ON THE THEORY OF COUPLED THERMOVISCOELASTICITY

BY
D. IESAN

In this paper we consider the linear theory of coupled termovisco-
elasticity for a homogeneous and isotropic solid and esiablish some general
theorems:: reciprocity theorems, a variational theorem and an uniqueness
theorem.

. Basic Equations. Throughout this paper we employ a rectangular
coordinate system x, and the usual indicial notation

Let V te a regular region of the space occupied by a thermovisco-
elastic material whose boundary is Y. Let I be the interior of V,n; the
components of the unit outward normal to » and 2, (2= 1,2,3,4) subsets
of X so that SLUZ =Ny, =0, SNE =202 = G .

The basic equations of the linear theory of coupled thermovisco-
elasticity are [3, p. 3477
equations of motion

(1.1) Lis + B i,
equation of entropy
(1.2} Tof.. ~ Gt

constitutive equations

i
1.3) P \ Giine (2 — =Jew{x, =) dr — 8T5

14) gt_'kj’_nd

IR
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(1.5 6 e — T
Ty

geometrical cguations

[ 1.6) 2 i i, == 2u

We have assumed that the medium 15 isotropic, 1.c,
[1.7) ¢ G (8,84 8,8 G, 8,8,

In these relations, we have used the following notations: w~ compo-
nents of the displacement vector, 1, -components of the siress tensor, & -com-
ponents of the body force vector, v-entropy per unit volume measured
from the entropy of the reference state, g-components of the heat flux
vector, r-heat supplied per unit volume, T-temperature ueasured from the
constenit absolute temperature T, of the natural state, ¢, -zomponents of
the strain teasor, G, ,~components of the reluxaton rtensor, 2, 9,4k, c-cha-
racteristic constants of the material, 8 -Kronecker’s delta, the commua de-
notes partial derivation with respect to the space variables x, and a dot
denotes partial derivation with respect to the time r. It is known thart

(1.8) B0, ¢ 0.

We introduce the notion of an admissible state S =, qi,e5, 1,0, 1
by which we mean an ordered set of functions u,,g,,e;,7,t;,1 defined

on V> { x,») with the following properties:
1) e C1", g, € G, e € G, v ¢ CW\,
I € o > I'e CJ'O, 7] €55 i Tiis

where by C v we mean the notation from [6].
If we define addition of staies and multiplication of a state by a
scalar » through

SHES =qu=phi; ¢4 g, T T 0.5t g e DY
then the set of admissible states is a linear space.

Since a viscoelastic 1material ,remembers® its past hstory, we must
prescribe u,,e,;,7,; in the body up to some initial time ¢,. These data

consist of the functions lu,,e,,7,,} — § defined on V' x( oo,1,); call
the initial history. If S, lux,e,,2.,) on Voo{ o< g), the initial history
condition is

£.10) sSpay,

Without foss of generality, we ke ¢, — 0.
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If = {u,q9,e;, ;T is an admissible state which satisfies the

inirial history condition (1.10) then #, and x, automatically satisfies the
initial conditions

(1.11) #:0x,0)  lim z},(x, 1) = a;lxl, u'.(x,ﬂ) = lim du{x,1)
10— tvo- dt

b.

i

We adjoin the initial condition
s (x: 0) (),
and the boundary conditions

#,=u;, on X w[0,00),

L= lpmy —t;, on X, x|0,00),
g=4qin E: on }.:3)([0’0@),
T=T7, on X, [0, o0},

where vy, u,,2:,¢, T are prescribed functions and we have used the abbre-
VIATION X —= (X, X, X,).

We introduce the notion of a thermoviscoelastic state 7 = {4,,q:,6;5,
7 i, T} by which we mean an admissible state for which ., g, ¢, Ny lizs 4
satisfy the field equations (1.1)-~(1.6). v

By a solution of th.e_{nixed. problem we mean a thermoviscoelastic
state which sstisfies the initial history condition (1.10), the inirial condi-
rion (1.12} and the boundary conditions (1.13).

2. Alternative Formulation of the Problem. Let » and « be
f.uuctlons defined on Vx[0, o), continuous on [0, o) with respect to the
ume ¢ for each x¢ V. We denote by v+ o the convolution of v and o

T g?) (2, 8 — <)wlx, T)d~.

0

convoluetio‘:ﬂl have to use the following well-known properties of the

ro=asv vxo =0 implies v = 0 or « — 0,

(2.1)

Hx{Urx o) = (s P)r o — uxrvs W, U (U1 @) —u» L 4« e,
Proceeding as in [12] we obtain

Lema 2.1. G is a thermoviscoelastic state with the initial ki y
if and only if ‘T is admissible and satisfies the initial hi. | Condition (110,
the equarion (1.1), (1.2}, (1.4) (1.6) an'J;’ ? fritte Wistory condition (1.10)

2

a0
=4

— Malematic



434 D, IESAN 4

— d
(2.2) lij =t + A [Gijmren] — BT,
where
(2.3) Ty= SG,- sl -+ ow (x— )=
0

Henceforth we will denote by /,¢ the functions defined on [0,00) by
(2.4) ) =1, gt) =1.

Let f, W be functions defined on ¥x[0, oo) by
(2.5) fi=gxFitplth+a), W=1Ixr+ Ty,.

From [10), {6], [7], we have
Theorem 2.1. Ler u; ¢ C°2, g,¢ C'o 0 eC™, 1€, Lij=1t;;. Then

Uy @iy M, Ly Salisfy the equations (1.1), (1.2) and the initial conditions (1.11),
(1.12) if and only if

(2.6) &x Lijsj -+ fi = puy,

(2'7) Tﬂn = I« gisi + W.

Lemma 2.1 and Theorem 2.1 imply
Theorem 2.2. Ler S be an admissible state. Then S is a solution of

the mixed problem if and only if S sartisfies the equations {2.6),(2.7), (2.2),
(1.4)—(1.6), the intial history condition (1.10) and the boundary condi-

tions (1.13).

3. Reciprocity Theorems. In this section we use the method given
in [8], [9] to obtain the reciprocity theorems without using the Laplace
transform.

We consider the body subjected to two different systems of thermo-
viscoelastic loadings

(3.1) Lo — {F), po t:.':azl’ q‘,Ta.:, ;‘:_‘a), "fm, St 20}, (e =1,2),

and the two corresponding thermoviscoelastic conf igurations C™ = {y{x), T(}},

Theorem 3.1. If a thermoviscoelastic solid is subjected to rwo different
systems of thermoviscoelastic loadings Lo — 1,2), then, between the corres-
ponding configurations C'{o. — 1,2) there is the Sfollowing reciprocity relation

wn
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S[(f;(l) —f,"’) . uf."” — ;Tg" W T gy - gg,‘ [(ISIJ_?EIJ) . ugz) .
= 1} - 5

| b

1
3.2) —— Jagi, TE
(3.2) 7. x4

[H] 5

o=\ [79= T = Lgn o, 1) de 1

o [H]
N

e[y — ot g 1 a,

o

where j
53 T g7, 70— ign,
Proof. On the basis of relations (2.1), {1.7) we obtain
d . . wd .
(3'4) 65.;.) " Z [G:-'k-' ¥ efk?] - 8’;' " dr [Giﬂel * e.vli)]'

From (1.5}, (2.2), {3.4) we get
. (£ — £ + 3T 8. 1s el = [22 — 1 - g7 3
(3.5 [Bel — 0] s T2 = (Bel? — (2] T,

Adding these relations we obtain
(3.6) (el - "EEJ‘_)) sl — gty T (£ — 231) « el — yf#a T,

If we introduce the notation

(3.7) L“ﬁdg e (2 — 1) w e — qfm s Ty, (4,8 —1,2),
-
from (3.6} we have
(3.8} Li;—=1Ly.
Using the relations (1.2), (1.6), (2.6), {2.7) we obtain

gx [(t:f) _,.;g_f_’-)) . e(f;) — i T) = g. (3’(1’}) — ts.;‘)) ¥ u’:if !

1 1 -
Ik s gD T — — oy [Pty TOB) — o, [{fla}_ 7ia
g, 801 g T — g WL T = g (s 50) ),

(i = ; Sxle (g T®), i+ (fl@)— flo) gy ® 1 oy e, TE
f i i i T o

0 0
o R

- pug“) »ul®)-4 an: Ix Tff‘) x Tff?),
0
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so that

Lyg = k [/ — f1e) = 12

v

71, g0 7@ T®) gy |-

[}]

([;) ?5-1)),14{3) :

1 g Ix gh) I ’]‘(ﬁ)]dx
v :

(3.10) i .\g‘

-

o \[p“(ﬂ x p 5 g I = ¥ T:”.:'J dx.
. i 1 To & )
’_r'

From (3.8), (3.10) we obtain (3.2).

If instead of the relation (1.5) we assume that 7= (/T T, then we
obtain the uncoupled problem of the linear thermoviscoelasticity.

We seek to obtain the relation between the thermoviscoelastic confi-
gurations ¢V and C'*! corresponding to the coupled problem " and ro
the uncoupled problem P&, respectively. We assume that L® gre the
system of thermoviscoelasiic loadings curresponding to the problems
P#(a = 1,2). By a proof analogous to that of Theorem 3.1 we obrtain

Theorem 3.2. If a thermoviscoelastic solid is subject to two different
systems of loadings L* (2 = 1,2), then between the thermoviscoelastic configu-
rations C™(a = 1,2) corresponding 10 the problem Pi=i {0 — 1,2)) rthere exists
the following reciprocity relation

\’(ﬂ_l) — ) gl lg* 174 TIZZ‘Idx \gu[(t“-‘ z_;”) » 2% —
) 1 i 1 TO | A 1 :

%3 p

(3_11)‘”%01*9’““ T"-”de . g[(f;z: JEly vut)

1 .
. WO, T la’x :
8

0

o= L r g o

]

dx — nganeirj- » Tilidy.

| At

&
In the following, we consider some applications of the preceding
theorems, assuming ¥, = ¥, — 0.
Let us assume that the following loading system
13.12] Fil=3(x—3()3,, r!t = S = 4 =0,

where % is Dirac functon, will generate the displacement and thermal fields
JN, TH (i = 1,2,3). We also assume that the loading system

437

(3]31| F] 03 ril S(x E.g ) AY. TJ OJ

will generate the displacement and thermal fields U™, T4, Let P, Qo

be the 2cornpon:-:*nts of tractions and heat flux generated by U, 76 ¢cn ¥,
s=1,2,3,4), -

If we use the following notations
3.14) e O I
from (3.2) we obtain
Theorem 3.3. The components of displacements vector and the rempe-

rature, u,, 7, corvesponding to the system I, - {F.,r,?‘ f,S, Ty, are given by
the following relations 1

e sl = [0 —T0+ U e w04
.L’ i

= 1
[ R L

1]

(3.15) +

| LAy

+ ;-le“';T]dx.

i

If to the loadings systems (3.12), (3.13) we adjoin the boundary
conditions

10— T —0, on 3,

then the functions U TG (s =1,2,3,4) are »Green functions® corres-
ponding to the domain considered.

Let us consider a consequence of the Theorem 3.2. We assume that

the uncoupled problem P2 corresponds to the following thermoviscoelastic
loading system

A

{3.16) Fol =0, r = §(x £)3(r), z?) =T =52 — 7 = 0.
Let U;, 0, O be the components of displace nent vector, temperature

and heat flux on X generated by the loading system (3.16). Using the
relation (3.11), we obtain

Theorem 3.4. The problem of coupled thermoviscoelasticity correspon-

ding to the loading system L (F,,r,71, f:§ = o =0} s reduced to solving
an associated problem of uncoupled thermowiscoelasticity corresponding to the
loading (3.16) and 10 solving the following integral equiation
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T(E,t)=—Tof(FivU; -—%n@)dx-—- TOR(LU;JF

0
Vv i

(3.17) — .
+ -IlT;Q)dx-—ﬁngUr'r*de.
0 .

1/

These theorems generalize the results from [11].

4. Variational Theorem. In [6], Gurtin deduces variational princi-
ples which fully characterize the solution of the mixed problem of linear
elastodynamics. We have extended [7] these principles to the dynamic the-
ory of coupled thermoelasticity. In [12], the variational principles establi-
shed in [5], [6] were extended to dynamic viscoelasticity theory.

In what follows we give a variational theorem in the linear theory
of thermoviscoelasticity. ]

Let £ be a linear space, & a subset of £ and Q a functional defined
on &, Further, let

4.1) »Y €L, y+iy el for every real 2,
and formally define 3, Q{y} on ¥ by

d '
(4.2) By Q{y}= i Q{y + 1"}, e

We say that the variation of Q is zero at ¥ over W, and write
{4.3) 3Q2{y} =0, over &,

if and only if, 3,,Q{y} exists and equals zero for all ' consistent
with (4.1).

Theorem 4.1. Ler SN be the set of all admissible states that sarisfy
the initial history condition (1.10). Ler §={um,q,e4 0,2, T)eM and for
each t ¢ [0, o] define the functional O{S} on M through

1 T,
-Qi {S} = ES["" Gijkl &ij¥ ey als g“?ﬂ (7] S Ben) * :Q , Berr)} dx
v

(4.4) Sé’* [(ij — 1) » €55+ » Tdx - ég out, » u,dx —
v I
_g (g*fu'.:'“f‘f})#u;dx-k- 11' gg; W Tdx =
N 0.
v 14

e
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n {g:lvqi;(—l-g,-hkT‘- de +\ gvtwiide &
AT, ) 2 ’ '
A =
~ 1 ~ 1 o
- Sg; (ti — 1) v u,dx ~|——§g;l;T:qu—|— H-ggnl: (T—T) x gdx,

) 7 7, )
Then
(4.5) 3Q, {8} =0, over M, tef0, o),

if, and only if, S is a solution of the mixed problem.
Proof. Let & = {1, g€, 7, ., T'} be chosen so that § + 35 €,

1
for every real 7. Then (4.4), (4.2) and the divergence theorem imply

d & 5.
e S o [E (G vem) —(t— 1) =BT (g e )| v e: ar
(4

T
-"Sg'[ CD("J '_ﬁerr)""TJ"fJ’dx_'grg'zij.{ i fn - Puu)’u;dx +

I 17
1 1 :
46) T\ W —Tuntleg, s + T\l AT ) v g

[}
¥ 17

- g“’” (g, =~ e} w2, dx — S‘P (4, — ) £ dx

" K

r —~ , 1 . .
+ \g-\n (:‘.—-t‘,) mu‘.dx — —»-gg;llr (q—q_i » T'dx “T I—Egle (T— T) a-q'dx.
\ T, T,

>3 oy X,

First suppose that § is a solution of the mixed problem. Then by
Theorem 2.2, (4.6) and the choice of §’, (4.5) holds and the »if* part of

the theorem is proved. Conversely, to show that the ,,only if part is :
assume that (4.5) holds. Then w20 825 P rue,

(+.7) 85 {8} =0, te[0, w],

for every S’ such that S+ 2.8 ¢ 3 for all real A

Using the Lemmas established by Gurtin in [6], as in [6],[12], I7),
we can 'show‘that S satisfies the equations {2.8), (2.7), (2.2), (1.4)—(1.8),
the initial history condition (1.10) and the boundary conditions (1.13).
From Theorem 22 we conclude rhat S'is a solution of the mixed problem.
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9. Uniqueness Theorem. Theorem 5.1. Suppose that G, (f) is tni-
tally positive definite and possesses a Laplace rransform. .
Then there is ar most one solution of the mixed probiem which has a Laplace
transform with respect to t.

Proof. Let us consider two solutions of the stated problem 2f™), gl

ey 1, 1, T™ (o0 = 1,2) and let

ij
(5.1) ,"i e “E’l)_ u(,-ZJ) q, e ql(_l)_q(’:.»),”_, T - To ]’(21_

According to the linearity of the problem, the differences (5.1) sa-
tisfy the mixed problem corresponding to null data. )

Following [1], [4] we take the Laplace transform of the field equa-
tions and boundary conditions satisfied by the state {16, @iy eijy 75 by, T
We denote by f*(x,s) the Laplace transform with respect to ¢ of the
function f(x,1).

From (1.1), (1.2}, (2.2),(1.4)—(1.6) we obtain

(5.2) L. = pstul,
(5.3) Tysqy* = g:’,-:
(0.4) ;= Gl & — BT" B
(5.3) g =k T,‘I_,
c

(5.6 s Bes et —

) T’
(5.7) Qe:j = ":: +

Using (5.2)—(5.7) we obtain

L A Iy A PO Ity o P
ryel,+ Tyt = RO Tos 9 :
(5.8)
= (" "), + L (T"g?) os?ut ut - ! g5+
i l'ful')’f Tos qi Sl b [ T'()S [ b
c
* 4 kg - _ LS A L
(3.9) f:}— €. + T SG;‘jk: €€y T, re.

From (5.8), (5.9) we get

. . : 5 L. k . ) N .
(5.10) Ss‘G?}.kfe:je;Idx—}—}i—\sT"-dx—-p\s3uiuldx = DST,I.TH.dx-_._O.

[ v v v

-

e
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As in [4), we can prove that there exists a number 5; = 0 such that
if s >s,, the integrals on the left-hand side of (5.10) are non-negative,
Hence

u(x,8) =0, T'(x,5) =0, on V x [$15 t0).
This implies {2,p. 74] that
i, (x,1) = 0, T(x,7} =0, on V x [0, o).

The proof is complete.

This theorem generalises Weiner’s uniqueness theorem from the
classical thermoelasticity [13].

The analogous theorems are derived in [9] where we have assumed
another form of the constitutive equations.
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ASUPRA TEORIEY T‘ERMOVISCOEI.ASTICITATII CUPLATE
Rezumat

Se considerd ecuatiile teoriei liniare a termoviscoelasticitdii cuplate
in cazul mediilor omogene si izotrope si se stabilesc unele teoreme gene-

rale: teoreme de reciprocitate, o teoremi variationald $i o0 teoremd de
unicitate a solutiei.



