilor conforme.

AUTOMORFISME INFINITEZIMALE ALE UNEI r-=-STRUCTURI
Bk
ELENA VAMANU

Fie V,

1

fundamental al acestel strueturi, deci ¢ = '/ [2]. Vom numi automorfism
infinitezimal al unei r-=-structur: un cimp de vectori X e H (V) in raport
cu care

(1) Lyp=0,

o varietate diferengiabild dotatd cu o r-x-structuri st - tensorul

unde H(V,) este aigebra Lie a cimourilor de vectori pe V,, iar Ly simbolul
derivatei Lie in raport cu cimpul X *).
In cele ce urmeazi ne propunem si swdiem citeva proprietiti ale

acestor automorfisme. -
Teorema 1. ['n cimp de vector: X ¢ H(V,) este un awtomorfism infi-

nirezimal al uner r-m-structurt dacd §i numal dacd
(2) [X, oY] — o ([X, Y]) pentru ovice Y e H(V,).
[[.] reprezintd crosetul a doud cimpuri de veciori).
Demonstrapie. Fie X, Ve H(V,). Avem:
(3) (X, o¥] = Lo (»Y) = (Lyo) Y + o (X, Y]
Din (3) rezultd ca Lyo 0 dacd §1 numal dacd | X, o V] == ([X, Y1),
eoc o d.
Observapie. Din proprietdtile derivatei Lic rezultd ed Ly~ — 0 atrage ¢

r=1
o) Ly 0,

I Pentru deralii vezi {17 s [3].



