FOURIER SERIES FOR GENERALIZED MEIJER FUNCTIONS
By

MANILAIL SHAH

¥ 1. Imtroduction

The Generalized Meijer Function of Two ariables. Recently Dr.
Sharma ([6], pp. 26-40) has introduced the generalized Meijer function
of two variables by means of a double Mellin-Barnes type contour inte-
gral i the form
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and £, and L, are suitable contours. m o
A, B, C etc. are positive intezgers and satisfy the following inequalities :

D>1, F>1, A>1, B>=1
0 Kp<d, 0-¢gLC, 0Kk E 0LrLD, 0<ILF,
ALCxB-Dand 4A5-ELBF

The above interral converges under the following conditions

2{ptg A5 Ad M- C D, |arg (=) & (p J-¢'F r
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L e < L
2 2 2 2
{34
\ 2(p+q¢g-+1) >A B E |- F, arg(v) (p + k-Lr—
1 A : s : I : F)=;
2 2 2 2

(1) Iftd: C=8--D A4+ FE=258"+F, then we must have
<R <1, ) <R 1.

The values x =1 and v =0 are excluded. )

Ior sake of brevity and ease in writing, we shall follow the con-
tracted notation. (a) stands for .the set of 4 parameters a,, Ay yois “:1.th
similar notations for (6), (¢}, (d), (e) and (f). The generalized Meijer
function (1.1} is represented symbolically by

S (x, v = _*]*—\ \ W (s - p) (s, )t atids
s
The symbol A (m, #) represents the ser of m-parameters
non--l R } )
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The notation (A (3, @ -+ b)) will stand for (A (3, a - &)}, (A (S, « — b))
and similarly for 1" (e = ).
The Double Hypergeometric Function of Higher Order. The double

hypergeometric function of higher order in two variables has been studied
by Professor J. Kampé de Férier [3):
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where for absolute convergence of the series, ‘x| <, |vl <1, m 1<
<n - p- 1, and shall be abbreviated rto

H (tlu:)
6 r) A (b;) by

F p
| (cn) v

pd); (d)

where thy symbol («,) denotes the sequence of elements a,, as,...,a, and
similarly for (b)), (b)), le,)> (d,] and ().

The series {or the F-function converges absolutely for all complex
values of x and y if wm +/--nw-p 1. In case m | I —p4n-+1, it
converges absolutely for all complex values of x and v such that (Ragab
1963 [4])

v nun ([, 2

The parameters wm, !, », p are known as the characteristic indices
and the parameters #--p and [# | p =1 - {m +])] indicate respectively
the order and class of the fumction. As in other hypergeometric functions,
none of the denominator parameters is all 'wed to be a negative integer.

The function F in (1. 2) reduces to Appell’s [1] four functions
£y, F,, F, and F, with proper choice of parameters.

Again, when m=mn, 1 -1, p =0 and y = x, the F-function of (1.2)
reduces 10 the generalized hypergeometric function of one variable i. e.
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The object of this paper is to evaluate some integrals involving
generalized Meijer functions of 1wo variables in terms of generalized
Meijer functions. These integrals have been employed to establish the
Fourier-series for the generalized Meijer functions. Many particular inte-
resting results are also obtained on specializing the parameters. Hence the
results established in this paper are of more general character.

# 2. Integrals

The first integral to be evaluated is
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where & is a positive integer, u« 0, 1, 2,..;0 -
under the following condirions

i) A B +CLD=2(pLtgtr), arg(x) <(p3+g-r
1
Lalp Lo 1o
2 2 2 2
ALBaFLF<2(p+Fk--0), largv)| <(p A4 1—
L7 PR Y B
2 2 2 2

Re (v - 25y, -H28f) =0, (=1, 2,.,r; ha=1, 2,41}
@) A+C<BD, A+E~=B-F,(4+C-B+D, A4 E _B+F)
then |x], [v, <1, Re(v4-28dy 4 253f) =0, (h==1,2,..,r; b =1,2,.. 1.

Proof :

(A} To prove (2.1}, we substitute the value of the generalized Meijer
function S(x, ¥) in the integrand of (2.1) from (1.1}, interchange the
order of iniegration; we obtain

i \ \ltl) (s b r) s, r)l \cus 241) (sin (e st b= df)l X' vidsdr

(2mi)2 | . J
R

Now evaluating the O-integral by virtue of the known result ([5],

o4, exo (9

= 'L 1} I'{I “)

E

\ cos 2uf) (sin 0) 0 5

. o |[‘(lz:-- i~ l]
2 .

where v 0, 1,..: Relo) 2- 0.
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Regardins the interchange of the order of integrarions, it is observed
that the U-integral is absohuely convergent if Re{z ! 285 | 250 >0,
0,1, 2, 00 = =2, the double contour integral converges absolu-
tely under the conditions referred to earlier, and the converzence of the
repeated integral follows from thar of the integral in (2.1). Hence the
interchanze of the order of integrations is justified.

Making use of the following relations

Bu=2(2) (27) o)

and Gauss’s multiplication formula ([2], p. 4, (11)):

1
niz

1
e / LT
1] I‘(:;f e) = (2=)" T {m) Umz), m=2, 3, 4,.., we have

[

k=0 m
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i (—:i:fi) L H g +s+ U011 —¢ -4 5) N I (dF =)
2 1 \ ot ' i1 j=l
2V w8t (270) . g '
1 izl e W Tl —aj—s—0)HUB;4 520 |l I'(c; — s)
Jrapal it g b1
(2.3)
x J 8-1 g1 42§ A=l (g 4.21.2f
[E(1—ej40) 1 1(f;—1) H“( Yy @ *) g r(_')(\‘ +s+f)
j=1 j=1 i=0 ¢ =0 - = Syl
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L, is in the s-plane and runs from —:/» w +iow with loops, if
necessary 1o ensure that the poles of I'(d; —s), (=1, 2,...,7) lie to the
right and the poles of I'(1 —¢;+5), (=1, 2,...,¢) and Uia; +5+ 1),

)

4 0y 0y
(j =1, 2,..,p), I‘(‘v—_}_ ’17_8- 2 g '-t), i"l‘y = s IJ 3 i 0,

L., (8 — 1) to the left of the contour.

Similarly the contour L, is in the z-plane and runs from — / o to
i o with loops, if necessary to ensure that the poles of I'{fi=1),
(=1, 2,..,/) lie 10 the right and the poles of I'(1 — ¢, 0, (-1, 2., k)

| 247 L2249y
and I"(GJ - S-{—f}, (] ], 2,...,p), I.‘(lv L .“_l 15l [)’ 1‘(‘2) o Qf Ly _[J’

23
0, 1,..,(8 — 1) to the left of the contour.
Theretore, on interpreting (2.3) in accordance with the definition

of the generalized Meijer function S(x, v (I.1), we obtain the value of
the integral (2.1).
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(B) The proof of integral (2.2) is similar to (2.1} and using the
known ntegral [5, p. 41, ex. (9]

\ cos w0 cox" 0 | [ .
; | l'( W= |1 L|
! 2 Py |

win-- 1)

where m is a positive integer.

$ 3. Fourier Series

In this section we have established two Fourier series for genera-
sin ()% {sin 0
J

28
i Y ari ith th
lized Meijer functions § (xl cos 0f 3 ) of two variables wi e

cos )
use of integrals evaluated in section 2.
First Fourler Series:
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x, A cos2 it




Seconed Fourier Series :

P ) )
Adp, B J (a); (6)

g, r
g, D

[15Ek, Ffr ,) (e) 5 (/)

(costh)' S ( - r] (¢)5 (d)] x(cos 0)*, y(cos 0)

i - 2 :
P+ 23, 0 A(S, v+1]’ —\‘(8= v—}—-) ,(a),

A—p, B—23| 2 Bl

- {8, ~o £ =324 1), X, v 'cos 20

_.311-_ ( . D 2 2 . e ’
i Ch ’ 1 (c); (@)
HL k -_;]' (e); (f)

where § is 2 positive integer, 0 <0 < =/2,
The above expansion formulae are valid under the following ser of
conditions

AL -CrD<2(p-q--1), arg (x) < (p | kL r

Sl N S
27 27727 2
AFB EF<2Ap k1), |arg (W] = (p -k 11
i sl p Sy
27727 2" T

Re (22 28d,, =283/, > 0, =1, 2,..,r; hi=17 2.7, L
AL =B+ D A+E<B-+F (A+C=B-1D,
A+ E=B4-F), then x|, |v|=1, Re{v 4 28dy, -+ 25f,.) > 0,
Vo==tt 20 0y =0, 2, 1)
Proofs: |
(A) For 0 =0 =2 ==/2, let

7
i) Ps 0 ’ () : h
A p, B
I, r
PR sin H)° .y {(,] Rl ’_) o}i )| & (sinmy, si1n M)
4 s
” /
(1_:' koD 1] e

v
ST cos 220,
=0

where 0. 0 << =/2 and § is a posilive integer.

Equation (3.3) is valid since f(0) is continuous and of bounded
variation in the open interval {0, =/2). Now multiply both sides of (3.3)
by cos 2uf} and integrate with respect to 0 from 0 to =/2 and change the
order of integration and summation (which we suppose 10 be pt.I‘IﬂlSSlblC'
on the right, we obtain

Y]
l g ! () 3 (D)
A 1% 3
khcos 2} {sin 0 & e ; ) (¢) 5 {d) (sim % (sin M5 40
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§ I’ \(.Us 20l cos 220 40,

l
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Using the orthogonality-property for the cosine-functions on the
right and the result (2.1) on the left of {3.4], we get

p-2i : Lo
P afa,Z50) (5, B2,
lE=pum B2 ! 2 2
!
A ECS :
P (2 HJ@ (cq’ D ; )M"\’ I)” et
u T 4, r 2
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The IFourier-series (3.1) is obtained with the help of (3.3) and (4.5).
(B) To establish (3.2), let

p 0 e .

(3.6) p ,/‘ B | {a); ib)
s r \ piik 1

S{0) = (cos )" S ( C qq Dy ) (c) 3 (d) | x (cos U)#, Jicos )

k, { .

( ey w0 ) (e)s ()
- \,,
,i\ L C0sEE,

=

where 0= 0 << =/2 and 5 is a positive inte rer.

Proceeding on the same lines as above, muliply both sides of (3.0)
by cos u) and integrate with respect to @ over {0, =/2) and change the
order of integration and summation which is easily seen to be justified
and using the orthogonal-relationship for cosine functions on the right
and result (2.2) on the left of (3.6), we have

17 o I 2
bz 0 _\(8, ___1_1 , A ((\, _v__}_) ,
A—p, B4238 2 2
2 y q r o1 1 )
~ e o . — -je = L B
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e R
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() ;
X, ¥
s (d)
fe) ; if)

With the help of (46) and (3.7), we obtain the Fouricr series (3.2

% 4. Applications

Particular cases of (2.1], (2.

a) Substituting B

\cos 20l (sin 1} Gedylx isin i ((a')) \ Gy, v isin 032
5 1 |

>

ety

{}, we¢ obtain

X

(3.1) and (3.2) -
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3 | / PN N L ((f' NG ' (f)
(4.2)
23, 0 ,’:? = | A5 ¥
0, 28 ’ ( g I }’ ( ’
LRIy ¥ : ) A, —v <+ 1 thox
280 G=g D= @ ’
( 7, 1') {¢); (d)
Lz b, SNE =2 @; (N
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fcos ) G| xicos ) ( yrcos E 5
I3 { ' = ;)
‘.,\) } A((\\’ (4 ]]) N (,;, ] !
£ 0 23 2 2
f
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s ! q, 7 NEY | . 1. l] |
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- where G (x: ") is the Meijer G-funcuon ([2], p. 207, [1]) and 8 is a
2,

¢

positive integer, u — 0,1, 2,.
conditions

; 0 <207 =2 and valid under the {ollowing

i) 2 1) = G- D, arg(x) g 7 C D=,

200 + k) = E+F jarg (3}, (1—&-1’3—-51——F]

r Op)

Re(w + 28y, -+ 2800 > 0, =1, 2,y =21, 2,0, 1.
1) C=D, Ik<F(IfC =D,

28.) 0. thy Iy 2peyrs Sa= 1, 2y I

F, we must have x|=< 1, v = |],

Re Ne - 28(!,',1

b Seting A =p, L=~ [ =1, i 0 and replace A ' C by .l
B Dby B, A g by s together with the appropriatc changes in the
parameters and there let y — 0 etc., we have

L

(4.5} \cos 210 (sin U)' G'..»_",--(x {sin U]'—'SI E:I‘))clll =
Y

(0

i1 | I =+ 2
[, 4] v(r\‘,“‘ ) v(s, 2= ) (a)

1.3 OURIER SLRIES FOH o LSRR LIELE Y
\cns uf (cos 0) G n(.\' icos 0177 (T))d(l
{1.6) It k)
ol T S
.— % 4 \_'("; o ]: \txx 9 )J iy
o ke T | ol I
(6)s v (3 o = k1
(sin ) G}, (.\‘ tsin 0177 ._d'.)
L (b
Mo O L
3 " i . \('\s o ): T(") = }3 (”)
e R CE E.)G'. e 7 : [ L
Dk e e 1
! (b, v (r‘, Lkl i ]
(4.8) (cos ) Gl (x cos 0 (”))
|b}
1 e l . 7 : 2
9 v ( A, % }, S| % ) 5 (H)
:-.-.—_1_- >—- Glre'n s | % i - cos 224
st} n

valid for & positive and v =10, 1, 2., 0 <

(1) 2(r8)>A--8B, arg{x)|-<(r-+5s—(1/2)d — (1j2) B) =,
Re (o + 286,) = 0, h — 1, 2,..,r.
(ii) A< Blord=258 x| =I).
Re(w + 285) = 0, h — 1, 2,..., .
The symbol ¢ (m, #} stands for a sct of m-parameters :
Pl o H1 1 1o mo—1 )
M " i
c} Taking p=Ad—m B—u, y=k=C=1I [, yoe=f s D
P , dy — fy - 0 and replace b, | —¢, ¥ —d;, ¢; and 1 —f
¢on O, ol b und o respectively, the oencrdll?cd I\lel]er function b(

0= =/2.

:-.'Liuux to Kampé de Fériet’s double hyperzeometric funcrion (1.2

* have

F
bv
;\J

Thus
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m a
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P (dﬂ); (d )
(-1
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i SR L [ERTH 2K
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(sl K e
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-'—v-l'_ sl'.'

| 200 o 2
\ ) I, [EH=
25 L 28

x(sinU)=, v (sin )

s o 2
i F=2 haall _\(r\‘,z ' ]), A(S, ’ ]
2 2
F ! (bf)ﬂ (b,l) X, v
w2 (en), A3, 12052 - 1)
? (d); (d)
m {ctm)
Pob)y; (b
(cos ) £ X (cos 055y (cos )
’l I.CH.) .

cos 220,

L B P ) e i
25 (” i ! [ |
= 23 R 28 . |
= = 1 >
12 g i Pl e R ]
pper t 23
1 .~ 4
ae =2 lai), A (8, pow | ) s [y (8, : -}
2 2
/ (6); (6}
I | : X, y cos 20,
i 2 (e¥, A (8, e !)
2 2
P (llj pS (“{J’.J
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where 4 is a positive integer, «—0, 1, 2,...; 0= 0 << =/2 and valid if
(e D) (n-p--1), m4-I=n-+p-1; then lxi, v 1, Re () - O,
Orif m -1+ 1> p, then

arg{y) ., jargfx) - (m 1l n  p=2

Special cases of {4.9), (4.10), (4.11) and (4.12) :

(i) By settiny the parameters suitably, the double hypergeometric
functions F can be reduced o Appell’s [1] four functions #,,
F,, F, and F; and subsequently we obtain the results involving Appell’s
functions.

(i) Taking m —n, [ =1, p-- 0 and y x, the F-functions are
reduced to the gencralized hypergeometric functions of one variable, we gec

\cus 2ul) (sin H)* , 11',.la“ o 3 xisin EJ)-"lu’(J

G,
(4.13
) L o B o A e L S E R e B
l‘ 'u)“l—- ]ll'
2 0 235 i 24
Aol (o -2y b2 49y
JEENTI ( . )
0 2
I . U2 ,
i lal, P _\(r‘., —-: ), A(r\, - . ), b b
aid 1l 2 2 1K
CryeaCpy X (8, 120 5o - 1)
= a a., b i
\cusu(l (cos WA pp Fp| 277 82 3 X (cos 0)= |
B C) gerey Cp |
it
{-}.1-1]

I7 TOURIER SERILS TOR GENCRALIZED  MELIE BAC T ONS i

(113 (sin ”);- . 11";- A gy bty b !); AT (l) )
i
g1 d-1 D)
2 LIS (S (5 +3)
[} 2)7 0 2' }ﬂ 4
12 7 = I P SRy
(e e )
T ] 28
Qrgerngtp, A& i , A3 v 2 b b
2tp s o 3 o ] .
on 1 Ep s < 2 ; xjcos 236,
€] 3005 Epy (A, 0120 =12 2 1)
b - ,
(4.16) cos 0)°, ,F,..]"“ i ; x (cos U)-“l
¢ ..-,C'n
Sel oo ] R 20 el g 9 g
2|Il“( < IH]\( 5 ):n
e e =) > L
) --HI.J-L'- 2 i

(=1 l -Z'\"

valid for & a positive integer, w0, 1.2,...;0.- 0 ~ =/2 and Re (@) =0,

§ 5. The double-iategral and expansion analogues

In this section we have established some double-integral and expan-
sion-anulogues involving generalized Meljer functions with the help of
the preceeding sections
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b
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a) 3 (b
¥ S| @@
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g5 r
ko, ! :
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il
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[ 7 nl "
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S B
. f(e) S )

R

1
Al
A—p, B
2, 1 (d)JA(PJ

5.3) (sin )" (sin o)* S 7 i (c)
(5.3) (sin 0)' (sin ) (C e )
( k, ! (e)
E—k F 1) o
4 w o
r o
=l (52) 5=0 50
(@) ; (&)
i 1 1
2 ) ] —\{p, 2 2),—\(9,
B
2: (11),..\(0, l-z; 8)
g, D—r 29] h
2 2
ky, F | 20')

"
)
[
O
-
§ —
<]
CLCY Faed
s

d)  x(sin D)%, y(sin )%

f

%,¥ cos 20 cos 2%g.

;n), {e) s



= 8 . TS o
I_Ap,p, 1”’ g 5 ()

(5.4) (cos U} {cos z)".§ (Cq’q, I)r. ,.) (¢) 5 (@) v(cos )%=, y(cos )
e s e

( ) U)
A - P B
4 e e q - - r
A o 2 \C g, Dor
[k 2a, ] )
F—k, F—142

ha
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Tnesc double-integral and expansion-analogues are similar to our pre-
vious results (2.1), (2.2), (3.1) and (3.2) respectively,
The aforesaid results are valid under the following scts of conditions
2(p =k q =7) " [4EB 5 CLD],
2p-t kD) >[4 B IE LR,
arg(x::<frtp+q i
(i)
arg (1) _:‘p-}—k—l—l })(A LB F)

Refo + 2ad ] > 0, 1y —1,2,.., 1,
Re (7 - 26f,] >0, by = 1,2,..., 1,

AU GieeB D A o= B R
or clwe o 00 R LD, 4K B F with
(i) Relo —2adi ] 0, B, 1,2, 0,

Refn +2af,1 =0, hy,=1,2,..1

where s and = are positive integers, » 0, 1,2, m 01,20 <0.-=2
and ) =0 o= )Y

[ wish to express my sincere thanks to Dr. V. M. Bhise for his kind
supervision during the preparation of this paper.
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SERI POURIER PENTRU IFUNCTLI MENER GENERALIZATE
Rezumat

Se evalueazid uncle integrale care cuprind funetii Meljer generalizate;

acestea sc utilizeazd pentru a stebili unele dezvoltari in serii Fourier pentru
funcrii Meijer generalizate. Se stabilese unele cazuri particulare interesante.



