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COMPLEXE DE CONURI PATRATICE IN SPATIUL ECHIAFIN ST EUCLIDIAN
TRIDIMENSIONAL

Rezumat

Continuind lucririle [10— 13}, se studiazi gcometria diferentiali a
varietdtilor cu trei parametri de conuri pdtratice in 4, si E,. Se foloseste,
in acest scop, metoda reperului mobil, a lui Cartan, aplicats imaginij
complexului intr-un spatiu proiectiv cu 9 dimensiuni. Se obtine, in ambele
cazuri, reperul canonic §i sistemul complet de invarianti. Se dau interpre-
tiri geometrice reperului si invariangilor, utilizind complexul, imaginea sa
in 8, precum si diferite figuri asociate complexului. Dintre cazurile de
exceptic se cerceteazd complexe de conuri de rotagie in E,.

EXTENSION AND BENDING OF ORTHOTROPIC
NATURALLY TWISTED BARS

BY
C. 1. BORS

We shall consider a bar limited by two planes x, -0, x,=4% and a
surface & given by the equation

(1) Six — kxaxy, x5 - kxyx,) =0,

where % is a small parameter, the square and higher powers of which can
be neglected. The region occupied by the bar will be denoted by <.

We shall name such bars slightl v twisted bars [1], [57*}.

We will suppose that the tractions applied at the ends of the bar are
statically equivalent either to a longitudinal force or to one bendinz couple.
The surface & is free from tractions. Also we suppose that there are no
body forces.

1. General equations

If we make the transformation :
(2) Z= x ~ kx,x,, = X+ kxyxy, = x,,
then the surface (1) becomes
(3) HE gy =0
and it is a cylindrical surface fyin the space &, 4, %,
) Th_e work of Riz [5) ix quoted after Khatiashvili [3]. Tdo not know if the

surtaces {1} were introduced in [5] or not. Anyway, in the work [3] the isotropic  case
was discussed,
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We will denote by § the region and alto the area of a normal section
of the cylindrical bar (3) and by I" the boundary of the region .
The inverse transformation is given by:
i

(4} Xy E v f\‘f:, X 4 /\’E: Ay =1,

't @5 casy to see that we have the following formulae

i It .ot i G, W
o (o8 3 /‘”. —
(5 cx, 0l ds, X. oy, 0z
. d o i )
— = /e('r, -— ],
dx, G oz gy,
and

" j # =cosz-b kLcos B, my= cosf — k¥ cos v,
{6} »
l ny = — k(r,cos & — Zcos ),

where 7; are the direction cosines of the extertor normal to the surface (1)

and cos z, cos ? are the cosines of the exterior normal to the curve I
We take the axis of 7 to be the central-line of the bar {3) and the axes

of % and v to be the principal axes of inertia of the end 7--0. In this

case we have

.,

\\ Sdidy — 0, \\ rdidn =0, \\ 2y d g,

& S

(71

The stress components «; must satisfy the equilibrium  equarions
(8) e 0 in o
and the boundary condirions
(9) s 0 on &

At the ends, the boundary conditions are dependent of the tractions
applied ar the ends.

The index jafter comma, indicates pariial differentiation with respect
t0 x;. We use also the summation convention over the repeated indices.

We shall suppose that the bar is made by one orthotropic material
so that the Hooke’s law is given in the form:

[ ay = Ayn + Hyyn + Gyy,
Gay =Hyy + By 4 Fyyy,
] Ay = Oyry - Fyoy -+ Gy

(10 a)
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(10 bj Oxy - Loy, og = My, o, Dy,
where A, B,.., L, M, D are moduli of elasticity.

We shall write the inverse relations of (10 a) and {I0b) by the
following formulae:

1 .
T 7 (v oy Viz Gop == G Gazl,
B
1
11 aj N },"Vl_-‘n Vay Fus — Ga6Gga),
B
1
NES LT GGy - Ga ‘73:1}5
G
. 1 1 1
{11 b} T = = Txy Ym= = Tapy Yo™= — Tpu.
L M D

The coefficients £, v, and o, may be expressed in terms of moduli of
elasticity as shown in [2].

In the formulae above we had denoted with v the rtechnical com-
ponents of strain given by

Vi == 1, (not summed),
Vi =ty 4w (1 57),

where z, are the components of the displacement.
The components -, must satisfy the compatibility conditions of
Saint-Venant

149 g1 . an s o
-.1" a 3 114,22 I =301 R E ) ®

(12 b) (== a0 b )i T s

2. Extension by a longitudinal force

Let the tractions applied at the end x, — / be statically equivalent to
a longitudinal force F,, acting in the centroid of this end.
We will see thar the problem of extension has an elementary solntion.
We trv to find the solurion in the form
- H
13) ty=—o, Lk, u o kihs ws o v ki,

+
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where u{ are complementary displacements to be determined and v is a
constant.

The stress components corresponding 1o the displacements (13} are
given by

on =k, Ouw=Ahip, Gp=F.| Rty ,
(14) ] Goz = — kyLayl - ko,
6o — kyMayy + ke, ,
I 6o = RyD{o; — )L +key,,

where =;; are the stresses corresponding to the displacements ).

If we substitute o, from (14) into (9), the boundary conditions take
the form

T11 €08 & + 73 €08 8 = — yD(q, - 6,)¢ cos g,
15) T12 COS & -} 720 €08 § = — vD{5, — 6,){ cos o,
5
Fa1 08 % + Ty €08 f = — yMoyy cos o - vLo,E cos B -

YE(qcos 2 — EcosB) on T,
The equilibrium equations (8) require that
(16) =iy =0

Here the indices 1, 2, 3 after comma indicate partial dif ferentiation
with respect to £, v, Z.

The equilibrium equations (16), the boundary conditions {15) and
the compatibility conditions (12) will be satisfred if we take

(17){:—,1 =0, 70 =0, 199y=0, ~y=v(Lo, E)I, wy = —y(Ms, — Ej,
T2 = — yD(5y — 5,
Taking into account (14) and (17), we find that
(18) { o =0, =0, 653 =vE,
Gog = RYEZ, @&y — —kyEs, &, —0.
The end conditions at x, = 4, require rhat
F
SE

and to add at (18) the stresses corresponding to the torsion problem of
cylindrical bar (3) by the torque

¥
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ﬁh:—k“ﬂ?+ﬁﬁﬁp
s

It follows that the extension is accompanied by a twisting effect.

3. Bending due to couples

Let the bar be subjected to two equal and opposits couples oL, acting
is the plane of the ends.
Ler us find the solution of the problem in the following form
’ Hy = %a(c1 % Gz'r,»2 + 03+ kau?,
(19)

U, = as,Zn -+ kaud,
I Uy = —a 50 4 kau®,
where #; are unknown functions of ¢, 1, L and a is a constant which will
be determined from the conditions at the end Xg.=h. )
‘The stress components corresponding to displacements (19) are given by
on = ka[G — 5,4 + H))oh + kaz,y,
6o = ka [F — oy(H + B)] 4L + ka,,,
Gy = —aEf 1+ ka[E - Glo; — a2)] 4 + kazy,

20)
Gog = ka [Lag (3% — %) +L32] + kaz,,,
Gy = — /eaM(o‘. + 52)2'0 “Ef'kaT:H )
Gg = — ]\’CID(CT[ - G:)ic - ka?lE:

where <; are the stress components corresponding to ).
If we take into account (20), (9) and (8) we find that the compo-
nents t; must satisfy

T11C08 % - 72 €03 f = —[G —o,(A4 + H)] 9% cos « + D(s, —6,)élcos B,
T12 €O % - Ty COS B = —[F — (H + B)] 7§ cos  + D(s; — 6.) £{ cos a,
O o
(21 T3 COS o+ 7508 = M{o, + 6,) &ycos & — Lo, (22 —72) cos § —

— L% cos B — E(Zqcos . — Ztcos B) on T,

and the equations
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T ) 0710 L a_"':ll 0
0z 7 0%

(2) | Loy T Fo e g py o ppa — ) 1 2L[T =0,
2% dn, 2
0__,“ -+ O 4+ (-9-7—:" + [2E — 2La, — M{a, | ) 4 G(a, — 6.)]n =20,
0z an T o%

in the region occupied by the bar (3).
It is easy to see that if we take

= —[G—~oa.(d + H)] 72,
[F — a:(H - B)] 7T,
g = — [11‘ - G(G[ o GZ)] qz >

23) Ty = L == LG:(ZZ — %) — L3+ Loy,

T2 = Dio) — 6)2T,
the first and the second equations (22) will be satisfied. _

The third equation will be satisfied if the function v is such thar
(24) ME 2y
gt 0

o

Iq =0 in S,

]

|

-

Also, the conditions (21) will be satisficd if the function satisfies the con-
dition
. 0w o . : Ay Y 8 on I
125} M Tcosz - L Tcos s~ 2Ms, 27 cos x — E{iv cos o — 22 cos n "
2 dr,

It is casy to prove that the condition of existence for the function
v Is sarisfied.

From (20} and (23) we have

oy =0, mw=10, a; aly, 6.=10)
126 - - .
= r Ral."" ot hLe 32,y = ka0
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The strain componcnrs corresponding to the stresses (26 verify  the
conditions of compatibilitv (12).
At the end x; — 2 we must have one bending couple 1,, In this
purpose first we must take

2k,

i

@ =

where

and after this, it remains 10 correct the boundary conditions at the end
Xy =/ by superposition of solutions of some adequate problems for the
cylindrical bar (3) (sce e.g. (2] or [4]).

REFERENCHES

I. Bory C. L. Lorsion of orthorropie natwrally rogsecd bars, Bull. Inst. Pofi, fusi, . 16
(200, fuse, 1 =2, ser. 1. 1970,

2. Bory C. 1. Teoria clasticirarii corpurilor  wmizorrope. Edi. Acad., R. S, Remainiy,
Bucuresti 1970,

do Khatiashvili Go M. — Sainr-Fenanr's prablems  for homogencaus anisorropic bodies
approximarcly similar 1o privmatic. Theory of Plares und Shells, Bratislava, 1066.

4. Lechnitzky 8. G, Theory of elasticity of anisorropic bodv (in Russian), Moskva~
Leningrad, 1950,

5. Riz P. AL Strains and stresses af navally tiofged  bars (in Russian). Tev.,  Akad.

Nauk SSSR, ser. math.. 4, 1939,

INTINDERIA SI INCOVOIEREA BARELOR ORTOTROPE USOR RASUCTTE
Rezumat

Se consideri o bari mirginitd de douj planc x, — 0, &y % si de o
suprafagd datd de (1). Pentru astfel de bare se studiazd intinderea de ci-
tre o fortd axiald si incovoicrea de cirre cupluri.

In lucrare se arati cum se peate gidsi o solufie care sa verifice ecua-
fiile de echilibru §i si satisfaca condiiile falimiid (9), Tn cazui intinderii,
solutia este elementary, iar in cazul incovoicrii trebuie gisitd o funciie &
ce satisface ecuatia (24) cu conditiile la limitd (23).

Pentru satisfacerea conditiilor de la capatul vy = /1, peste solugia gi.
sitd, trebuie suprapuse solugiile unor probleme adecvate referitoare la bara
cilindricd (3), probleme pe care sum sd le rezolvim.



