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Die Losungsmethode der Grundprobleme cinmal festgesetzt, bietet

die Losung des Planungsproblems £ mit Hilfe der Branch aud Bound-Pro-
zedur (bzw. S.E.P. bzw. Rados Algorithmus)keine prinzipiellen Schwierigkei-

ten mehr.
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Aweigseelle Cluj
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PLANIFICAREA LUCRULUI iN MAI MULTE ECHIPE
Rezumat

Se studiazi problema programirii in timp a fabricatiei intr-un atelier
care funciioneazd in mai multe echipe. Se propune un mode!l matematic
al problemei si se indici metoda de rezolvare.

ON THE REDUCED FORM OF THE LINEAR
BOOLEAN AUTOMATA

BY

DAN A. SIMOVICI and CORINA REISCHER

1. Introduction. In our paper [4] we studied a new class of finite
automata : the linear Boolean automata (I..B.A.}. This sort of automata can
be regarded as useful models for the theory of the communication networks
for the switching theory and, also for the study of programming systems.

We shall denote below, following the usual notations [3],{4]| by B,
the two-element Boolean alzebra, {0, 1, \w, n, —} and with B{"9 the matrix

Boolean algebra, whose elements are matrices with p rows and ¢ columns with
entries belonging to B;.

Wheref linear Boolean automaton is a 5-uple: < B{-", B!, B, f o>

(1) f:Bg N x Byt — Bir ),
IZ) g:Bg"J 1 Y Bg,l._; B;m,l).

The finite sets B,-" Bim'), B{"-'), are respectively the set of inputs

the set of states and the set of outputs. The mapping f is the next state
function; g is the output function. These functions are given by:

17 fis(zy, u(t)) = s(t + 1} — As{t) v Bu(1),
(2 gls(n), u(t)) — y{e) - Cs{r) v Du(r),

wh_en.: s{e),s(e =1y e B{» D, u{rje B&Y y(t) € Bim 1, A, B, G, D the charac-
teristic matrices of the circuit belonging respectively to Binn), Bim?’
B('m, n:', B'z'" i, : T
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We shall denote the L.B.A. automata with characteristic matrices A8,
C, Dby < A,B,C, D> .

In the sequel £, will be the symbol of the unit matrix from B

We shall give an algorithm which is similar to Gili’s algorithm for the
minimization of linear scquental circuits [1], pp. 164 175.

II. The physical structure of the L.B.A. and their exteriorized
form. The equations (1) and (2) indicate the physical structure of an L.B.A,

We notice that the implementation of these equations needs disjunc-
tive and conjunctive gates and also, delayers.

The way of acting of the first two elements is well known. Regar-
ding the delayers, if their input at time 7 is o’(r), the output in the next
moment is ¢(r - 1} = ¢'(r), where &, 6" € B..

The sequential mode of acting is realised by using the delayers. If
we consider that the state of the automaton is given by the output of
the n delayers:

ay (e
(3) slz) G'—’.(I) ,

(1)

we find the next-state with (1), Therefore we can consider the »eALlerio-
rized” form of the automaton (see fig. 2) in wich the circuits which im-
plement the functions / and g are presented as a ,blickbox® and the

delayers are drown outwardly.
| i }—} Delayers

& o
v 2 FAY
&>
& (-] l——-\!
il b ! Cami nofor.q[ m
13 i
: D——o ovls nebudra outp: L
c) E N — .
Fig. 1 — Constitutive elements Fig. 2 — The cxteriorized form
a, b} ,or" and ,and“ elements of a L.B.A.

) delavers,

III. The ideal of the states which are equivalent with the
O-state. We shall give firstly a lemma which is proved in 2], p. 44.

Lemma 1. Let Ac Bm», There exists the marriv A ! iff the marix
A as obrained from the walt marix througt a perovcationn of the rows or of
Yihe colummns,

where :

|

) ~

A

BOOLl v

A

Oy
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) Let 4 be the i-column of the matrix . Then A will be an inver-
tible matrix iff we can write:

A = Iy A,

p (l 2 ..

is a permutation on the set [ 1,
the matrix 4 * will be obtained from A by (ransposing it :

A1

Then

From (3) it is clear that the state-vector depends on the order of
delayers. Further, we consider the effect of the renumbering of the

Ar,

layers on the state-vector.

Lemma 2. The renumbering of the delayers with the perutarion

2,0k

(l 2...n

] sd ottt 2w

acts on the state-vector as Jollows :

s =

where R Is a permutation matrix,
The proof is immediate,
By using Lemma 2, it is clear that:

()

(1)
(=)

§ = {[;-

3o

geesy Kz is

)

N )
=

.
L

Ry,

the
de-

Now, let us infer the form of the characteristic matrices of the
circutt when a remembering of delayers is occuring,

From the equations (17) and (2'), by using (4], we find:

-~

Rs(r -+ 1)

ARs(r) w Bult),
v{e) - CRsl) v Dulr) .

By using Lemma | these equations could be written :

'\lm)
(27)

We conclude that the new characteristic mairices become !

D,

(5

31

A

st + 1) = RTARS() U R"Bu(1),
CR:(1) v Duis).

»(r)

R'AR, B

RB, €

CR, D
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We proved in [4] that the set Z of the states which are equivalent with
the O-state is an ideal in the By~Y algebra. The cquivalence of the states

is regarded there from the point of view of the external behaviour of
the automaton and it was proved that this equivalence is the same with the
ideal-equivalence ([3], p. 77).

Two states will be equivalent [we, &) iff o we s, where @

de-
notes the exclusive disjunction: o @ @ = (6N G) U (o N6} Let T =) o,

wsZ
Suppose that ¢ has £ nonzero components. We shall say that the automaton
has the canonical form iff the units of { are in its first 4 entries.

If it happens that these % units are not in the first 4 entries let us
consider a permutation matrix & which allows to arrange ths units in these
positions. Then we shall renumber the delayers by the method which was
indicated earlier (in the Lemma 2). Now it is selt’ evident that every L.B.A.
is equivalent with 2 canonical L.B.A. because the renumbering of the de-
layers do not affect the external behavior.

Henceforth, in this paragraph the L.B.A. awill be considered as being in
the canonical forne.

It is clear that we Z iff it has the form o ((; ), where e BUS
() ¢ Bin=hbi

. 3 . () { i
Lemma 3. The stares mu( o ) and o --( )where G, € Bty € Bie=tadl
O

T

Oe B are = -equivalent.

Indeed:
@ 0
€z,
(‘7-.']@(‘7-’} (0)

Lemma 4. 1) weZ, then AveZ
In [4] we pointed out that a neccs&ur_v and sufficient condition in
order that w e 2 is:

C
} C:A w0
Gt
I'his 1s equivalent with the equalities:
[6) Co=Cder— ...v=CA 1o — (1
By using the associativity of the Boolean matrix procuct, we obtain
iAoy iEsiis GASE Ao li=0).

Bui, we croved in [ bt

5 N LFORs €1 INEAR BOOLLEAN A ATA 153

ClAde) KCEUVAU.UAYG —0,

where | < ¢ n — 1. Hence CA" 'de) = C{A"w) = 0, which proves the
lemma. '

1V. The reduced form of a L.B.A. Theorem 1. Ler R the inverrible
matrix which  carries the k wnits of = Umznw the first k positions and

4 — RTAR the marrix of the canonical form of the L.B.A. I A~ (A‘ ‘_‘_1-'
. ) A, d )
where A, € BR, then: A; — (0)

=t
Proof. Let w - ((‘;)EZ, v € BEY, Using lemma 4,40 € Z and Ao
2 ( 4, u

Az u
q.e.d,

Theorem 2. Ler C— CR t/e corresponding  matrix of the canonical
ormoaf the LB.A. and let C—-(CT, C,}, where CLe BmM | Then C, (0),05.0+

). Hence A,u 0 for every wé€ BV, Therefore Ay - (0},

Proof. Let wé Z. Then o s (; | with ¢ BIAD,

From Co =0 it follows Cye =0 for every u € B, We conclude
then C = -j'(})”“k g. ¢. d.

. A, A, B

Fheorem 3. ler ( 173 ) = : C={, C e ¢l
| 0 4, B, ) 0, G, D the cha
racteristic matrices of a L.B.A. in the canonical form, where A, e BFY B € Bk,
Cz € Bém,rr—f\'] D c B::m.i"l_ B : :

Then, the L.B.A. with the characteristic matrices Ay, By, Coy D is equi-
‘z;a;fe:zz f.m/z the first awomaton  from the point of view of the external
ehavior.

)

Proof. We shall prove that the state o - ( ) of the automaton

Gy

» B, G, D = is equivalent to the state s — o, of the automaton
AI) Bn’ Co_, _."'.

The output equation of the first automaton is:

yirl = Cofr) v Dut) — (0 C.) ( E

L

) O Du— C,5,w Du.

For the second automaton we have:

w1} — Coo, 0 D — w1

Li
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A time after 7 the state of the automaton will be:

A Ay, B Aym o dieawr B ot
o' o () J= ()
0 A !, 3, Ay By

o
i

The next state in the automaton — A,, B.,C,, D - will be:

I

s Ayea o B,

We notice that the states o' and s° are also equivalent because the
,,sccond part of the state ' is precisely 5.

Theorem 4. The automaron ALB,,Coy D = s a minimal one.

Proof. Let us suppose that <, and &, are equivalent states. Then,

. a 7, .
in the automaton -~ A4, B, C, D = the statcs( g }and( 2 Iare zy~equivalent.
e] G,
1

Hence, by using th: condition of state equivalence, we obtain

5 ’7.. 5] L T -

[l = e = )£ 4

G‘ 0, f._l s fT_,

This is possible only if =, @ e, = 0 which means «, — 4.
Corollary, [Ivery LB.A. s cquuvalent with a minimal L.,

V. Consequences from the Theorems 3-4.
b If 4, -k, , then, after a sufficient large time the state of the

L.B.A. becomes a coustant « (in a free evolution of the reduced auto-
maton) [4].
We can infer now, that the state of the automaton - A, B,C, D -

will be further:
A 1)
5._!, ( . }J

where - const. and w(f) € BXY.
This faci indicates how o determine through an experience with
the L.B.A. the index n - /& of its reduced automaton.
2" In order to find % we shall use the properties of the ideal Z. We
shall prove if any column of the unit matrix £, i equivalent with the
0

staie 0

0

i I ™ b, I=A

If there exists & columns of the unit matrix 5, o the ideal 7, for

instance [ ., %. , then T U £z, Towill contain £ units and & zeros
. 2 T

H

because every unit in 7 corresponds to a column [ € 7.

The column £, belongs to 7 iff the i~th column of the matrices
C, CA,...,CA are null vectors. This happens iff the s-column from the
matrix CUCAw ...uCA — ClEw A .. A is the null vector. We
remember that ¢ was defined in [4].

We obrtain:

Theorem 5. The index of the minimal autowaton is cqual to the menther
of the non-zero colwmns of the matrix C(Ew A v A7
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ASUPRA FORMEI REDUSE A AUTOMATELOR LINIARE BOOLEENE
Rezumat

Principalul rezuliat continut in lucrare este stabilirea unui algoritm
de minimizare peotru automatele liniare booleene. In legdturd cu acest
algoritm se gdsesc o serie de proprietdi ale idealului stdrilor echivalente
cu starea nuld precum si unele revultare referitoare lu diagnosticaren acestui
rp de automate.



