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ECHILIBRUL ELASTO-PLASTIC AL SFERE! PLINE ORTOTROPE
Rezumat

Se studiaza echilibrul eclasto-plastic al unei sfere pline ortotrope, sub
actiunca presiunii exterioare uniform distribuite pe suprafata sa. Tensiunile,
deformirile si deplasarea radiali in zona elasticd 0= r-" 5 sint date de
{2.5), (2.6} si (2.7). Tensiunile in zona plastici ¢ = r - asint date de (2.17)

EXACT SOLUTIONS OFF THE ONE-DIMENSIONAL NONSTEADY
FLOW OF IDEAL ELASTIC FLUIDS

I PINTILED and B ¢ CSTE

L Introduction. The classical linear theories of mechanies and phiysies
usc some general representations for the solutions of the underlying par-
tial differential equations. The fundamental equations become more com-
plicated by generalizing them to include chemical reactions and electro-
magnetic phenomena, or when one considers substances with unfamiliar
cquations of stare,

In this paper we deal with the nonsteady one-dimensional compressible
flow. A survey of this subject has been made by O. Zaldastani [1]
and an unified account has been given by R. von Mises [2] ch. III. In
the case of the anisentropic flows the general solution has been constructed
by M H. Martin and G.S.S. Ludford [3], for the equations of
state that include Karmen-Tsien’s approximation to ideal gas. J. A. Giese
{4, 5] gives an unified study of the above problem, and finds a gencral
parametric representation of fluids.

Here we intend to find a general solution of the one-dimensional flow
for some classes of elastic ideal fluids and ro construct a solution for some
boundary-value problems using the general representation of the solution.
We consider an ideal elastic fluid with the equation of sute

(L. P =)

where p is the pressure, o is the density of the fluid, and pz) is a O
function, Newton’s equation and the equation of continuity may be written
i the form
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where u(v, 7) is the velocity, x is the abscisse in the direction of motion,
and 7 is a time parameter. Using the one-to-one transformation

P

Cad
(1.3) v=| 22,
P
=H]
where a = /dp/ds is the local sound velocity, we obtain
7 J a0
W) L 4228 o N YR OTREN IR T o)
Jt ox dx ix Ot B

If we interchange the dependent and independent variables, the
transformed equations (1.4) are:

] ] -
{1.5) 4 {x — 1) -| & (tz) =0, (x — 1) 4 i 0- (z12) = 0.
do o du ou p dv
The first equatioa implies the existence of a function z(u, v), such that:
(1.6) X — iy = t-}‘?, ar — —02.
du v
Now using (1.6), Eq. (1.5), becomes
0 £l i o
cvt Ot a dv/ oy

where z(u, v) is a C°-function. This eguation has been studied by R. von
Mises ([2], p. 166) in the isentropic case (v = Sa, (—1/a) [l — da/dv] =
= — 4/5) and its general solution can be written in the form

P2+ Hn) 9D + in)

D:; t)'..

(1.8} =

Here (2} and (%) are arbitrary C* functions and the independent vari-
ables ar: given by

(1.9) i=vdwu, r=vp—y.

If we apply the one-to-one transformation (L.9), the equation (1.7)
becomes:

(1.10) Pz s i (qua)

(03 0%
JZdv  da dv

\(’)E (':.q

where

3 ENACT SQLUTIONS ir Til LINE-HIMENSIONAL  FLOW 431

) 1 da
1.11 A“—lr-r_:—-—(l-— )
( ) (s : 4aq dv

Th: differential equations of the characteristics of the system (1.4}
have the form

(1.12) d—x:u—cz.
dr

In the %, v-plane, the characteristics of the system (1.4) are given by
(1.1279 v+4 u= I, =const, v —u-— 7, =const

The study of the nonsteady one-dimensional flow of the elastic
ideal fluids is confined to the integration of the equation (1.10}. In the
following sections we shall determine the class of elastic fluids (1.1} for
which the general solution of the equation (1.10) has the form

(113) L= f[zz fs (P(E.J: ?’(E:-I semes P n'f_z): '.L('])J *I"('r;) b abAd ] .?l,("l)(-,‘.)],

where ©(Z) is a C"*2-function and W) is a C***function.
2. The classes of equations with explicit gensral solutisn.

Let us take
_9f _of af _
f; a:’;’ v _ar._’,J.“’f; ¥ acp-"lj ff- (,)‘/}J
o ar _af
So = 5;:: Fotmy = m:

where f is a C3-function. If we differentiate (1.13) and introduce in (1.10)
we obtain

RU) Jo A ¥ Lo W S G Ly D L P00
o Lo, R fony Y - fo ey WD D
T AU Lo Lo f o f ¥ fo W) = 0,
From (2.1} we see that
Satmytm = 0,
(2.2) Seatm HFopim @+ fotunyon 50 + AF om =0,
Fratn F Fogtn ¥ <o 4 Foimmy oy 4 + Af 0y = 0,
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Loyt Loy %' Loy 910

E ./:;-;,["' I ".3"-.5(“') foc "?l__/.._‘(u--l)h?(l

| f'.- o [)e
'.'_.f‘;(” el 1) 'P(ﬂl} ';J( i) -i- A |'f 1 .[-f ?'

Lo P B LY ey S} 0,

s

Differentiating (2.2), with respecr to e KL L
- Y v
(2.2)y with respect to L0, yn-n U

T+ AL =0, [+ Afom =0,

W' and 57 and
and o respectively, we have

(B3 St L S I f 8 b S8 e f ey s

i

A(f'i ';__f_‘; ',—-”I_ ‘m + f.;(-': ! ‘?l‘”)'! _f,.‘ :'f ,:')r_j.__

o

,/’,;(u).;(m) — _f_;(:1 Hedwf—" === f.‘:,-d(n.‘] =
(2.4)

o -]_./j;(m»-l] .;(m]) == {}

0,

Semutn 0= fotipn == o= [y, =0,
From (2.4), it results that / must have the form
2‘-.') j .g( E., iy P ’.31 3rey Y ) ) 'i' /’(EJ " '7"3 ".I"IJ"') l’ "

where ¢ and /2 are C*-functions.

from

..‘,” el L A.“)r-'-,”" = ”5 ki':“ ) ":' A’f.‘;(,”) == ”’
56 8z, /!E'r +"?-;,-; B ima- L.g,.;(u ny w4 /I.___.-_,'_'.- SR
{2, ),. - '

oA gy -t

/[_; o ’.J' }.. e
e /i',';(”" 1 .;,(m)) {).
It we integrate (2.G), and 12.6)., we obrain

g, -Ag

S O ERE Ly
LR I R T P

%]
~1
—

Bt Al CL(E, gy by

where ©) aad C, are arbitrary G-functions of their
Now, we can write (2.6),, in the form

Cig 5'Ciz 9" bt - Goog 1zt 5 G, 4=C. 5

17 = 1
N ("".‘"'; =) -_EJ(M) - A (C‘ -J- C_.i

If we differentiate (2.8) with respect to »* and
following relations -

(2.8}

ra

i
3

arguments.

),

Using (2.5), the relations (2.3)

/li.;.

3

T Eeta—y 8 g R

0.

we

take the

have the

[l
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(2.5) Cratimny (A" “I:);‘;’,‘:(n), Copmany = {d" /1-')11_.;(,,.}.

A Suppose thar A -+ A - ), Integrating (2.9), we obtain
]

/_IT_I_ A2 Cl":{"'"J ?(”] a C.l I ZJ Ty %y z.-"f yory P )v
(2.10) 1 '
A G ),

Here, C, and C, are arbitrary C* functions. By replacing {2.10) into (2.8),
we can write

Coat Coo? bk Cigpomshr=i 4 G, s G &

5= 2n .
C . 4] '-')(”' 1}
i =17

SAG R C) (A - A (G, -y — 0,

__ Substituting (2,10 into (2.7} and differentiating the obtained relations
with respect to " and L' we have

Cp vy A A e
A :

A — A4 7
T LA

Coi hAC = 1), Cud AGu=0,

h

T L R loee 1.7
ny CifZ, il

(2.12)

The equations (2.12), and (2.12), become, by integration
. AN — A 47 ;
(Jl.l_ — C, —_— ”I(:) f', pl_-)‘f)','“’ “, 1= I,
A - A ’ ‘
. A'l _/IA’ 5 Arr
B A oA

where @, and o, are arbitrary functions of their arguments. The equations
(2.13} have the solutions

(2.1.3)

]

:
rx=a.(Z, w, Y,

I ' a

i
b l

gu

) g gt
Cobl% 2y ot ':cxp\A |4'4 . A d H{Z e n, ol 2i)

(2.14) )
J L e t i
\[I IA[{ {* E e !-['-’: z-‘l T .:I")"'J AT

Co = baln, oy ., i

") exp

Here B, and b, are arbitrary functions, - 2¢ and H, and H, are given by
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& A( o AA - A.'.' : 5 Aﬂ _E' A_{q' o A:i '
H = Sal exp \ TR dﬁidr‘ exp.\ 2. a dq,
k3 z z ) , :
‘ A — A4 A |, A AL - A
Hy= \a: exp \ T de;ld; cxpS A1 di.

If we take into consideration the arguments of the functions Cp
C,, C;, and C, we see that the relation (2.11) becomes

ACE-EC . FF Cio o - a0t o=t — (A" 43} C, ="— AC, —
=Gy — Gy '+ — Cpypo g Y0 o (A" A2 C, = 5(3, %),

where «(Z,+) is an arbitrary function of its arguments. Hence, we find

o W i
A+ A2

1
“Tra
Using (2.14) and (2.15), the equations (2.12), and (2.12), become

Cy [AC,+ C,, + C 0" ++ -+ Cpyumny o — a(Z,1)],

(2.15)

i [AC, + Gy, + Coy ' + -+ Cpyna ¥V + 2(2, 1))

) - . ” A r _AS
(A" + A% — (A = Az}lbl exp\A +, ! . dr +
A A . 4
T At B o4 H o o)+ AH,, —
A+ 4 i
o IL_’_:?;)’H[ +H,,, + 1y o R Hlv.:("—'—’) ofas! = “, = 0,
A"+ A S
(2.16) ; A4 A3
r 2 I i .A” [ T )
J|{4 & A7) _(A'+A2)‘baexp\ > .
| A4+ 4 J s
N A — AArA_-Arr [HZP _|_H21.JL_V— ook Hy g L!,("r-*l)—l-d]‘FAHzi—
A A A2 '
A4’ -4

— g, Mot Hy A+ Hy 0 e b Hypey 2 V- e, = 0.
A+ A4 - - A
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Differentiating these relations with respect 10 ¢"=1 and 40"-1 apd
remarking that the functions 4, and b, depend on «*~1 apd (58 pes-
pectively, we obrain

L AN T
(2.17) [——(A £ Ay — (A" -} 4% =0,
A L A2
Hence, if we integrate (2.17), we find the various functions A(2v), and
from (1.11), we obtain the differential equations for a(v).

b) Take the second case, when A’ - 4* = (),

If we integrate this condition, we find the other differential equations
for a(v). Using the relarion (1.3) and the definition of « (a - Vdp/ds) we
obtain the equations of state of the fluid.

3. Th: form of the general solution. 2) We now consider the
first case: 4’ + A4° = 0. Then from (2.16) and (2,17} we obrain:

(A’ + 42 , i
Ar +A2 }[Hli _}"H]q;:? +' o *}_ Hl;(ll—ij '{)( S = ?.] -+ AH]_’; —_
A4 - 4y ,
= (AT_'_Tﬂ)Hn +Hy, - H o H gy ol @, =0,
(3.1)
(A" + A% . s
[A B A -i:A: 'v [H-"r. - Hzc: e wa'"-zl Pl ] + Ast -
AﬂiA-) H2 -l H,-,- + Hr;-:n (.IJ' A + Hq:.' (m—2 .‘b(iu—l) + = O.
A+ A i b o N
By differentiating (3.1), with respect to ¢"~1, we obtain
(4" + 4%
3.2 A_"—"_'-‘}H. n—2 ‘H.__ e =0-
(3.2) [ R 1=+ H i)

The solution of this equation is

(33) H, = (4 + A K, (%, 0 .., ") exp (— \-Adr) 4 Ly(E, 1y 0y o0=31),

where K, and L, are arbitrary functions of theijr arguments,
From Egs. (3.1}, (3.3), and (2.17) we find

[A . (A + /I:‘) J[Ll; Sl L:} (‘D’ 4 Ll';("“") r‘g(ﬂ—z) — a:] -+ .4L|n -

A’ - 42
A4 - Ay ; o
- _54%;‘42—) Ll + L]-..__ i Ll'{.‘ﬁ ’? + R _iL L]'{_@"I_:” r‘?(”_-] ' I_r' 0.
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This last equatton is the same as Eq. (5.1}, and we easily sce that
it¢ sofution is given by

Ly (A" 1 A% exp | \AJ*)M,[E,';,...,? ) N g,

H

Therefore, (2.3) is equivalent to
: ]

(3.3 Hy = (A" L 4% c:\'p( Sz‘h‘f‘:) X5 2, GBI Vs )
where :

X = KI(EJ @y @)+ M (S, Pyyeeny P Uyl 3, 7).

Returning to Eq. (3.1),, and using a similar way, we obtain |
[3.4) H, = (A" - 4% cxp ( \Ad‘:) Xty ey 92 4 V5, ). lJ
From Egs. (2.5), (2.10), (2.14}, (2.15), (3.3), and (3.4) we see that the

function / must have the form

’ - o T A . , S

J—exp ( \ Ad?] -rp'*i:! L) - (Ijl X /13 (=l Z) -1 S ) l T2y
where .

‘2 ( ] bt Xy () ( . J BN

24 ) — b 0 1) = = AN

' A 1;-')-,?, ' ’ I TR

P(5,0) = — o [¥is i} Yoo A(Y, Y,
rifieetio pib

Here P(Z, r) 1s a particular solution of Eq. (1.10) and we can take P—0
Hence when 4" -- 420, the general solution of the equation (1.10}, in
a sumpiified noration, has the form

(4" L A2

B3 /= ¥ - TR '.b(-r,))Jexp( \u)

b} Let us now examine the second case, when &' | 4* = 0. By dif-
ferentiating (2.8) with respect 1o Py 2y WL 00 and < we see that )
and C, are funcrions of * and . From (2.7}, and {2.7),, it follows

O (R N Fltass o HIE O RN v ) 15

~1

b= 'TI)* ("l) Lexp ( -\- ‘d!j?} LA | :-3 ",s

. P b4 B - s = i {
where - (__)3 2 (0), a, (G, ) and a,(Z, 4 are arbitrary functions,
If we introduce (3.6) into (2.5) the :olution may be written as follows:

e=/=[2" () + 4 ()] exp ( \ Adr) Fa(Z o)

where ¢ (z, 1|)=al-(2_, n) +Fas (i, 4) is a particular solution of the Eq.
(1.10). Therefore, in the case A’ + A% = 0, the general solution of the
Eq. (1.10) is

(3.7) 2 =[=[9" (2) -+ 4" ()] exp [_\ Adt).
4. Determination of the function 4 (Z--4). If we take 4’ AT =R
the Eq. (2.17) can be written [B"'8'] =8, s
Then, by intezration, we obtain the equation,
2B’ _
By2c,8+2¢,

where & and €, are constants. From (4.1) we have

(4.1)

(== 2u),

A - J.I‘l = __;L
cos® (k< k)’
“2) ' 2/‘,_’ [,Iu*:+l:; 2
A At = 13 A+ 4=

(= %) "
where k&, &y, k,, #, and k; are arbitrary constants.
By Integrating the above Egs., we obtamn, by (1.3), (1.11) and ¢~ Velpld -
three classes of ideal el stic fhuids. 1f £, =g, (4.2), gives: '
D 2
(-£.3) A @ 2

o

This differential equation has the particulir solution: |- Ve, If, in (3.5)
we put A = /v, then we find the solution given by R. von Mises for
isentropic fluid flow (1.8). -
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5. Thz solution of a Riemann problem. The general solution of Eg.
(1.3) is

ek
e 3Cri—=
where ~— L4 == 2y, and C is a constant. When € — 1/24, we find
A= L 2 I and the general solution (3.5) can be written
v 20t - )
‘ Y ryw 1 1 = !
(5.2) 5= @ () + o' (1) == (2(3) + ¥ ()} ].
¢t —1 o
From Egs. (5.2). (1.6), and (1.4}, we obtain
Nt — — (t?" ¢ — ! (?’—‘.1”)):
? — | o
al_p!
) e ‘[¢+¢—’w+w]——i-y+a+
7% — 1 U |

;IJ@+@—}%¢+¢W-
o o)

In the last part of this article, we shall deal with the determination
of the arbitrary functions o(%) = ¢ (v + #) and (7)) = (v —u) when,

1.
x -t = z(v), along o= 5 (Z 47y, m = const,

(5.4) ;
% —tm=BG(v), alony v= o (£ + ), Z,= const,

where «(v) and &(v) arz given functions. We remark that a(vy) = B(v,), and
this value may be taken to be zero by locating the origin suitably on the
x-axis.

Substitutinz (3.4) into (5.3), w2 obrain

, Ve iy B = == p
S = @Y= v (),
(3.5) ,
1 v — 1 . 1
= B} ol == o==(4i+ ),
4 v 7 2
where ¢, = ¢(£)) and ¢; = ¥(n,). Integrating (5.5) we have
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23— 1 - , I .
— a(v)de — 24 v 4 i - 5 (2 + ),

- . - ] . ,
& '-.fi) = Ca'v- = 27)2\ ' o ﬁ(v)d@' - 2‘?1‘0 + Py P =é‘(£1 o 1k

L

where C, and C, are the constants of the integration. If we introduce
the functions

(5.6)

the functions o'(%) and &'(y) may be written

9(3) = C " —24[v + 4 + 202A(0), v=—(+14,),

(5.7)

b= B =

V() = C,° 2o 749, — 20 R{v) p=

a

(E:l =+ 7])-

We find now

e t: 2 2 L | te 1 b
o(%) =4\ val)do +7 0’ =240t 4 240+ K,, v G+ m,

o 2 "0 ! 1 >
B(7) = 4\ v ®(v)dy - , Co* =290 + 200+ K,, o =7 (2 4+ 7).

"1

We get sev21 resteicting conditions for the constants if we evaluate (5.5)
(57), (58, and (5.3), for £ =%, and 4 = 4,
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4460
M Wiy Y n ) ' '._ l '
L=l , = 0p, =000 00
[}
2 b 7
2 pht— 2w 20 4- K
= f_-‘ [k 2{,‘?}1 {" 3 'Jl {Cl | _'7]7| 1Y% 1
) k]
(75,9)
g E=E (i ey 27k K,,
off| , ¥
o) 3?_1-; . 32J| (,‘ I J)
: RV e 27 D
FREE ) , ol 4 2
H‘Ir”— T (.Jl_} .[) (U: 142771 (TII ])

i
where g, 1s the : und i
ten constanis <., v, %5 Y P ‘JI‘, ]
(5.9), only four can be chosen arbitrarily,
9,
If we choose

{5.10)

where #, 8, v and & are constants, from (5.9

:

&
il
:2
p
l

2 Uy 2 Ty
3 1)..!
v 1 SR (z] o
(5.11) o= —r——m— 3+ (2 e, gz N1l
5 5 (¥ —1)?
d 1
K==+ —(t--v)v, K, v . 32 azt,,
' 3
Cre=Ca=rd
From (5.10) and (5.11) we find
kel K.v - . . ] I [ -:
=(2) -1\ o @) de - 3 B MELLISEN, ¢ = s
(.12 ¥ '
| A K (B )4
) = — 4\ Ryl - " V= Mr= v L AP K A
ol ] (i, =F #k
9

where K, L, M, and N are arbitrary constants.

and & in (3.2), using (5.12), we obrain

—_— e

1 2

B, "IJ‘; ==ip) C, =3

we obtaln

If we introduce 4, o

3

i i initi ent. Of the
d velocity, and 7, is the imiual mom _
L ¥ 'Y,Cl, C,li K, and K,, which appear in

o

(5.13)

The constant K has no effect on x and ¢ us functions of # and o,

By using (1.5) and (1.9} we obrain the parametric equations of the
characteristics.
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SOLUTI EXACIE PENTRU AISCAREA UNIDIMENSIONATLA
NESTATIONARA A FLUIDELOR IDEALE ELASTICE

Rezumat

In aceustd Noti se caurd solutii exacte, de forma (1.13), pentru ecuy-
tiile (1.10) care descriu miscarea unidimensionali nestationard a fluidelor
ideale elastice. Forma solutiei este datd de (3.5). Ecuaiile [4.2) determing
clasele de fluide elastice a cdror miscare unidimensionuld nestaionari este
descrisd de solugia (3.53). Intr-un cuz particular, se rezolvd o problema
la limitd,



