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§ 1. A weak ring R, [1], is an additive sbelian group R, in which

a second composition law is defined — let us call it multiplication ,,.%
~ related to the uddition by the weak distributive laws

(N a.(bl-{-bz)+a.0=a.b1+a.b2,

(2) (by-F by).a+0.a=b.a+by.a

which imply
(3) a.0=ayp | (4) O.a=al +¢ YaeR,,

where ¢, & are group endomorphisms of R, and ¢ a fixed element of Ry.

From an ordinary ring R* (not necessarily associative) — Jet us note
its multiplication by ,, one can construct a weak ring R- [l], by
choosing two endomorphisms ¢, & and an element ¢ of its addirive group
Ry and defining a new multdplication law ,,.* by

{5) a.b—=axb-tap-t+by+c VabeR,.

Conversely, to any weak ring R we can associate an ordinary ring R*
with the same additive group and the multiplication ,,x* defined by

(6) a<b=ab—a. 0-0.6+0.0.
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The weak ring R is a weak field 1 i i
o opercak ring R is 2 pmpe{t; of II type (weak field II) if R* contains

{7) ad=da=d, yaecR,
and R, {d} is a multiplicarive group.

The weak ring R is a weuk intear i if i

: a zral domain [4), if it ¢ ;
element 4, from (7), (,R" is a ring with d*), and th[c]pmp:m;osscsses e
a.b=d-a=d or b -d.

A weak ring R, with d, is a i in i
) \ _ > W > 18 @ weak integral domain if and i
its associated ordinary ring R< is an iniegral domain (in lheaZe Or‘lly' L
without zero divisors), e e

For a weak ring with 4, (5) and (6) become respectively :

=2 a.b=(a—d) x (b—d)+d,
(61) Csz:(ﬂ+d).{b+d)—(i
and the mapping

(8) NWR:—»R*, an=a—d

is an Eizr;oiﬁg}ism of t!}le. multi;;licative groupoids of the rings R and R

) 1somorphism it follows, in particul hat th ing
R is a weak field of II type, if ' it its sssocimed ordinary Az
e §0r§in\§gy Field (or Skeyg : iie Idz)x.nd only if its associated ordinary ring

. We shall now define the conce ] !

: 1 : e pt of weak guotieni field
;:;mtr;rlutarwe weak wmtegral a’omam. Ler ' be a weak integrgl dm:;inf fnchféreg
i ¢ commutative weak field II, L- ) R-. The ordinary weak rings L

t.—lrespectwely associated to L-, R- by (G,) — L* R, [3] a:g res-
pectively an ordinary field and an ordinary integral dorain, [4]; the
unity elements uel-, e L* are related by ’ ‘

e=u—d.

fac}; ;'EhR', r:‘,-‘-a’, has a weak inverse r-l¢[- and, for every a,be R
== d, there exists a weak quotient ¢.b ¢ L. From the isomorphism 7,
o) i

(8), r~1 and a.p are related wi he ordi d
: : th t d rinvers d g f
the elements of R* in L* by l:he1 formulasr ALY, fnverse SRC quotient o

(9) rel = (r—d)1bd, retd, or
(%) rel=(r, Fd)1—d, r =0.
(10) a.b—i=“_d+d, b==d, or
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(10") :1 —(ay+d).{b, +d) —d, b 0.
i

Let &, be the set of the weak quotients a.b~lgL-; we have the
set inclusion
@0 ) R 3
because, for every r€ R, we have
r= (r.z).z—i, vz =*d,
in particular, d — {(d.2).z" '
It is easy verified that €, -
group L-— {d}.
Let {R}, {@,} be the wzak subfields generated, respectively, by R
in L and €, in L-; obviously
Oy TR} =1{€} C {R}.
As the weak subfield {@,} contains the weak ring R and {R+} is the
minimal weak field containing R-, it follows :
(R} = {€a}.
On the other hand, let @ be the quotient field of the ordinary ring R*
in the field Lx
[11) R (C €L~
and let © be the corresponding weak field
method indicated in § 1, that is using (5i)

o% , with d — W0, deR).

(d} is a subgroup of the multiplicative

11 of @~ (constructed by the
for the ordinary quotients of

y
Then, from (11) it follows ([3], Lemma 1).
R weak subring C € weak subfield C L' weak field. Moreover, from (10)

O C .
As €% and @ have the same additive group, each element of € can be

. . T
written as an ordinary quotlentl-?-'m ¢> and, by (10), we hawe
1

@ C {€,}, hence € = {€,}.
We hawe thus proved:
Theorem 1. If R is a weak integral domain contained in the weak
field II L, then:
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1° The set of the weak quotients a.b 1 of the elements of R, from

201116/1 e e.tclude (! — (d . 3) -4 3 15 adn abell‘tln fﬂuil f;)!!cal J'T)E gr t)up Q( d

. o . . B
?0’116:‘1 contains I}le Suf’)je”lle?(?”(? J‘ . a 5 and 15 a j!“)g? UH!b 4 l;?e nlu”f{pil}—
Cfl[‘ﬂe g? Oup L P ‘(d}. } | f

eneraied bv JE tH l CO!”C}d&S i Hie one
0 VY - w ’ / 1

R {2

we callozr the weak guotient field of R in I-.
e grg" This weak quottent field coincides with the weak field associared to

§z?§ar)‘;v quot}iem freld ©* of R, the ordinary ring associated to R .
comm: e shall expose now the embedding problem for a given
som u{rithe and associative ‘weak integral domain R in a weak field 1I.
doma?; Inary ring R*, associated o K by (6,), being an ordinary integral
| x(assocmuve and commurartive), one can construct its field of frac-
tions €, , whose fractions are equivalence classes

r =
- S5 (7‘1,7'._,), V"I)"EERs Fa =0
2

and the embedding monomorphism

C:R* > @€,
is defined by
- a *
(12) al="2eor | a,yeR, v=o,
g
in particular
' | ;
dg (yE(JR
¥y

By keeping the a.dd.itiv-e group of @7, and defining for the fractions
ryfry a new multiplication ,,. by (5,), where d is d¢, one obtains a weak

field 1I, @Rf" The weak ring R can be embedded in @ % , since the ring
monomorphism , (12), induces a weak ring monomorphism

iR >0, with al' =al =% "¢,

In fact, £ is group monomorphism

. CiR, = RI— @, = 0
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(.5 (a.b} xv  [ab—(a b)d -+cjv
v Z

whereas
ay.bz [ab— (a4 b)d -+ clyz
v oz yz '

hence (a.b) % — ab .60 .

Hence, every r-+ d, r € R- has a weak inverse r 560:,” given by (9).
Using the expression (12) for the elements of R and applying to the
fractions the weak multiplication law given by (5,), we find again (10)
for the weak quotient a.b~!. In the same manner as in the proof of
Th.1.3", we find that _6"_,{,( is the weak quotient field of the weak inte-
gral domain R'¥; we shall denote it by €. and call it the weak field of

fractions of the commutative weak integral domain R- .

§ 4. Letr us study now the uniqueness problem for the weak field
of fractions. Previously, let us observe that, by using the concepts given
in [3], one can easily verify

Lemma 1. The associated ordinary rings of the homomorphic (isomor-
phic) weak rings are homomorphic (isomorphic) ; or, more explicitely, a weak
ring homomorphism (isomorphism) % : R, =R, induces a unique homomorphism
[isomorphism)

£ tRf - R}

of their associated ordinary rings, so that & and L¥ have cotncident restri~

ctions to the additive group R _.
Obviously, the converse does not hold, m general, but one can

easily prove: - .

Lemma 2. If 3:R,— R, is a ring isomorphism (epimorphism) and we
construct the weak rings R, by (5,), with d, for d, where d,=d ¢, d.eR,
then & induces a unique weak ring isomorphism (epimorphism) g:R,—R,,
so that £, &' have coincident restrictions to the additive group R .

We can now prove

Theorem 2. If the commutative weak integral domains R, are respec-

tively included in the weak flelds II K, which are their guorient firelds,
RC K, ={R} i 1.2
and we have the weak ring isomorphism

IR >R (=0d,=d 1),

]

then % can be uniguely extended to the weak field isomorplism

=
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¥ K -K,.

Proof. Considering the ordinary associated fields K*. i =12 (by
(6) or {6)), the weak subrings R, shall be transformed in the ordinary
rings R*, which are ordinary commutative integral domains

RCK =>R<CKx, i=1,2

and, by Lemma 1, &' induces the ordinary ring isomorphism
(13) £x:Rx - RZ,
which coincides with £ in the additive group

(134) rEx =rleR,, =Ry, VreR =&

|

By theorem 1.3°, K¥ is the quotient field of the commutative
ntegral domain R*, i=1,2; then we know that the isomorphism £,

13), {13,) can be uniquely extended to the quotient field isomorphism £~
i Kr — Ky

Now, applying Lemma 2 (where we put K* for Rx), Z* induces a uni-
que weak field isomorphism z-

Bl

K=K,
£x and Z' having coincident restrictions to the additive group

Ky =K, =K =K,

1 24t
Moreover ** is the extension of the given weak ring isomorphism % : R =+ K, ,
because, by the definition of %+, we have

ky =ki<e Ky =K, ,

vkeK,, =K,

L4

in particular
rit—=ri* =ri* =ri'eR, =R reR,, =Rx .
i 24 242 14 1+

The uniqueness of ' is proved by reductio ad absurdum, using Lemma
1 and the uniqueness of :

In pardcular, if R, =R, = R, £ =1 the identity, K, = €, the weak
field of fractions for R ani K, = {R’}, then we obtain:
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Theorem 3. !/ R is a commuiative weak integral domain €,  its

weak field of fractions and K- another weak field 1l so thar K = (R},
then there exists a unigue R:-isomorphism

?'2!9'1‘),--*1( .

The same theorem can be stated also:
The uniqueness theorem for the weak field of fractions. The weak

field of fractions, ©,., of a commutative weak irtegral domain R is defined

up ro R~isonmorphisms,
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CORPUL SLAB AL FRACTIILOR UNUI DOMENIU
DE INTEGRITATE SLAB

Rezumar

Se rezolvi problema scufundarii unui domeniu de integritate slab
asociativ si comuiativ, &, intr-un corp slab de specia I; se demonstreazi
unicitatea acestuia, abstractie ficind de R-izomorfisme.



