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BY
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§ 1. Introduction

Solutions of lincar partial differential cquations are frequently expres-
sed in the form
w

(1.1 V(X.4) — \If‘(X,m)U( o) e e,
e
in which X' = (¥, @)y 2400t are the independent variables, F is a

kernel dependent upon the differential equation and U is a function which
may be chosen to he arbitrary as long as a formal compliance only of (1, 1)
with the differential equation is considered. To every choice of U corres-
ponds & particular solution and, conversely, U is fixed, at least formally,
by a particular well-posed set of boundary conditions. When, ¢. g., for a
fixed value X, of X, Y is to take on the values of a given function y:

(1.2) y(t) = V(X 1) = \'F(X,,, ©) Ule) éor des |

then Fourier's Integral Theorem renders
(-]

(1.3) U(e) = [2r F(Xy,0)] 7\ (z)e-iomd.

—-®
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Ultimately, therefore, (1. 1) can serve as a solntion to the boundary value
problem: only when the principal values of the integrals in both (1. 3) and
(1. 1) exist. However, as shown by the example in §7, the demand already
for (1. 3) to converge is not met with in many important applications,

To remove some of the perturbing limitations, examination of a modi-
fied form of (1.1} which preserves the linearity properties of the integral
representations is near at hand. Let a .truncated function® yr be defined
for cvery 1T = 0 by

. w1y when | {1 T, i
(1-4) Hrit) = {0 when |+ = 7T. ]
Were y. in (1.3). replaced by yr. a relationship of the form
’
(1.5) Ui(o) = [25F(N go)] l\y(‘r) T
I

would ensue instead. provided y is continuous. would be

replaced by

(1.1}, in turn.

i

(1.6) Y(X.AT) = RI"(A'.M)IT.-T:,((Q) ot des .

The set of parameters X [or which the integral converges 1s dependent |
on I and y. Since limy ()=y{l) and since, formally, V(X £, T) also satisfies
el ]

the partial differential equation, three questions are ol interest : Does

(1.7) Y (X,t) = lim Y(X,,T)

TH®
exist? When it exists, do those partial derivatives of Y, appearing in the
differential equation exist too? Should they exist, can the corresponding
differentiations be carried out under the limit sign in (1.7) and the inte-
gral sign in (1.6)? For sets {F,y, X} for which these questions are answered
in the affirmative, a formal solution of the boundary valuc problem could
consequently be converted into a real one,

Unfortunately, however, some applications give rise to functions F
for which ¥ does nof cxist. An example, taken from the theory of visco-
elasticity, is cited in §7. To solve the boundary value problem for such cases,
a ysmoothed trunecated function® yr.;,, depending upon additional
parameters s,§ and % had to be introduced instead of g yr. 4, too,
coincides with # in a certain interval, namely in — 7'+ 1T —¢
and vanishes for (t| > T'. It differs, in general, from y,, by the possession
of j derivatives cvervwhere. The meaning of 4 is explained in §2.
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When yr.:,5,,, 15 operated on in a fashion similar to the one des-
cribed for i, a tunetion Y(X,1,T.z, j n) — replacing Y{X,0,7') — is produced.
im Y(N.L7T.z 4} not only exists for a fairly wide class of sets {F.y, X},
T . . . . . .
including those which first gave rise to the problem @ but, in addition, this

it function possesses the desived differentiability properties mentioned

previously. The corvesponding results are summarized in Theorems 1 and 2.

The (trivial) Lema 3.1 has only been meluded to settle the question of
! ]

lim Yi{X, s T.¢j,4)d=.

and lim signs in &
T+

. THw

f 0
The definitions of some of the concepts employed are formulated in §2
while the proofs of the propositions of §3 are carried through in §6, followed
by remarks concerning the theorems, The proofs are preceded by further
definitions in $+ and two lemmas in §3, introduced to facilitate the proofs
of §6. In §7. as mentioned already, an  application of the theorems to a
particular boundary value problem arising in the theory of viscoelasticity
15 delineated in some detail.

the interchageability of the &

§ 2. Definitions of terms employed in the statement
of the theorems

Definition 2.1 : Definition of the N-fold smoothed truncated function
stven function fe O,

Let N be a non-negaltive integer, b a real number or - >0, I the infinite
interval | —><, bland f € C¥(I). For 1 = 0,e = 0, 1, = 0 satisfying, in addition
T > z, an N-fold smoothed truncated function fr,., ~,. of [ is to stand

of «

Jor any function from I into € satisfying the following conditions :

) fr,eyx.n € CY(I),

by For [HL< T —z, tel  frioovs, () = f(t)

ey For i =>T,lel fricon,n, () =0,

dy For — P Lt — T L, tel [ frieonsn} < |(—T +e)4+n
Functions fr, ., v, obviously exist.

Definition 2.2 : Suppose ® ¢ C(R).

(D, z) == = ! lim S O{t)e-=7dr,

IR 4w
-r

(2.1}

provided the eepression on the rishi-hand side of (2.1} evists.
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§ 3. Theorems 1 and 2. Lemma 3.1

Theorem 1. 1. Let ve C'U(R) take values in & and salisfy
o) | < wl@f?
for @ < — @, with suitable positive «, x,, ¢ and 2 Jor wohich ¢ = 1.,
2. Let f be defined in the complement D of the set
e ||z = qi! << b, Im(2) = ¢, U0, q1|

where by are positive — by

JG&) = fi(2) + o= fy (3).
v Is supposed to be positive, fy and [, to be holomorphic in 1. Lel, in addition

ajy im max | fi(z)| =0 Jor k= 1,2,

r94® |flmr

) the one-sided Hinit-functions

Jwlt) = lim f(z),  fl(it) = tim f(z)
Fidll E il
Relz)z0 Re(z}=-<0
exist in |o,p| for « suitable positive p smaller than q and be expressible as sums

i) = g{t) + lu(t)
of a function ge C([0,p|) and functions I, h,. respectively, satisfying, for o
suitable s,
| Iig (i) < st
¢) Let f be bounded in some dise centered at the origin.
Then the funclions

r

1,{t) = lim lim \ Uvr, s, 1, ,2) f(2)ei d,

¢ T+® riem
-r
ra 14
1. e T
wo(L) 2 ~ lim RUT,;,I,,,(T) lim \ f{z)ei=¢~ dzdr,
T o | r4w
-7 =t
& r
17 , .
us(t) o, ) \ (7} lim gf(z)e'*("” dzds
e rim
i .

evist in Ry they are equal and represent a continuous funciion.
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g

Theorem 2. Let oy be a real  nwmber  and ot Hlaa), [l o),
[(..0) be compler functions defined for cacl fived @ = 2, in the set D infrodue-

ved in Theorem 1 so as io satisfiy the relevant conditions of that theorem. ~ is

supposed o be independent of o,
In addition,

Vo Let N be non-negative, lel v e CN2(RY dake values in & g satisfy

|[o{ey | < e| a2

Jor @ Foe where v, and Goare positice  and e g,
For =00 Nz let 2. — 7. he satisfied.
, o L . . . ‘
2 /M o cutsts and s continuows in D ¥ |y, oo,
3. W s holomorphic in 1),
b fW ds bounded in some dise centered at the origin.
S Let X ey | ey, y fro Syl For some suitable  positive

Junetion b defined in X, f% is hounded in Pt i 4 b(EL 20 U [ pi —

— bz &l i} K20 5] for each (2. 8.) € X,

G oy () g i F(5.0), f o) s=lim 0z
Eand Eadll
Re (=} >“0 Re (=] {‘fl

coist in JOup] and are evpressible as swms, respectively,
Just (id,2) == (v} 4 by (£,2)
of Junctions g(..rye C([0p]) and funetions h,, which, in [0.p] < |55,

salisfy
Pl () | <2 (3,0 g0 0

for cach (2. %)) € X and suitabic positive functions s, defined in X,
7. Positive functions e, and 1T, defived in X, crvist so that
| % (:s-f') | 2 "'k(z:-‘:’.’_’) | 2 .k
whencver 5 < e i 2e R | 2| > I, {Z,2.).
Define
.
. . ' ) . Gl
w(ayd) = hm dim \ f(z, r) Ulzp,q,y wns3) e3dz, Uy o= —
def. T4% r3® ) Todet gpm ggn
_r
r
X ) . U . o
U =lim lim \ f.f(:ﬂv)l"("'J"I':sm\'-:-'-!".s z)efs]dx

Trrm opm G a.i i
=r

L Mabumaticd
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Then w”

neyos

, cvist, are equal and  represent « continitous function in
[ep oo X R, provided m 4 n<l N.

Lemma 3.1, Let ¢ be « real nuwmber and Ty a positive nwmber. Let
DeC(R x [04] x 1Tool) take values in & and satisfy

5

1. For every fived T greater than T, lim\ Dla, 7, T} dr converges uni-
e 3] N
bt 2

formly in [0, ¢}

2. For (=, T) e]0, 11|71, :,oi',lim\ O, 7. TY du can he erpressed  in
Lam ]

the form f(z) — g(=, T}, with suiiahl: Sunctions fe C{{o.t]). 2(..TYe C(R)

(=
and lim g, T) =0, wuniformly in [04].
T4 o
z 5 LI

Then \ tim lim \(D(ﬂl,f, TY dedr and lim lim \ \(DI[J. 5. Tylzda both exisi
S Tw s—)m" THrws-re
0 = -5 0
and are equal.

¥

Proaof : lim lim
T-rm s w

—

DO(a, ., Tyle evists and equals f, a conlinvous function,

ar
-5
5

Hence lim lim \(D(a:,r,T)d.'rd-r cists and equals \f(r)d‘r - iimg J(=)dr =
0

T3w 9w | Tw
—8 {
= ltn ([lim\' D(a, =, TV + gz, T)ld= = lim \ lina \ ® (z, v, T)deds =
To= ' i T | o |
(0] - L1} —s

s F

— lim lim \ | 0 (o, T)dwde
r+a e
—s 0

§ 4. Definitions (conclusion)

Definition 4.1 : FFor complex «, B let (2, B) denole the path: == a+
+ HPE — 2), with 0t L1,

Definition 4.2 : Forae R, r>0. j =12 let 11 sland for the path :
T=ai 4 etV with 02t w, Let 1Y g fl‘j

a8r’
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Definition 4.3 : For v >0, j = 1.2 Li =T/ J( — rr).
Toder 7

Definition 4.4 : For 0 <s <r, j=1,2

Ty -y

A= (—ro=s)U(— U (1), L = A UTM
o def e

cef

Definition 4.5 : Lets >0, 2 €& and lef fbe a

! 0. = s|Ul— THU [s.ool} mapping into € For ¢l define
(4.1) J(f,z) = lim \f(m)p-'w do
rew
A

.

wwhenever the last eopression has a wmeaning,

§ 7. Two lemmas employed in the proofs of theorems 1 and 2

The assertions made in Theorems | and 2 are identical. essentially,
with enunciations concerning the interchageability of certain integrations,
differentiations and other limit operations. 1t will therefore be natural
that proofs lean, inter alia, on a lemma, 5. 1.. which provides an estimate
for certain integrals and another lenuna. 5. 2., which warrants the inter-
changeability ol certain intcgrations,

Lemma 5.1 1. Let [ g, h, and h, be functions having the same
domains and randes. respectively. as in the statement of Theorem 1, conditions
2b) and 2c) of that theorem being satisfied.

2. Let f be holomorphic in D) and let J{f, x) exist and be equal to

gf(z)e"“d: Jor x larger than some positive v, and o which satisfies L' CD.

)
2,0
Then, for 5 =0, 1. 2., & > x,, the estimate
- dl .
{5.1) oo Jf) | < pppmitet
da!

holds, where w; is introduced by :
B . 5 . Jetl —j—e—1
(5.2} # = 25T0(j 1+ c+1) + ofm 4 2) M (.7_4';_)4‘__]_) ¢

M, — sup |f(z)+ |

def. =34

L, = (pi. s+ p UYL ULz +pi. pi).

L
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L T . .
A i) exisls and is cqual to

Proof : Tt is Frivial to prove that i
' dir

H . .
E ST ry.

\. (IzY f(2Ye* dz, for 5 =001, 2.

iy
Let L, = (O,pi) U (pi. 0). L = LU L f(z)=/(2) on(0. pi}. f(=)=

def. def, ) L )

= foz) on (pi,0). Then application of a generalized version ol Cauchy’s
Theorem — valid beeause of conditions 2b), 2¢) of Theorem 1 — renders

\ (i) fla)ess de =\ ()i fla)emsdz,

|

(5.8)
e !
The followmg two estimates imply (3.1}
1. For .2 = 0, by 2b} of Theorem 1
\'f(:)(fz)- e lz ="\f,m) (—t) e=t di -\ fulin) (=3 e=or dt =
I p
n ". . ; . .l.' o
(5.4) = \h,(l) {(—1Y e dl 4+ \fJQ(t) () e dt | wE 2 \ fitep=it (f =
'f:x
== Pyt \ wireemwdy 2 (g e -p D )aemime
2 For v =0
(5.5) A Gy e ds <z 42 2 0o

Ls
3. By an clementary lemnia the sum ol the right-hand

of (5. 4) and (5. 3) is not grealer, in absolute value, than the right-hand

member of (3.1).
Lemina 9.2

Theorem 1 and satisfy lim max|f(z)| = 0.
rwm et

2. For some real interval [a, d] let ve C"Y ([a, d]) take values in €.

Then, for ¢ real, the expressions

members

1. Let [ be holomorphic in the domain 1) defined in

389
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o

o
lim \j'(z) \ v (i) ez =0 dd z, \v (@) lim \f(z) el =z dw
L] rdoe .

PR
Ao

.
0 A

Ar,e a

coist and wre equal,
Proof : 1t Is sufTicient to assume a < d. & o, d[. For t¢ Ja. df the de-
monstration reduces to the proofs of two cases in each of which 1 |a, d]

docs apply.
d

5 5 . . H
By applving  contonr inlegration and 1. the existence of \z'(;z)
a

d
J( . 1= v)dr and the equality of this expression I:o\v(:v) \f(z)e"*“—") dzda
<,

2 for = a, and p which satisfies

arcobtaimed, with 7 =1 for f = d, § =

i
IJD.G N l)'
Beeause of the continuity of Jand © the order of integration in the

ist-mentioned integral is nmaterinl and  this mtegral therefore cquals

o

7(2) Ku () b=l dz 7

Um!(ﬂﬂ{vwwm"”m4:+§

.'»"He[ !
a

RN B 17
)

since for s satislving L] C 1) the cexpression in the square  brackets is
independent of o, Conscquently the lemma is proved when it is shown that
the second derin has a0 vanishing limit for 3 = 0. Becausc of 2., this terin

may be writken

d
is(t=—d) _ 1z(t—a} .
?(d) [ d(ﬂ')e —I- ; x o’ (17:') e,-:(‘__x)dm A= .

— iz iz,

def
a

(5. 6) 1= \7(2)
.

v

None ol the exponentials in (3. 6) exceeds unity in absolute value —
by the assiwmnption (g Ja,d [and  the i-dependent choice of 5. With

M = Max ( v) lo'(r)]). therefore,
def  xS|w,]
. . 2 - 1
1 :;’)lux:_[(:)l.-{-—’— ihiza) [] = aW (2 { d — a)Max | f(z)]

"] .
b P ;

and the lemina follows by 1,
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§ 6. Proof of theorems 1 and 2. Proof of Theorem 1. 1. wy is obiained

r
fpom\ S(2) Ulvr ey p, 2y et dz by application of two suceessive linit opera-

—r r

tions. 1t is castly established, lirest, t;!mt\_,n"{z'] Uvpey, oo n)e=tds exists

and equals \f(:) Ulv T z)erstdz. ;

‘Ar:d
Define, second

v(t. T) = iim \f(z) Ulr,, | ., 5) e dza
def r—+w 1 2E

RN |

(6.1)

The existence and continuity of v (1, T') as well as the equality
.
v(t, T)= —'\v,_ﬁll,___ (3 (fy d — = )de -
(6.2) T

-t

b\t () Tt =y — = s

are obtained by dircct application of Lemma 3.2 to each of the terms
on the right-hand side of the identity

.
Sf (DU, , 7)o d- \ /(e (R e dadz
‘A!,n i A - .1
!
o \fe () \ ey (et ds

F—
-

1
P

Ar,a -7

The applicability of Lemma 5.2 follows from the assumption that f, and
fz are holomorphic and satisfv 2, a).
2. To prove existence and continuity of lim v (L. T) lor a given

T |
t= 1y, v (t, T) will be represented as a sum of three terms which depend o
the value of ;. Each of these terms will be shown to tend to a liml_t, col
tinuous in £, for T — co : Choose a fixed B satisfving |7, =8, define

(6.3) S =28+ 1y +v+1

and let #,T satisfy, henceforth
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(6G.4) H<pe.T>S8+e.

.\pplit:;ll‘ﬁnn ol contour integration, laking acconnt ol condition 2.a), shows
thai J(fi-0) = S foo ) =0 Tor & = 0. Fron 16.2), {6.4) and {6.3), thercfore:

R .
(L T) =N, ()T (St —s)de b
L
t=v =5
i 1 : 1 _
{1i,5) s RUT'E*"“ (=) (Jot— — ) dre = — \ U S S {fit —)dr +
i e
1 =Y 1 r
e Tt = s+ N orn (1 (1=
s s

which s the desired representation of .
3. Becanse of the inequalities

—Phe<—8S=—-2—ay—7v—1< — |t —y—
— 1=t <2842+ + 1< T —¢

the second ternn and the third term on the right-hand side of (6.5) are inde-
pendent of 7', by Definition 2.1. They obviously represent continuous
functions of ¢. lixistence of the limit of the first term and its continuity
in ¢ are shown by proving that
\T"-‘_.-:h. (S ()it —)d= zmd\v(‘r).}{j,t 1) d~ tend, for T'-» oo, uniformly
'_..,A .T
to cqual limits, The prool” rests on the following simple

Lemma 6.1. Let fe C(] — w0, —pl), g€ C{{p, 30[) — with p = 0 — and
fet | f{a)l < Dlale?jg(a)] < aw—<=',¢c>a> 0. Then, forr = 0. g = Max(r4

Ly -

(6.6)

+ p, 21, \f (®) g (v — 2V dx and \fj coq () &(@ — @) converge, for [ag|<
Ir ap
<r, T —= o, uniformly to equal limails.
The proof of the lemma is suppressed here. It is hased on the easily
established estimate :

Lemma 6.2. When fe C(]— oo, —al) and |f{a)| < biwl for v < — a,
with positive a,b,e, then 1f, anl®) < b ( 1+ f"—) [&|e for & = — a. provided
ER ] af

T>a-+e



392 RUBEN SCHRAMNT 12

The applieability of Lemna 6.1 stems from 1. Lemma 6.2 and the
estimate,

{6.7) For g =« v andd g defined by (5.2)
F(fom T

(6.7) Tollows dircelly from Lemma 5.1, having recourse lo Lhe con-
tmu integral representation of IS} neain obtainable beeause ol condition
2.,

{(6.53) now entails

. T
v, T) — It \” . { e S {fol—)ds -
oy dn T

1w |
{6.8) -+ o 1{]}];&{:1 - () F{fi 1 — D)d= —
=
.'—'T i

LN limsu(f),f(f,i ‘:)ff?—’—ﬂi\t( NI (font =) de.

2 Pesm |

r Gyt
or |t <2 8 these limits ave uniform in /. Consequendly n, is conti-
nuous in | — i, 8|.
The proot of Theorein T will be coneluded by <howine thal Ny =
.

== Uy == 1tg. The first equality is proved by adding Hm \I:.I, i ) of (fuod =
[ ik
=T

— v 7)dr and “'”\".- cop )OSt 2)ds to the Tirsl representation
Y- b
6.8) of ]1m (4,1, l)()“l vanishing sinee, again, L) = O for § = 1,2, y <
Jilf Y

< 0. l‘hc qemnd equality is proved similarly.

Proof of theorem 2. 1. To obtain the prool for given f — {,, » =¥
w will again be represented as a sum of three terms which depend on the

values ofi and Z: Choose. first, a positive B for which ¢,| <<£ and a’

(&1, gz)el for which %, = 2<%, when I =02, =% when = . Let
{(6.4) and %, < v < %, hold henccforth.
With the notation J(r.y) = J| f(..0),y] Theorem 1 provides, second,
def

the representation
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-7
e t}) = - rlll—:lw][ \ Ve e nszl7) gl t —)ds -
e
r-
0.9 Aor o @t e

-r
. - S
\jvi,’s’_w_,_,‘ﬂ () - LS (S (8 — <z |,

again holding beeause J(a',y) == 0 for y << 0 and becausc of 3. and 4. By
applving the limit operation in (6.9) to each term separatcly the desired
representation of u 1s obtained.

The first term : In the proofl of Theorem 1 the limit of this term has

1
Leen shown to equal = \L(‘r) (7. £ 2)d=,

—
The second term : Being independent of 7=, the limit of this term mayv

he put into the form lim \f(: WU(vr vy Tle’s dz by (6.1) and (6.2).
r2w |
Ar,o

The thivd term : By Definition 2.1 the limit of this lerm cquals

1. -
\[7'(7} Ceoe e (DY Flr o= )=

[ .
=7

—1

Consequently

nlw,fy = ! \‘v(r) J(r, t — )dz + lim \f(~ VY Uvr, o, yan, n-2)0es dz 4+
L ]
— Ar G

(6.10)

i i_ \IT(T) E E‘.‘,., R L (T)ln‘i( . f - "_-)(I-_-

and this is the representation desived.
g -l-'r
. o
2. It will now bhe shown that the operator 1, . = - may be

det O ot

applies to each of the terms in (6.10) and a corresponding  additive re-
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presentation for D,. .u will thus bc obtained. Kstimates for the values
produced when D,. ., is applied to the integrands of the first term and
the third term in (6.10) are needed in the process of proof. The following
two statements, (6.11) and (6.12), are instrumental in obtaining these .

~

{6.11) Fory >y, 0 <=m' <m0 n' < n D, . J(x y) exists, is continu-
ous and satisfies

-~

]) oI(.T.’! '.II) < ELE:j if !j—-m' =1 ,

m’, on

where pli % is introduced by the following successive definitions :

L, = (pi, o+ pi) UT' U(— ¢ + pi, pi),

def
Do b= Max  fU(z, )z},

def 550, -Yé‘l’:l . Esl

mer-1

B = 2(E, By Dow o 1) plr4-2) 0% & (H" =t
ef :
p
(6.12) When f and g are complex functions from =, =], [r, o],
respectively, salisfying | f(z)| <a ax®, |glx)|<cx—d in their respective do-
-ma'ins_ and a, b, ¢, d, r are positive, then for any real & and for 2 < Min (a—r,
— 2lel. — ) the inequality | flz) gla — x)) < 24ac) |5~ holds.

)m'+c+1

{6.11} is a direct consequence of Lemma 5. 1: As in the proof of Theo-

rem 1, for : satisfving L:,_.,C D and for y >y :f(;v, y) = \j‘(z, €) ez de,

1 1
. ]
o : o Jlx . . . o ;
I'herefore ;('L* 4) exists, 15 continuous and cquals \.j(" Wz, z)e"'=dz, sin-
G

3l

@0
ce f possesses the necessary differentiability and continuity properties. Thus
all the conditions of Lemma 5.1 are satisfied. sy & exists beeause of 5.
B The first term : From 1. and (6.11), applying (6.12) with r =2, + v,
@ =t the estimate

(6.08) o(x) D Jle §—2) e 2mietl guiGlc -e=im1 valid for < < —T,

i gy
i~ immediately derived sinece Min (o — », — 2 @, ) > = 28—y —
f ol =—=8= 7. Since t—= = v, Dy o J(@, t — =) turns out to be
[ -

contintous in (r, £, -.).\r(-.-)l)_.-_.-. (v t-—<)dz and D, ,.—\7;(7} Jlv, t — t)dr

— -
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Both exist, are equal and represent a continuous function of (a, £). Finally

(i 11) \1:[-.)1)“;,‘ . S, 8 Tyl | amiki 41 o:luf-;;.: B L Ry T

[
—

The second term @ The existence ol
Dy i\ f(z, 0) Ulvg o, vpn, 02) €4 dz,
e o .
dr, o

nl‘!im\]),,,-l Az @) Uy ¢ iz, w.2)e=]dz, the equality of these expres-
rF
Ar,a

sions and  their eontinuity casily follow from 2., 7. and the estimate
(6.13) | Ulvr, o, nanone 5H << {or, o, wan, =) [ 2] ~N72,

valid for z€ B — {03}, and a suitable function u(vr . vi2, +). (6. 13) is obtai-
nable n the usual way by an application of partial integration to the ex-
pression defining U(vy ;. yo2 5 ,3), having recourse to Definition 2, 1.

The third term : From 1., Lemma 6. 2 and {(6.11), applving (6.12) again
with r = 2, 4+ v, @ =1, the estimate

Ho(z) = i, e, wan, o (3)] D ¢

€ =) <
(6.16) )

J
Lo .. 1 .
2 MEOE A y_‘u’f.l; a1 (2+ ! _) LIEr |
m WM U‘LTU‘,_I.
follows for =< — 7' < 0 The continuity of [2(z) — vr ¢ yee (2] Do o
Ttz
J. 1~ 3 in (et <), the existence nf\ (#(=) = oo non o) P e Tt

1

1 — <), of I)...-_,,,\[U(‘:) — v o v o ()] 1= D)z the  cquality of
=
thesc expressions and their continuity in (z,f) are readily shown. Finally

T+

\2() = vr.e vaa, oMo, Tl 1 )

(6.17) —
) ALy
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The observations made with respcct to cach of the three terms
in {6.10) show that w,. , exists. that it is continuous and that

Mo (0, 1) = L \U(T)I)...- o Jt Tyl
6.1 il P e ) Ut s 4
.\‘r A
I -
L \ [e{t) — ®. 5 Ny n(—‘””---' vt Tt
21 .

-r
(3] w,. (x, 1) equals uy, JAx, 1) sinee, fivstly, w . (o, 1) is indepen-
dent of T and cquals, therefore, lim w,, . (r, £y and sinece, second. the first

e X
term and the last term in (6.18) tend to zero for T—oc, by (6.14) and (4.17).
Since m' and »n’ are arbitrary non-negative integers not exceeding

m and n, respectively. the theorem is proved.

Remarks concerning theorems 1 and 2: 1. The results of Theoren
2 may be generalized to the elfect that the partial dilferentiations with
respect to o and £ may be carried out in any order. Obviousiv. a theorem
analogous to Theorem 2 may be formulated with the sealor parnmeter @
replaced by a vector parameter.

2. The function f of Theorents 1 and 2 may be replaced by a function
regular in & except on () a finite number of scetions cach of which joins
a point of the real axis with a point lving above it, and (2¢) an :dditional
hounded point set 4 ¢ & satisfving lim inf Iin (2) > ¢. The location of

z%4
singalarities of this kind in the upper half-plane onlv is chameteristie
of dissipative phenonmena.

3. (6.18), (6.14) and (6.17) provide a simple estimate for the rest

v

term ) = — lim \ Doz ) U (v, . ,» el dz. An estimate for the

Fog, NiL
r—bm.

-r
rest term which appertaing to Lemma 3. 1 also  dovs nut present any
difficultics.

b 'The estimates mentioned in 3. entail the existence ol important
stability properties of the solution of certain houndary value  problems.
Let the solution fixed by a function #(f) - satistving  the conditions of
the Thearems — he viven by w(e. 1) Replucement of ¢ by ap . 0, then
produees a wolution « /(e 1) ol the prohlem which. for finite time intervals,
tends uniformly to w(r. 1) when T'— o,
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§ 7. Application of theorems | and 2: Flow of an incompressible
Maxwell-Fluid about a rigid sphere

1. In 1] the problem of flow of an incompressible Maxwell-Flaid
aboul a rigid sphere is discussed. [mproper integral expressions tor the
loent veloeity v of the fluid. the pressure p and the deay generated, W,
are presented. These expressions involve the values of the velocity V(1)
of the eentre ol the sphere at time £ on inlinite time intervals and become
meitningless for some physically important functions I, Application of the
limit process delimeated in Theorems 1 and 2 and in Lemma 3.3, however,
permit an extension of the domain of subslitution of V in the expressions
mentioned, therchy greatly enhancing the range of physical applicability
of the resulls obtamed in {1]. The procedure is described in the sequel.

Let the radius of the spherve, the densiiy, the Young moduius, and
the coefficient of viscosity of the fluid be denoted by «, o, F and Y TOSPee-
tively. Analysis of the problem presented in [1] then vielded

3
(7.1) Av - C
I

I 3 1
Vi — “"2"'\_"( Pt ?’)
r r 7t

b {

a1 T

=

as - lmearized verston ol the cquation of motion of the Maxwell-Fluid,
to be solved simultancously with the cquation of continuity gv = 0 and
the boundary conditions, reading

(7.2) V(0,05 t)= — V(1)

3) via,Op,0) = 0

i polar coordinates (r, 0.9). When o, = ©,.0, =z, uy = p, when the
det del’ def

#yroand 0 coordinates are relaled in accordance with Che equation

a=r cos 0 and when 1, is & unit vector in the a -direction, then, for

the axially symmetric problem - characterized by V = V,x 1, — it was

shown in [1] that '

(7.4) o \ UV, @) (r,B,w)e de |
._.ce
with
sin 0 d St & .
(7.5) v, (1,0, m) = S ‘ R E ‘-ﬂ —jg-— —+- “ ohlu—) a -1
2 FAT fors 13 F2p3
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. a® Ba 3a

7.6 9 0. =3 i C0s . e el
(7.6) abie) Srps gesl s w (T i 2r? + 2tk ‘.’r‘-’!.'.'-’)1
~ pwi 3o
(!.7) k= u s T —— — -7,

Y S
(7.8) _E<ar;: o

3 -

»

v == 0. Since the subsequent treatment of =, covers, in principle, the treat-
ment of v, the latter is not reeorded here.

To warrant validity of (7. 4}, (2.1) must converge for o = V. The
most commonly employed sufficient criterion guarantecing this assumes,
inter alia, the condition

(7.9) \ 1V, (2)] dr < o0,

— @
implying lin I(8) = 0. & limitation not complicd with in manv ph rsical
S i b
oG

applications. Some other sufficient criteria, as e. g. [2], arc impracticable
too from a physical point of view in heing too special.

(7. 9) could not, be applied e. g., to the Brownian Motion of » suppo-
sedly rigid spherical particle in a Maxwell-Fluid. The well-known statis-
tical theory shows the probability distribution ol V(2), for f-»c0, to be
Maxwellian. Otherwise stated, finite intervals of positive values for 17(f)
are allotted positive probabilities for ¢ large enough, a condition incom-
patible with lim V.(¢) = 0.

o
It 1s for these resons that the limit-process of §2 is invoked to pro-
vide modified expressions for v, v,, vy and W. The vesult is summed up in

Theorem 7.1+ 1. Let [, 8, <, % and § be positive and let < -
2,
2. Let V, be a C'% (R) mapping into R, and let | V(z) < I{— a)*

Jor z< —B.

Then
(1) fort, 6, <, Ror — a, j=1.2.3
(7.10) vi{r, 8,8) = lim lim \ UV caz o] v(r,badeiodeo
def [-bwsdwm |

5
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(¢8) v; possesses all partial dertvatives up fo the second order with respeet
to v, U oand F

(i10) the corresponding differentiations may be carvied ouf by differen-
flating wnder the Timit and ntegral signs.

For the general hydrodynamic problem (in which ¥V does nol neces-
savily point in the g-direction) analogous conditions appiy.

It is ol interest to observe that the magnitude of [V, (1)) for 1 — o
plays no role in the theorem.

Finally, the fourth remark made after the proof of Theorein 2 applies,
thus proving stability of v, in the sense mentioned : The functions ©; which
correspond to the velocity 17 .,; of the sphere tend, for I'— . to the
respective values of these functions corresponding to the velocity ¥ of
the sphere. More general stability properties may also easily be proved.
The drag W, too, can be approximated with any desired degree of accuracy
by the drag generated by o sphere moving with veloeity Viy sz, provi-
ded 7T is large enough. Thus, for a given accuracy of the measuring appa-
ratus w thme of length 7(f) can be provided for every system of the
tvpe treated, to the effect that the special character of the movement pre-
ceding the time — 7' does nol measarably affect v; al time ¢ T(f) may be
chosen as an appropriate constant for hounded time intervals,

.. 1 1 .
Proof of theorem 71 : With P = — Q=—_ j= 23]let

def Bv,  def |
(7]1) Vi = l[‘.j: +F_1
where
r
(d—f)vsa (QOIII 4 IQ/ :..-,)
. st {1 a? 3Ba
(7.12) Vo(r 0L ) = *_z R [
e 73 F I
(T 1) For.0,m) = S o L Sk — phla—r) ( SO __3.‘3 +
} AN A 6 ks et
P
B B TV (2@1,: it 2m) ?
_I_ J | o
e .
it ; 3
(7.14) Yyl 0. w) =‘_ “ ’\/ 34 (1' A ’Ed}m’ pi cos 6.
& 2yt

Pl

B 5 ]
(715 Fy(r. 0. w) [ ”-(( -t : ) &

o el ot cos 0.
h Vi3al Zort P L iQuw
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Theorem 7.1 will e proved by establishing that bolh

=

(7.16) e ) = lim lim \ UV reqzol'Pir,6,6)e dw
gel T3w 3w

(7.17) th (7,0,4) = lim lim \ UV e g o] FORD o) e do
del T sy w |
exist and possess the differentiation properties mentioned in Theorem 7.1.
For ¥; this follows from the particular forms of W, and ¥y on

the one hand and (rom the relations

(7.18) Vi) = lim lin \ Ul(Ve)1.e 5 @led .

Tomstm "

(7.19) Vi) = tin lim \ UV ) poazaoleione din

736 sHm |

on the other hand. The Iast two formulac are divectly derived from

§

(7.20) (Vadreaz (@) = lim \ UV anoledeo,
i o R
and
(7.21) (), () = tim \ U[(Vy)y o0z w]eoc®de,
s fim

— &

the first of which constitutes an application of Fourier’s Integral Theorem
to (Va)zeaz(f), while the second is obtained [romn an application of the same
theorem to (V.),._,.(f), subsequent partial integration, bearing in mind

Definition 2.1.

To obtain proof of the corresponding propertics of &y, (f = 2,3),
Theorems 1 and 2 will be invoked. The parameters employed in the formu-
lation of Theorem 7.1 are carried over to the application of Theorems 1
and 2 and the following additional substitutions in the formulation of these

theorems are made: Let ¢ = 1/2, g == Kf3r, N =2, y == (r—a)| 35Q. Let

aq ON A GENERALIZED FOURIER—TYPE INTECGRAL 101

,b. be any positive number, 0 <2 p < Ef3v, let 1 of Theorems 1 and 2 equal £,
I'he houn_ldedncss ol the corresponding funcltions in some disk about the
origin will prove to be a consequence of other results. The obvious exten-
sion_ol" 'l‘hoorcu_n 2 to the case of two parameters §.r, with r == 4. will be
applied. Let, finally, fy == fi;, f, = fo, f=F; (j = 2,3} in turn, with
sin (:m Sn'fJ
k)

o 1T
k2rd o s

(7.22) JierB0)= -
det ¥

. Mo n—t‘)‘-l'.,"!?—f‘ (ﬂ—f)[k-\/.’jp(—l" + i@mm)J
) sin ) = R om 3a
(7.23) faulr,0,0) = - e ¢ = ol
R R ) o T
det b | fe2rd

— I
[a=r)|k— \fap(qm -z +,-()nn¢,,)]

. — 1”

(7.24) Julr,0) = Fyr0.a), fi(r.0,w) =0

where £ denotes the analytic continnation into £ of the function i, previo-
usly defined on the real axis onlv. '

~ To prove that Theorems 1 and 2 may indeed he applied, complance
with the non-obviously satislicd conditions only is demonstrated. All of
these conditions constitute propertics of some particular clementary functions
21}}[ the .cqr?espo’lwldmg stzitemgnts arc presented in the form of Lemmas 7.1
7.7. Definitions 7.1 and 7.2, in conjunction with Lemma 7.1, serve to fix
arg A{w) on the appropriate Riemann surlace.

:ia) . Ba

Erﬁ

r
7

»
-
-

2. Definition 7.%: Let the principal square reol, s of 2 € & be defined

» pye f o
by |2 e, (V;) =z and Im (\'_f;) >0 for xg2 R\ {0}, \/; =0

otherzvise.
ny np
=

The non-principal root, \/__z_, of = is defined by \/

r
_.,_\/...
= &

Definition 7.2: Let * in Vio(P = iQw) denote the principal root when

either Re(w)>0 or Re( w}=0, Im{ o) <0 and the non-principal root when either
— . o : 1’ 7 2

Re(w) <0 o Re(w) = 0, Tn(w) = Q' Vie(P + Rw) is not defined for

other vulues of w.

R Fhe: proofs of must of the lemmas in the sequel are trivial and will
e carried out in detail. Some proofs are sketehed cursorily.

11 — Matemabicd
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. Lenuna 7.3 : for o) & [l o b £y 1y
—= e T O 4 d R [ITaR N O R e } 9 o \ - ] z
Lemma 7.1: k(o) = /3> Vie(P + Qo) LT Vil + w) > (2) fo
Lemma 7.2: For |o| > 4 r Lemma 7.4: For 2 ¢ 8, - <« ] mo= 01,2, Au(2) iz et - % iy
Q 2 g P H L def ¢ "‘_'_,-0 n!
3 . 5 BT 7o Q3 2| gt
(1.25) 2 QUi a| > | Vie (P iQw) ;( —) i, 7.29) | Anz) | < 2L
2 2 {im 4+ 1)!
¥ I 1 P
(7.26) ! ]f'im(P +iRw) +iQ! e ’ > 5 Q@Y |, Lemma 7.5: For r > a,|o] > Max }is APy — a) vspla
2 Q @
T P 2P ] -k =Va [ L 4 igun
(7.27) ‘ l?,m(P + ?.Qo)) —?,Q”'(:J e Q_Q“z <Z W m ’ [ p(zQ”” ¢ "’)] 3P 1/2 1
, L e (7.30) e — 1| < 4PYr ~ a) (_3) .
(7.28) — <P(' 3) . @) o
i) (3p@)*'* 30Q | Proof : (7.27) and Lemma 7.4.
Progf : The proof of (7.26) is based on (7.23), by applying simple Lemma 7.6 : Let we D, r> 0, Oc R Then
—— e
estimates, dependent upon the values of arg(w), to arg [\/z’m(P L iQm)]. {a—r)V¥3g (L +"'?""°)
200

{7.27) follows from the indentity (7.81) (@) Fy(r,0,0)4 =

sin 6(3q% 3a 3a
2y3 2r r

e ‘__

. 102 g r % 1 - - ) (
T P L0 = — Tl Gr Y a1 - ﬂn_ 3_ar£1 — 2 ) 8ala — ,.)zkz ‘ ) 3a
Via(P +iQ ) 2Q W T ] : g P e — (ﬁ +

valid for o & [O,giJ, by applying (7.26). (7.28): from (7.26) follows, for

(i7) Let r,> a, w = Min [_E. . J Then, for r € [a,r,],

P
I(z)l -2 4 =t ’
Q 3, 8plr, — a)?

r 2p¢ ] P
+ < .
2@tz @2 || QR

[P + iQw) — Q120 | < w €€ |ol<w od]lo,wf

A S
Therefore and by (7.25) (,,_,)\I3p(—+xoﬂ )

sin 018 K] 2010
o S 52, <
- 2 .
© ) . '\/im(P +iQw) — QY _ ootz B
ii{w) il \/3PQ B < M(a.p,n,7,E) e |12

L | 3R Q|
N7 ‘ with

V3o Via(P +iqe)

.
-2 Vads o
80 ||

) . -
I (a,p,n,r,E)z(l———a‘(d'—ai—{—a— a 2_9<4~a 2p,
r) roor 7 7
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(#1) For §=1,2 r>a, o € D functions Oya, p, 1, E 0, w) — regudar
in D, positive functions N{a. 5. +) and neighbonrhoods N(a, ¢, . E, ;) of
@ = 0 exist so that for o € Nj, re [a, 7l

if Ar
(7.33) | oF 9('-‘0_"”) — O(a, pyp by 1 0, @) | < {azm) o VE
[-“Ir]
1
Proof: (i) Substitute in (7. 18) T4 ko —r) 4 I¥a  r)*+

+ Ayfk(a -= r)} for e¥e= and expand.
(ii) By (i), taking account of Lemma 7.4 and the value of w and by

D A 12
having recourse to the inequalities |k(w)| < [— Imll L) (r o a) <
# .

1 .
< —, valid for |w| < w.
1]
(iti) By differentiation of (7. 31} and a subsequent estimale of the
left-hand member — in a fashion similar to the one deseribed in (if).
Lemma 7.7 : For j=0, 1,2, r,>a positive functions d,(a, ¢, 1, E, r.),
efla, o, 0, B, r.) evist so that for o € R, |0l > Zila, 2. 4, B, or), r e lar]

I, (r,0,0)

7.34
(7.34) —

<ejflap, b .} | wll

Proof : From (7.13) and the corresponding expressions for the first
two partial derivatives of I, with respect to r, having recourse to (7.25) and
(7.8) — the latter being valid for real nonvanishing o.

3. Verification of the conditions of Theorem 2 can now be brought
to a conclusion. Since the formulation of 'Theorem 2 draws on the condi-
tions of Theorem 1. some of these conditions are also mentioned in the
sequel.

(¢) Condition 6. of Theorem 2 is satisfied with respect to I',, by Lemma
7. 6.

(ii) 2a) of Theorem 1 is satisfied, by (7. 22), Lemina 7.1 on the one
hand and (7. 23), (7. 253) and Lemma 7. 5 on the other. 4 ol Theorem 2 fol-
lows from Lemma 7. G.

{#it) 7 is proved in Lemma 7. 7.

{#v) For K, 2b) of Theorem 1 follows from (7.13), by Lemmas 7.1
and 7. 3. 2a) of Theorem 1 follows from (7. 24) and (7. 28).

Verification of the remaining conditions of Theorem 2 is straight-
forward.

%. It is shown in [1] that when the (r, 7) and (r, 0) components of the
tensor of stress in the Maxwell-Fluid are denoted by p, and p,, respec:
tively, and the surfacc of the immersed sphere by S, then the drag, W,
15 related to v by means of

both exist and are cqual,
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W \ g (p.. cos O — py osin 0) dS-1,

K , ! [‘-; F
' : -
K3 i Ar . - e
I 2 7 it ] I ar, ory
Mo P == — e dsoand py ¢ \ e .
3 ] 3 . ar
a v

Consequently it beeomes elear that the only new question of principle ari-
sing i connection with the maodified value (7. 10) of v s whether, lor
: o
] 1. .

‘ i dv,(r.Bhw) ("“’ +‘:T) )
\ fim ]im\ UMV, gazo] =222, ded~
Fow bm ir
a1l :
, sl
lim liiss \('|(1'|)1‘;_4,5,&J'[ c)v_.-(,-,(). w) e ' — ]_ des
s sm | or 0 I
F 1w

37
exist and whether these expressions are equal. Again, for the sake of brevity
only the B-component (7 = 2) is dealt with in the sequel. The answer
to the question posed turns ont in the affirmative and on the basis of
the decomposition (7. 11) — is laid down in the following two leimmas :
Lemma 7.8: For te R

1' s' PR ™y
VO =\ T lim \ Gl el Lallsd0) (»( " ead=
i d Tre s—w - 01‘
and
. 3, (r,0 (3 1
Z(r.0.1y = lLim Iim\ UV )yeaz.0] o0, w)e - dw
def T g+ T adr i I
y fw

3

I . . v (] , . v . - 1] .. 1
roof + Since 3'F,[0r is a linear combination of 1, e~ and we=it®

(?’1t|1 cocfficients independent of w) the inner integral in the definition
of 1" is, in

turn, a linear combination of (Vedpeaz(z), (Viresz(t — )

:’u‘ul (l}.‘)',‘,,_z‘*_i(—_-y), mdependent ol ¥ for T = it 4+ y + z. For such
I' the lim - sign in the definition of }

S may  conscquently be removed,

thus proving lhe exislence of Y, as well as
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¥

H . 5
e WL 0,0) (RF5)
Vir,tht) = \ lim | o l}-,vlm,g',(..l—?L—’—--) " " deds.
Jise .\ ar

0 —3
Since U[(V)1e12,0] is O o] for o real, @ — o and since 2¥(n.0,0)/ar
is O{| w}), the order of integration may be reversed. Since. for T> 1] 4-

Ly 4+ = the integral is independent of 7. lim - sign may again he pre-

T+
lixed.

¢ I s

Lemma 7.%: \ G 4 [lim by \ IR LRI .;.E,t-lir'-""ff":(r,(}.r-—); el =

Or |Toe souw .

and ’ STOCHASTIC INTEGRAL EQUATIONS IN ENGINEERING AND
(‘,m L EY, BIOLOGICAL SCIENCES
s‘ ) 3n o o
litn liny \ 7 [y(r, ) U[(Vi)yea.2,0] RSl RN e
Tdwste | or T 1'7_ CHRIS I'. TSOKOS:
L "

exist and are equal.

Proof : Apply the representation (6. 18) to the partial derivative in
the first integral, substituting I, for the function f from Theorem 2, » for
xz, V, for v, m" = 0, 2" = 1. By [2] from the proof of Theorem 2. Lemma
3.1 may now he applied,. The applieation concludes the proof of  the lemma,

. 1.0. Introduction. In mathematical models of phenomena  occurring
in the general arcas of enginecring, biological and physical sciences, ran.
dom or stochastic cquations appear frequently, [4]. [10] [11]. The aim of
this talk is to formulate stochastie models in Tluid mechanies and chemo-
A therapy which tend to stochastic integral equations of the form
Tel-Aviv University, Israel :
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ASUPRA UNEI GENERALIZARI A INTEGRALEI DE TIP FOURITER

(1.2) 2t 0) = i ; w) +
SI APLICATIILE ACESTEIA LA UNELE PROBLEME PE CONTUR

kis, x(s; v); w)ds.

R

. 4 . .
Rezumat We shall also be concerned with the existence of a random solution and

De multe ori solutiile unor ecuatii cu derivate partiale sint date 1ts physical interpretation in the aforementioned models.

sub forma (1.1). Pentru a evita unele dificultiti cc se ivese datoritia con-
ditiei ca (1.3) sa conveargi, se studiazi urmiitoarcle probleme: a) Cind
existd limita (1.7) cu Y(X . T) dat de (1.6) si U, dat de {1.5); b) Cind
este aceastd functie derivabili; ¢) Cind se pot obtine aceste dcrivate
derivind functia Y.

Dupi ce se dau conditii in care rdaspunsurile la acesle intrebér
sint afirmative, se studiaza in § 7 problema curgerii nnui [luid Maxwell,
in jurul unei sfere rigide, cu ajutorul ecuatiei (7.1}.

2.0. On a Stochastic Model for Fluid Mechanics. Consider a tagged
material point in a continuous fluid in turbulent motion. The location
of the designated point at time ¢>0, is a vector-valued stochastie variable
V{t; w) o e Q[where Q is the supporting set of the underlying probabilit);

lassy :RA talk_ prgsemcd '?(L) the mathematics conference at the University , Al I. Cuza®
¥» Romania, August 20--25, 1970, on the occasion of the 60th anniv

L : niversar f
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